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Fuzzy differential subordinations connected
with convolution

Sheza M. El-Deeb and Alina Alb Lupas

Abstract. The object of the present paper is to obtain several fuzzy differential
subordinations associated with Linear operator

magl(2) =2+ [1+(—1)c"(6)]™ azb;2’.
=2

Using the operator Dy ,, we also introduce a class ’Himﬁ (n,g) of univalent

analytic functions for which we give some properties.
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1. Introduction

Let QC C, H(Q) the class of holomorphic functions on € and denote by H4(f2)
the class of holomorphic and univalent functions on 2. In this paper, we denote by
H(A) the class of holomorphic functions in the open unit disk A = {z € C: |z| < 1}
with Ba = {z € C: |z| = 1} the boundary of the unit disk. For g € C and d € N, we

denote

and

HB,d=S feHA): f(z)=B8+ Y a2, z€A},

j=d+1

Ag=SfeH(A): f2)=2+ Y a2/, z€A}  with Aj=A,
j=d+1

S={f€A: fisaunivalent function in A}.
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_ . 2f(2) .
C_{feA. %<1+ 12 > >0, EA},

the set of convex functions in A.

We denote by

Definition 1.1. [4, 11] Let f; and fo are analytic function in A, then f; is subordinate
to fo, written fi; < fo if there exists a Schwarz function w, which is analytic in A
with w(0) = 0 and |w(z)| < 1 for all z € A, such that f1(z) = fo(w(z)). Furthermore,
if the function f5 is univalent in A, then we have the following equivalence:

J1(2) < f2(2) & f1(0) = f2(0) and f1(A) C f2(A).

In order to introduce the notion of fuzzy differential subordination, we use the
following definitions and propositions:

Definition 1.2. [10] Fuzzy subset of ) is a pair (B, Fp), with Fg : Y — [0, 1] and
B={zxeY:0< Fp(x) <1} (1.1)
The support of the fuzzy set (B, Fg) is the set B and the membership function of
(B, ]:B) is .7:5.
Proposition 1.3. [12] (i) If (B, Fg) = (U, Fu), then we have B = U, where
B =sup (87.}-5) and U = sup (u,fu) ;
(i) If (B, F) € (U, Fu), then we have B C U, where
B =sup (B, Fg) and U = sup (U, Fy) .
Let f,g € H(Q), we denote by
FQ) ={f(2): 0<Fpayf(z) <1, 2€ Q} =sup (f(Q), Frey),  (1.2)
and
9() ={9(2): 0< Fyepg(2) <1, z€ Qf =sup (9(Q), Fyr) . (1.3)

Definition 1.4. [12] Let 2o € Q be a fixed point and let the functions f, g € H(2). The
function f is said to be fuzzy subordinate to g and write f <z g or f(z) <x g(z), if
are satisfied the following conditions:

(1) f(20) = g(20)

(i) Fryf(2) < Fyapg(z), =z € Q.
Proposition 1.5. [12] Assume that zo € Q is a fizved point and the functions f,g €
HQ). If f(z) <F g(2), z € Q, then

(4) f(20) = g(20)

(i) £ () Cg(Q), Fraf(z) < Fyag(z), z €,
where f(Q) and g () are defined by (1.2) and (1.3), respectively.
Definition 1.6. [13] Assume that ® : C3 x A — C and h € S, with ® («,0,0;0) =

h(0) = a. If p is analytic in A, with p(0) = « and satisfies the second order fuzzy
differential subordination

Faoxay® (p(2) 20 (2), 2% (2); 2) < Faga)h(2),
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ie. @ (p(z), 2 (2), 22D (2); z) <r h(z), z€A, (1.4)

then p is said to be a fuzzy solution of the fuzzy differential subordination. The
univalent function ¢ is called a fuzzy dominant of the fuzzy solutions for the fuzzy
differential subordination if

Fpa)p(2) < Fyaya(2), e p(z) <rq(z), z€A
for all p satisfying (1.4).
A fuzzy dominant g that satisfies

Fia)q(z) < Faayq(z), ie. q(z) <rq(z), z€A
for all fuzzy dominants ¢ of (1.4) is called the fuzzy best dominant of (1.4).

