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1. Introduction

In this article, we continue the study done in [2], [3] and [4], and we obtain group
graded Morita equivalences for tensor products (Proposition 3.3) and wreath products
(Theorem 5.3). The main motivation for such constructions in the representation
theory of finite groups is given by the fact that in order to prove most reduction
theorems, recent results of Britta Spéth, surveyed in [5], [6] and [7], show that a new
character triple can be constructed via a wreath product construction of character
triples ([7, Theorem 2.21]). There is a link between character triples and group graded
Morita equivalences, presented in [3], so we want to prove that a similar wreath
product construction can also be made for the corresponding group graded Morita
equivalences.

More precisely, in Theorem 6.7 of [3], it is proved that certain character triples
relations utilized by Britta Spéth: the first-order relation ([7, Definition 2.1]) and the
central-order relation ([7, Definition 2.7]), are consequences of a special type of group
graded Morita equivalences induced by a graded bimodule over a G-graded G-acted
algebra (usually denoted by C as in Section 2.3), where G is a finite group. More
details about group graded Morita theory over C can be found in [4].

Another motivation comes from the fact that it is already known by [1, Theorem
5.1.21] that Morita equivalences can be extended to wreath products.
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This paper is organized as follows: In Section 2, we introduce the general no-
tations and we recall from [3] the definitions of a G-graded G-acted algebra, of a
G-graded algebra over C, of a G-graded bimodule over C and the notion of a G-
graded Morita equivalence over C. In Section 3, we prove that the previously recalled
algebraic constructions are compatible with tensor products and the main proposition
in this section, Proposition 3.3, proves that the tensor products of some group graded
Morita equivalent algebras over some group graded group acted algebras remain group
graded Morita equivalent over a group graded group acted algebra. In Section 4, we
prove that the previously enumerated algebra types are also compatible with wreath
products. Finally, in Section 5, our main result, Theorem 5.3, proves that the wreath
product between a G-graded bimodule over C and S,, (the symmetric group of order
n) is also a group graded bimodule over C®", and moreover, if this bimodule induces
a G-graded Morita equivalence over C, then its wreath product with S, will induce a
group graded Morita equivalence over C®™.

2. Preliminaries

2.1. All rings in this paper are associative with identity 1 # 0 and all modules are
left (unless otherwise specified) unital and finitely generated. Throughout this article
n will represent an arbitrary nonzero natural number, and O is a commutative ring.

2.2. Let G be a finite group and N a normal subgroup of G. We denote by G := G/N.

Note that most results in this paper will utilize “G-gradings”, although this is
not essential: one may consider instead the gradings to be given directly by G. The
reasoning behind this particular choice is to match our notations previously used in
articles [2] and [3], given that our main application for the results of this project is
the strongly G-graded algebra A = bOG, where b is a G-invariant block of ON.

2.3. We recall from [3] the following definitions:

Definition 2.4. An algebra C is a G-graded G-acted algebra if
(1) q is G-graded, and we write C = DjecCa
(2) G acts on C (always on the left in this article);
(3) for all g,h € G and for all ¢ € C; we have 9c € Cyy,.

Definition 2.5. Let C be a G—graded _@—acted algebra. We say the A is a G-graded
algebra over C if there is a G-graded G-acted algebra homomorphism

(:C—>Cy (B),
where B := A; and C4(B) is the centralizer of B in A, i.e. for any h € G and ¢ € Cj,,
we have ((c) € Ca(B);j, and for every g € G, ((9¢) = 9¢(c).

Definition 2.6. Let A and A’ be two G-graded crossed products over a G-graded
G-acted algebra C, with structure maps ¢ and ¢’, respectively.
a) We say that M is a G-graded (A4, A’)-bimodule over C if:

(1) M is an (A, A’)-bimodule;
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(2) M hils aidecomposition M = Djca Mj such that A;MEA% - ng,;, for all
9,%,h € G; N _

(3) mge = Jemg, for all ¢ € C, mg € My, g € G, where cm = ((c)m and
me =m('(c), for all c€ C, m € M.
b) G-graded (A, A')-bimodules over C form a category, where the morphisms

between G-graded (A, A’)-bimodules over C are just homomorphisms between G-
graded (A, A")-bimodules.