Making use the binomial series

(1—5)":273( " )(—1)i 5§ (neN={1,2..1}),

i
i=0
for f € A, we introduced the linear differential operator as follows:

DY 5,/ (2) = (f *9) (2),
Dpsof(z) =(1=8)" (f*g)(2) +[1—(1=38)"2(f*9) (2)

z+ Z 1+ (j—1)c"(8)]a;bjz

Drll,é,gf(z)

Tsaf(2) = Dusy (DILf(2)
= (1= 0)"Dysaf() + 1= (1= 8)") 2 (Drsaf(2)
:z+Z[1+(j— 1) ¢"(8)])™ a;b; 2’ (1.5)
(6>0,neN meNy;=NU{0}),
where

n

HOESY < 7 > (D) 5 (neN).

i=1

From (1.5), we obtain that

c"(8) 2 (Dl gf(2)) =Dy f(z) = [1—c"(0)] Dy o f(2).
By specializing the parameters n, ¢ and b;, we note that
(i) Putting b; = 1 (or g(z) = %), then Dy's, = = D5 defined by Yousef et al. [17].
(ii) Putting b; = 1 (or g(z) = %3) and n = 1, then DY, = = Dg" defined by
Al-Oboudi [3].
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(iii) Putting b; = 1 (or g(z2) = 1%5) and n = § = 1, then Dy - = D™ defined by
Salagean.[15].

(iv) Putting b; = (%)a (>0, £>~1) and n = 1, then D5 - = Z,/3" f(2) defined
by El-Deeb and Lupag [GT]L

: @ m’ 1t —m
(v) Putting b; = (ﬁ) G-me (m,a >0, n € Ng) and m = 0, then Dnéq =
Hy m f(2) defined by El-Deeb and Oros [9].

(vi) Putting b; = 4,5 11(): l;g’(;:i)v) [/\Jr[]f)’giil, (v>0, A>—1, 0< g < 1) studied by

El-Deeb and Bulboaci [7] and El-Deeb [5], we obtain the operator 7%, defined as

v,n,d
follows:
i—1
m,\,q — ™ (_1)j F(U+ 1) o
Nun§ Z+Z ( )] 4j71(]*1)']_—‘(j+'l))ajz

()\>—1,0<q<1, 0,v>0; neN; meNy);

(vi) Putting b; = (%) . %, (a>0,n>0, A>—1, 0 <q< 1) studied by

El-Deeb and Bulboaci [8] and Srivastava and El-Deeb [16], we obtain the operator

ML defined as follows:

n—i—l)a [k, q)! ;
a;z
n+k/) A+1qlk

(a>0, A>-10>20;0<¢<1;0>0;, neN; meNy).

Mznn)\éqaf =z +Z 1 + ] B 1 (5)]7” (

2. Preliminary
To prove our results, we need the following lemmas.

Lemma 2.1. [11] Let ¢ € A and

= %/w(t)dt, z € A.
0

¥ (2)

Lemma 2.2. [14, Theorem 2.6] Let ¢ be a convex function with ¥(0) = 8 and v €
= C\{0} with R(v) > 0. If p € H[B,d] with p(0) =B, ®:C?x A — C,

@ (), 2 ():2) = pl2) + 2 (2)

18 analytic function in A and
1 ’ 1 ’
Fac2xa) <p(2) +2p (Z)> < Frayh(z) = p(z) + 2P (2) =7 h(z), z€A,

then

1f9%{1+“", <Z>} >k 2 €A, then G e K.

FoayP(2) < Faa)a(2) < Fpayh(z) — p(2) <7 q(2), z € A,
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where

a(z) = -2 [ w(t)ti—ldt, z € A
/

The function q is convex and it is the fuzzy best dominant.

Lemma 2.3. [14, Theorem 2.7] Let g be a convex function in A and

¥(z) = 9(2) + dvzg (2),
where z € A, d € N and v > 0. If

p(2) = g(0) + pg 2%+ pay1 27+ ..

belongs to H(A), and

Fo(a) (p(Z) +y2p (Z)) < Fpa(z) = p(2) +yzp (2) <7 9(2), z € A,

then
Fpn) (p(2)) < Fyayg(z) — p(2) <7 g(z), z€A.
This result is sharp.

For the general theory of fuzzy differential subordination and its applications,
we refer the reader to [1, 2].

In the next section, we obtain several fuzzy differential subordinations associated
with the diferential operator D)  f(2) by using the method of fuzzy differential
subordination.

3. Main results

Assume that n € [0,1), 6 >0, n € N, m € Ng, A >0 and z € A are mentioned
through this paper.

By using the integral operator D}; /. we define a class of analytic functions and

we derive several fuzzy differential subordinations for this class.
Definition 3.1. Let the function f € A belongs to the class Hf’mﬁ (n,g) for all
ne[0,1),n € Ny, m >0 and a > 0 if it satisfies the inequality:

F(Dy*{fé‘gf)'(A) (D5 f(2) >n,  (2€A).

Theorem 3.2. Let k belongs to C in A and suppose that h(z) = k(z) + /\%ﬂzkl (2).
If f €My ,05(n,9) and

z

G(:) = () = 2 [ 2o, (31)
0
then
F s (DI F(2)) < Fuayh(z) = (D5, £(2)) <7 h(2), (3.2)

(D:Lnﬁ,gf) (A)
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mmplies

Flpe oy o (D5, G(2)) < Fyayk(z) = (D5 ,G(2)) < k(=),

n,8,9

and this result is sharp.

Proof. Since

AMG(2) = (A +2) /t’\f(t)dt,
0
by differentiating, it obtain

A+ 1)G(2) + 2G (2) = (A +2) f(2),

and
and also, by differentiating (3.3) we obtain
m ’ 1 m " m ’
( n,é,gG(Z)) + mz (Dn,a,gG(z)) = ( n,a,gf(z)) (3.4)

By using (3.4), the fuzzy differential subordination (3.2) is

/ 1 1
F(Dm f)/(A) ((DIZ&QG(Z)) + (}\+2)z(D$57gG(z)) )

< Fua, <kz(z) + Mzk/(z)) . (3.5)
We denote )
q(z) = (D,T57gG(z)) , so g€ H[l,n]. (3.6)
Putting (3.6) in (3.5), we have
F(D,’:fa,gf)/(A) (Q(Z) + ﬁzq/ (Z)> < Fha) <k(z) + ()\41_2)275(2)) ;o (37)

and applying Lemma (2.3), we have

Fyaq(z) < Fyayk(z), ie o) (8) (Dy5.,G(2)) < Frqayk(2),

F
(Dmﬁ,g
’

therefore (D:ﬁ&gG(z)) <r k(z), and k is the fuzzy best dominant. O

Theorem 3.3. Assume that h(z) = H(ﬁizl)z, n € [0,1), A > 0 and I* is given by
(3.1), then

IA [H’imﬁ (T” g)] C Hf,m,é (7]*7 g) ) (38)
where
t)\+2
w=on- 1+ (D22 [ (3.9)
0
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Proof. A function h belongs to C and using the same technique in the proof of Theorem
3.2, we obtain from the hypothesis of Theorem 3.3 that
1 ,
Fya <Q(Z) + mzq (Z)) < Fyayh(z),
where ¢(z) is defined in (3.6). By using Lemma 2.2, we obtain
Fya)q(2) < Frayk(z) < Frayh(z),

which implies

F(Dmé G)/(A) (DZI’&QG(Z)) < Fk(A)k(Z) < Fh(A)h(Z),
n,8,g
where
N2 [l (2 — 1)t
o) = S / A
0
(A +2)(2—27) / (A
— (-1 dt.
(2n—=1)+ 212 1+¢