Definition 2.7. Let A and A’ be two G-graded crossed products over a G-graded
G-acted algebra C, and let M be a G-graded (A, A’)-bimodule over C. Clearly, the
A-dual M* = Hom 4 (M, A) of M is a G-graded (A’, A)-bimodule over C. We say that
M induces a G-graded Morita equivalence over C between A and A’, if M@ M* ~ A
as G-graded (A, A)-bimodules over C and if M* @4 M ~ A’ as G-graded (A’, A’)-
bimodules over C.

3. Tensor products

3.1. Consider G; to be a finite group, N; to be a normal subgroup of G; and denote
by G; = G;/N;, for alli € {1,...,n}. We denote by

Lemma 3.2. Let A; be G;-graded algebras and C; be G;-graded Gi-acted algebras, for
alli € {1,...,n}. The following affirmations hold:

(1) The tensor product A := Ay ® ... ® A, is a G-graded algebra;

(2) If A; are Gy-graded crossed products, for alli € {1,...,n}, then A is a G-graded
crossed product;

(3) The tensor product C :=C; ® ... ® C, is a G-graded G-acted algebra;

(4) If A; are Gi-graded algebras over C;, for alli € {1,...,n}, then A is a G-graded
algebra over C.

Proof. (1) It is clear that A is a G-graded algebra, with the (g1,...,g,)-component
A(gln-.,gn) =A19, Q... ® Ang,,

where A; 4, is the g;-component of A;, for all g; € G, and for all i.
(2) Choose invertible homogeneou_s elements u; 4 in each A; 4, for all g € G; and
for all 4. Thus, for each (g1,...,9,) € G the homogeneous element

Ugy,..gn) = Ulgy ® ... QUng, € Agy,. g,)

is clearly invertible.
(3) The G-grading of C is a given by (1). The action of G on C is defined by

@19y @ ... ® ay) = Ta; ® ... ® Ia,,
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for all (g1,...,9.) € G and a1 ® ... ® a, € C. It is easy too see that for all
(91,---+9n),(h1,...,hy) € Gand for all a1 ® ... ® an € Cp,,... p,) We have
G19n) () @ ... @ an) € Clorca) (hr )

(4) By part (1), the identity component of A is B = B; ® ...® B,,, where B; is
the identity component of A4;, for all 7. ~
By the assumptions, we have the G;-graded G;-acted structure homomorphisms

Ci:Ci — Ca,(By),
for all i. We define ¢ : C — Ca(B) by
(a1 ®...Qan) =C(1(a1) @ ... (ulan),
forall a; ®...®a, € C. It is easy to prove that ¢ verifies the conditions of Definition
2.5. O

Proposition 3.3. Assume that C; are G;-graded G;-acted algebras and that A; and Al
are G;-graded crossed products over C;, for alli € {1,...,n}. If A; and A’ are G;-
graded Morita equivalent over C;, and if M; is a G;-graded (A;, A})-bimodule over C;,
that induces the said equivalence, for all i, then:
(1) M:=M ®...® M, is a G-graded (A, A')-bimodule over C, where
A=4®..04, A =41®...04, andC :=C1 ®...®Cyp;
(2) M induces a G-graded Morita equivalence over C between A and A’.

Proof. (1) By Lemma 3.2, A and A’ are G-graded crossed products over C.
Obviously, M is a G-graded (A, A’)-bimodule with the (g1, ..., g,)-component

Mg, ,....g0) = Mig ®...Q My ,,,

where Mi)gi is the g;-component of Mi, for all g; € G; and for all 4. It is also clear
that

(Mg, ® ... @1itng, )1 ®...0c) =(1®... @ cn) (Mg, @ ... @1 g,),

for all My 4, ®...®Mpyq, € M(gl,“.’gn) and ¢; ® ... ® ¢, € C and for all

9=1(91,--..90) € G.
(2) It remains to prove that

M ®a: (M)* ~ A as G-graded (A, A)-bimodules over C,
and that
(M)* ©a M ~ A’ as G-graded (A’, A’)-bimodules over C.
We will only check the first isomorphism:
M®a (M)* = (My®...®@M,)@a (M; ®...® M,)*

~ (My®...0M,)es (Mi®...0 M)
= (Mi®...0 M) ®as..0a, (M] ®...0 M)
~ (My®@a M7)® ... (M, ®@a;, My)