0
k belongs to C and k (A) is symmetric with respect to the real axis, so we conclude

F(DZL’JYQG)’(A)( ns.gG(2) > ‘g‘li:riFk(A)k(Z) = Fla)k(1), (3.10)
and
A+2
17*:k(l):27771+()\+2)(2—277)/t+1dt. O

0

Theorem 3.4. Let k belongs to C in A, k(0) =1, and h(z) = k(z) 4+ 2k’ (2). If f € A
and satisfies the fuzzy differential subordination

F(Dilfs,gf)/(ﬁ) (D:Zf&gf(z)) < Frayh(z) — ( Zf(;’gf(z)) <F h(z), (3.11)
e D75,f ) Dy, S ()
sl (2 sl (2
FDZLMM)"S% < Frayk(z) = 5% <7 k(2). (3.12)
The result is sharp.
Proof. For
" z—|—oo 14+ (G —1)c™(0)]" a;b;27
) JE[ (7= 1)c"(0)]" azb;
q(z) = . = .
= 14+ ) [T+ (G —1)c"(6)] a2’
j=2

we obtain that
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SO
F(Dm AN (D:Zﬁ,gf(z)) < Frayh(z)

n,8,g
implies

Fya) (tZ(Z) + Zq/(z)) < Fhayh(z) = Fia) (k(z) + 2k (Z)) :

Applying Lemma 2.3, we have

Fynya(z) < Fiyak(z) — FD;ﬁ;éwgf(A)M < Fi(ayk(2),
and we get
L?’é’gf (=) <F k(2).
The result is sharp. ’ O

Theorem 3.5. Consider h € H(A) with h(0) = 1, which satisfies

zh" (2) -1
oo 8) 2

If f € A and the fuzzy differential subordination

F(DZ”f&,gf)/(A) (D:{f&gf(z)) < Frayh(z) — ( Zfé’gf(z)) <F h(z), (3.13)
holds, then
D5 qf (2) : D5 qf (2)
F'D}'ﬁa,gf(A)ﬁ% < Fk(A)k‘(z) 1.€ 76% <F k(Z), (314)
where

0
the function k is convexr and it is the fuzzy best dominant.
Proof. Let
Dy f(z > m .
q(z) = %() =1+ [1+G— DO abz", qgeH[1,1],

=2

where R <1 + z:,é?) > =L, From Lemma 2.1, we have

belongs to the class C, which satisfies the fuzzy differential subordination (3.13). Since
k(z) 4 zk (z) = h(2),

it is the fuzzy best dominant.
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We have )
4(2) + 24 (2) = (D50 f (2))
then (3.13) becomes
Fy (a(2) + 24 (2)) < Fagayh(2).
Applying Lemma 2.3, we have

D
Fyayq(2) < Fyayk(z), ie. Fpm  pay——"— < Fiak(2),

n,8,g

then

L’%if (2) <5 k(2). 0

Putting h(z) = W in Theorem 3.5, we obtain the following corollary:

Corollary 3.6. Let h = H(fi%l)z a convex function in A, with h(0) =1, 0 < g < 1.
If f € A and verifies the fuzzy differential subordination

F('D:Ln,(s,gf)l(A) (Dryﬁé,gf(z)> S Fh(A)h(z)’ i.e (DZfﬁ,gf(Z)) =F h(z)a
then
k() =28 — 14 2

the function k is convex and it is the fuzzy best dominant.

gln(l—&-z),

Concluding, all the above results give us information about fuzzy differential sub-
ordinations for the operator D;; /, we give some properties for the class H;ﬂm (n,m)

of univalent analytic functions.
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