~ A®...0A4, = A,

as G-graded (A, A)-bimodules over C. O
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4. Wreath products for algebras

Consider the notations from Section 2. We denote G™ := G x ... x G (n times).
We recall the definition of a wreath product as in [7, Definition 2.19] and [1, Section
5.1.CJ:

Definition 4.1. The wreath product G S, is the semidirect product G™ x S,,, where
Sy, acts on G™ (on the left) by permuting the components:
(91,2 9n) = (Go=1(1)> -+ Go—1(n))
More exactly, the elements of G 1 S, are of the form ((g1,...,gn),0), and the multi-
plication is:
((gla s agn)a 0)((h17 ceey hn)77-) = ((917 s 7gn) ! U(hh B hn)7UT)a
for all g1,...,9n,h1,...,hy € G and 0,7 € S,,.
Definition 4.2. Let A be an algebra. We denote by A®" := A®...® A (n times). The
wreath product A5, is
A8, =A% 08,
as O-modules, with multiplication
(a1 ®..®a,)R0)(l1®...0b,) ®T)
=(01®...0a,) "1 ®...0by)) ® (07),
where
1 ®...0b,) == bg—l(l) ®...Q0 bo-—l(n),

forall (a1 ®...Qa,) R0, (11 ®...0b,) T € ALS,.
Lemma 4.3. Let A be a G-graded algebra and C be a G-graded G-acted algebra. The
following affirmations hold:

(1) AvSyisa G Sp-graded algebra; B

(2) IfAisa G-graded crossed product, then A1S,, is a G1Sy,-graded crossed product;

(3) C®" is a GU Sy-acted G™-graded algebra; B

(4) If A is a G-graded algebra over C, then A1 S, is a G .S,-graded algebra over

cen,
Proof. (1) The ((g1,..-,9n),0)-component of A S, is
(A { Sn)((gl,...,gn),o) = (Ag1 ®...® Agn) ® Oo,

for each ((g1,..-,9n),0) € G1S,. Indeed,

(

(A, @...0A;) "(Ah, ®...® Ap,)) ® (O ® OT)
(A, ®...®Ay)- (Ahfl(l) ®R...0 Ahﬂ(n))) ® O(oT)
®...® AgnAhc,fl(n)) ® O(oT)
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= (AVS0)((91,0,9n),0) (B oenshin) )

(2) We choose invertible homogeneous elements u, € A, for all g € G. For
((g1,---,9n),0) € G S, the homogeneous element

U((ga,rmngn) o) 7= (Ugy © o @ g, ) @ 0,
is clearly invertible, with

oeeul! Yoo

-1 o
U(g1,esgn)io) T (ugau) 9o (n)

(3) By Lemma 3.2, we know that C®" is a G™-graded algebra. It remains to
prove that it is G 1.Sy-acted and that the action is compatible with the gradings. We
define the action of G S, on C®" as follows:

((g1,...,gn)70)(01 ®...0¢c,) = 9100—1(1) ®...0 g"Co.—l(n),
where ((g1,...,9n),0) € GUS, and ¢; ® ... ® ¢, € C®". We have:

((1@,...,15)«5)(@1 ®...Qan) = g, ®...® lea,
= 1 Q®...0ay,

(((917---,gn)70)((h17--~7hn)77))(a1 ®...Qap)
= ((@109m) (R hn) 0T (0 0 @ qy)
_ ((91w--agn)'(ha—lu)7""ha—1(n))’m—)(a1 ®...0a,)
_ ((grhy—1(1yses gnhofl(m)’c”)(al ®...Qa)
= 9o gy 1) @ - @ I I Mgy -1 (1
= et 1)) ® ... ® I a1 o1y
_ ((917'-~,gn)7(7)<h1a7_71(1) ®R...® h”anl(n))

= ((g“"’g")"’)(((hu...,hm,r)(al ®...0 an))

(9129 (g1 @ ... ®an) - (b1 ® ... R b))

= @190 (10 @ . anby)

= gl(aa—l(l)ba——l(l)) ... 9"(agf1(n)bgf1(n))

= glagq(l) . glbgfl(l) ... Q"agfl(n) . g7rb071(n)

= (91a071(1) ®...Q® g"ag—l(n))(glbo—l(l) ®...0 g"bgfl(n))
— ((91"”’9")’0)(611 ®...Qan) - ((91,--,9n),0 (b1 ®...®by),

and
((hl;-..,hn);"')(cl ®®cn) — 1e 71(1) ®-~-®h”c7'*1(n)
€ Chlg S X...0 Ch7lg-r*1(vt>
Qn
(C )(hlgﬂ-—l(l)7~-'>h77’97-—1(n))

n
(CE™) (hrvhn) D) gy gy

foralla, ®...®an, b1 ®...® b, € C®", forallcl®...®cn€C8:L
((g15---+9n),0), (1, ... hy),T) € GUS,.

) and for all
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(4) By assumption, there exists a G-graded G-acted algebra homomorphism
¢ : C — C4(B), where B is the identity component of A. Henceforth, we have a
G"-graded G™-acted algebra homomorphism:

¢®™ . C%" — Ca(B)®™.
Now, via the identification:
A" 541 ®..Qa,=(01®...Qa,)®e € ALS,,
we clearly have the following inclusion:
Ca(B)®" C Cas, (B®") = Cays, ((AVSn) (14, 10).0))-
Therefore, we obtain the required G S,,-graded G S,-acted algebra map
Cur  C®" = Caps, ((AVSn) (1gseie)se))-
Indeed, given ((g1,..-,9n),0) € G1S, and ¢1 ® ... ® ¢, € C®" we have:

er(((gl’””g")’o)(cl ®®Cn)) = er(glcg—l(l) ®...®g”00—1(n))

C(glcofl(l)) ®...0 C(%CU*I(H))
glC(co_l(l)) ®...0 gn((ca_l(n))
= (9o @ @ len)

_ ((gh""gn)’U)er(Cl ®...®cn).

Henceforth, A1 S, is a G ¢ S,-graded algebra over C®™. O

5. Morita equivalences for wreath products

Consider the notations from Section 2 and Section 4. We recall the definition of
a wreath product between a module and S,,.

Definition 5.1. Let A and A’ be two algebras. Assume that M is an (A, A")-bimodule.
The wreath product M .S, is defined by

M8, = M®"® 0S8,
as O-modules, with operations
(a1 ®..Qa,)R0) (M Q...Q0M,) ®T)
=1 ®...Q0a,) - 7(M ®...0My,))  (o1),

and
(M1 ®...0M,)@7)((d)®...0a,)®T)

=M ®...0mMmy,) - "(df®...0d))® (r7),
where
M ®...0My,) = Tha—l(l) Q... ®ma—1(n),

for all (@) ®...®a,)®0 € A1S,, (1 ®...Q1M,) QT € M1S, and (¢} ®...®ad,)@7 €
AN S,.
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5.2. Let C be a G-graded G-acted algebra and A and A’ be two G-graded crossed
products over C, with identity components B and B’ respectively.

If M is an (A, A’)-bimodule which induces a Morita equivalence between A and
A’, by the results of [1, Section 5.1.C], we already know that M S, induces a Morita
equivalence between A1S, and A’1S,,. The question that arises is whether this result
can be extended to give a graded Morita equivalence over a group graded group acted
algebra.

Theorem 5.3. Let M be a G-graded (A, A”)-bimodule over C. Then, the following
affirmations hold:
(1) M2 S, is a G1S,-graded (A1 Sy, A1 Sy)-bimodule over C®";
(2) (A1S,)@pon ME" ~ M®"® pion (ANS,) ~ MUS, as G1S,-graded (A1S,,, AS,,)-
bimodules over C®™, where M is the identity component of M;
(3) If M induces a G-graded Morita equivalence over C between A and A’, then

MS,, induces a G Sp-graded Morita equivalence over C®™ between A1 S, and
A S,.

Proof. (1) By Lemma 4.3, we know that A5, and A'1S,, are G S,-graded crossed
products over C®".

It is also known that A S, and A’ S, are strongly S,-graded algebras, and
given this grading, if we denote

Ag, (A1S, ® (A'158,)°P) i= (AU1S, ® (A 15,)P)s(s.,)
where 6(S,) := {(0,07') | 0 € S, }, we have the following isomorphism of algebras:
Ag, (A1S, ® (A'18,)°P) ~ (A®" ® (A'®™)°P) ® OF,,.
Moreover, [1, Lemma 5.1.19] states that M®" is a left OSp-module with the action
given by permutations. Henceforth, it is easy to see that M®" is a (A®" ® (A"®")P) @
OS,-module, and thereby (the above isomorphism), M®™ extends to a Ag, (A5, ®
(A"1S,)°P)-module. Thus, MS,, := M®®0S8S,, becomes an (AS,, A'1.5,)-bimodule.
Now, we will prove that M S, is a G ¢ Sp-graded (A1 S,, A Sy )-bimodule.
Indeed, for all ((g1,...,9n),0) € G1Sy, the ((g1,...,gn),o)-component of M .S, is:
(M l Sn)((gh-u,gn),o) = (Mgl X...Q M n) ® Oo.
The verification for this definition is straightforward, as follows. For each
((91,---,9n),0), ((x1,...,2p),m) and ((h1,...,hn),7) € G1.S, we have:
(AVSn)(g1,90.0) M US) (@, ).) (A US0) () )
(Ag, ®@...®A,,)®00) (Mg, @...0 M) @ OT)((4),, ®...® A;M) ® OT)
(A Mo,y @@ Ay My, )@ O(m) (A, ... 0 4], ) @ Or)
Ay M, A} ®...Q Ay, M, A ) ® O(orT)

To—1(1) (om)—1(1) e~ 1(n) TRy =1 (n)

®...0 M ® O(orT)

12,1 em—10) "xa*1<n>h<aw>*1(n>)
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Therefore, M Sy is a G S,-graded (A1 S, A'1S,,)-bimodule. Note that the identity
component of M S, (with respect to the G 1 S,-grading) is

(MQS,), = M®™,

where M is the identity component of M.
Finally, we will prove that

(g, ® ... @ My,) @) (1 ®...Q cn)
= 91009 (0 @ @ ) (g, ® ... @ 1,,) ® 0),

for all (’ﬁlgl ®...Q0 mgn) R o e (M I S")((!h,-.-,gn),a) and i ®...®c¢, € C®" and for
all ((g1,---,9n),0) € G1Sy. Indeed,

(Mg, @...0My, ) R0)(1Q...®cy)
= (Thglcgf1(1) Q... ®mgncg—1(n)) R0
= (glcg 1(1)’/77,91 ®...Q g"Cgfl(n)mgn) Ko
(glca 1( ~®gnca*1(n))((m91 ®"'®m9n)®0)
= (g1 ) (c ®...®cn) (g, ® ... 10,,) ®0).

Henceforth, M 1S, is a G S,-graded (A1 Sy, A’ 1 S,)-bimodule over C®™.

(2) In this part, in order to prove our claim, we want to use a similar technique
as in part (1), but with regard to the grading given by G S,,.

Henceforth, we regard (A4’15,,)°P as a G S,-graded crossed product over C®",
where the ((g1,...,9n),o)-component of (A’1.S,)°P is:

(A US0) {1,y = (A US0) (1,000,090 -1)

for all ((g1,...,9n),0) € G1S,, and we consider:

Ag?; (A 1S Qcon (A/ ! Sn)Op) —

D (41....00).006615, (AVSn) (g1 egn).c) Bcon (A XSG, o))
which, by [3, Lemma 2.8], is an O-algebra.

Now, given the fact from part (1) of this theorem, that M S, is a G S,-
graded (A1 S, A’ 1 S,)-bimodule over C®™, we obtain, by [3, Proposition 2.11], that
(MQS,), = M®" extends to a Agzs (A1 S, ®cen (A'1.5,)°P)-module and that we
have the following isomorphisms of G S,,-graded (A1S,,, A'1S,,)-bimodules over C®":

(A1S,) @pen MO ~ M®" @pion (A'1Sy) ~ M S,.
More exactly, these isomorphisms are:
f:(A1S,) @pen M®™ — M1S,, (a®0)@m— (a-Tm)® o,
and
g:M®" @pion (A'1S,) = MU1S,, m® (@ ®@0c)—(m-d)Q0c
foralla € A®™ o' € A’®" m € M®" and 0 € S,,.

We prove that f is an isomorphism of G'¢ S,-graded (A1 S,,, A’ 1 S,,)-bimodules
over C®". The verification for g is similar. The left A1 S,-module structure of (A
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Sp) @pen M®" is clear. We recall and particularize from [3, Proposition 2.11] the
right A’ S,,-module structure of (A1 S,) ®@pen ME™:

((a®0) ®penm) - (a
= (a®0)(ug ® 7)) ®pen (7’
Tu, ®0T) @pen ((Tﬁlugl T

=(a-
(a-

=(a-

Tu, ® o) @pen (7
Tu, ®oT) @pen (7

yo7)
op

®7 ") ®cen (ap @ T) " )m)

H(m® e)(ay @ 7))
gt m e v (a0 )
-l_1 st =y
u, T ome s ay),

for all a € A®", 0,7 € S,, m € M®", a), € Aj®", g € G" and u, is an invertible
homogeneous element of A?”. We start by proving that f is a morphism of (A1S,,, A"}

Sp)-bimodules:

f(b@7) - ((a®0)®penm)) = f((b®T) - (a®0)) @penm)
=f((b-"Ta®70) R®pen M)
=b-"a-""mT0
=b-"(a-"m) @70
=0ba7)(a-"Mm®o)
=(be7)f((a®0)@pen m),

f(((a®0) @penm) - (ay @ 7))
= f((a-"u, ® oT) @pan (Tﬁlugfl T T_la;))
=(a-u, - (ugt T m T ) @ or
— ((1 . aug . o"r'r_lu;1 . J'r'r_lm . orr ! ) Qor
z(a-”ug~”u;1 a )@ oT
=(a-"m-‘a))@oT
=((a-"m)®o)(a; ®T)
= f((a®0) @pen m)(ay; @),

for all a,b € A®", 0,7 € S,,, m € M®", a), € A®", g € G" and u, is an invertible
homogeneous element of AZ™.

Next, we will prove that f is G 1 Sp,-grade preserving. We recall from [3, Propo-
sition 2.11] that the G 1 S,-grading of (A1 S,) ®pge. M®™ is given by A1 S,. We

have:

f((

—~

agl

L ®ag,) ®0) @pen (M1 @ ... Q0 mMy))

= ((%1 o-1(1) ® ... ® g, Mg—1(p)) ® O
€ ((A91M1® @Agan)@O(f
C (M, L@ M,)® 00

(

:MzS)

((gl>~~~,gn),0')7
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for all (ag, ® ... ®ag,) ® 0 € (AVSn)((g1,...90).0)> M1 @ ... @My € ME™ and for all
((g1s---,9n),0) € GLS,.

Finally, we will prove that f is bijective. Because both modules have the same
O-rank, it is enough to prove that f is surjective. If (g, ® ... ® My, ) ® o is an
arbitrary element of (M USn)((gr,....gn),0)» then it is clear that

((ug_{ll ®... ®ug‘;1) ®0) ® (ug-1 Mg, @ ... ®ug;(1n)mgg(n)) € (A1S,) @paon ME"

9o (1)
and that
f(((ug}ll @...® u;;ll) ®0o)® (ug;(ll)mgam Q... Qus—1 mga(n)))

9o (n)
—1 1 . ~
(ug,1 ®...8 ug,;l) . U(Ug;(ll)mgm) ®...0u, )mg”(n))) ®o

(

= ((u;,1 ®...® ug}ll) (ug1mmg, ® ... @ uginyg,)) @0
(
(

-1
o(n

= ~ —1 ~
U U -1Mg, X ...Q0U U —-1M XK o
g9 g1 gt 9n g")

Mg, ®@...Q M, )0,

for all ((g1,...,9n),0) € G 1Sy, where u, represents an invertible homogeneous ele-
ment of Ay, for all g € G.

(3) Furthermore, by Proposition 3.3, M®™ is a G"-graded (A®", A’®")-bimodule
over C®", which induces a G™-graded Morita equivalence over C®" between A®"
and A®" thus by [1, Theorem 5.1.2] with respect to the G™-grading, we have that
(M®™); = M®" is a (B®", B'®")-bimodule, which induces a Morita equivalence
between B®" and B'®".

Now, by the previous statements, and by using [3, Theorem 3.3] with respect to
the G1S,-grading, we obtain that M .S, induces a G S,-graded Morita equivalence
over C®™ between A1 S,, and A’ S,,. O
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