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An extension of Krasnoselskii’s cone fixed
point theorem for a sum of two operators
and applications to nonlinear boundary value
problems
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Abstract. The purpose of this work is to establish a new generalized form of the
Krasnoselskii type compression-expansion fixed point theorem for a sum of an
expansive operator and a completely continuous one. Applications to three non-
linear boundary value problems associated to second order differential equations
of coincidence type are included to illustrate the main results.
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1. Introduction

One of the main results in fixed point theory is the cone expansion and com-
pression theorem proved by Krasnoselskii in 1964 (see, e.g., [10, 11]). It represents
a powerful existence tool in studying operator equations and showing existence of
positive solutions to various boundary value problems. By this result, a solution is
localized in a conical shell of a normed linear space. This theorem has been recently
deeply improved in various directions; see [1, 2, 3, 6, 9, 12, 13, 14] and references
therein. A vector version of Krasnoselskii’s fixed point theorem in cones has been
given in [4, 15, 16]. In practice, the vector version allows the nonlinear term of a
system to have different behaviors both in components and in variables.
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In this paper, we first establish some user-friendly versions of Krasnoselskii type
compression-expansion fixed point theorem for a sum of an expansive operator and a
completely continuous one. A vector version of the main result is also given.

Next, using the main obtained fixed-point result, we study the existence of positive
solutions for three nonlinear boundary value problems associated to second order
differential equations and systems of coincidence type equations.

Let X be a normed linear space with norm ||.||, and let P C X be a wedge, i.e.,
a closed convex subset of X, P # {0} with AP C P # {0} for every A € Ry. If in
addition P N (—=P) = {0}, then P is a cone, and we say that z < y if and only if
y —x € P\ {0}. For two numbers 0 < r < R, we define the conical shell P, g by
Prr:={zeP:r<|z| <R}

Let N: D C X — X be a continuous operator. The operator N is said to be
bounded if it maps bounded sets into bounded sets, completely continuous if it maps
bounded sets into relatively compact sets, and compact if the set N (D) is relatively
compact.

Consider the operator equation

Nz =z,
where N is a given nonlinear map acting in P.

Theorem 1.1. (Krasnoselskii’s compression-expansion fixed point theorem). Let o, 8 >
0, @« # 8, r := min{w,} and R := max{«,B}. Assume that N : P, g — P is
a compact map and there exists p € P\ {0} such that the following conditions are
satisfied:
Nx # \x for ||lz|| = @ and X > 1;
Nx+up#ax  for ||| =8 and p> 0.
Then N has a fized point x in P with r < ||z| < R.

(1.1)

Remark 1.2. If 8 < «, then the conditions (1.1) represents a compression property of
N upon the conical shell P, r, while if 8 > «, then the conditions (1.1) expresses an
expansion property of N upon P, g.

Consider a system of two operator equations
Ni(21,22) = 71
Na(w1,22) = T2,

where N1, Ny act from P x P to P.

Theorem 1.3. ([16, Theorem 2.1]). Let (X, ||.||) be a normed linear space; P1, P2 C X
two wedges; P := Py x Pa; oy, B; > 0 with a; # B; fori = 1,2 and let r; = min{ay, 5;},
R, = max{w;,B;} for i = 1,2. Assume that N : Prrp = (P1)ri,my X (P2)ry.ms —
P, N = (N1, Ns), is a compact map and there exist p; € P; \ {0}, i = 1,2 such that
for each i € {1,2} the following conditions are satisfied in Py r:

N;x # da; for ||zi]| = a; and A > 1
Nix + ppi # xi for ||zil| = Bi and p > 0.
Then N has a fized point © = (x1,x2) in P such that r; < ||z;|| < R; for i=1,2.

(1.2)
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A mapping T : D C Y — Y, where (Y, d) is a metric space, is said to be expansive
if there exists a constant h > 1 such that

d(Tz,Ty) > hd(x,y) for all x,y € D.
To establish our results, we need the following technical lemma concerning expansive
mappings.

Lemma 1.4. Let (X,|.||) be a linear normed space and D C X. Assume that the
mapping T : D — X is expansive with constant h > 1. Then the mapping T : D —
T(D) is invertible and

_ _ 1
IT7 e —T71y| < 7lle—yll, Va,y € T(D).

2. Main results

Theorem 2.1. Let K be a subset of a Banach space X and P C X a wedge. Assume
that T : K — X is an expansive mapping with constant h > 1 and F : K — X is a
mapping such that I — F : K — P is completely continuous one with P C T(K). Let
a,8>0,a# B, pe P\{0}, r :=min{w, f} and R := max{a, 5}.

Suppose that the following conditions are satisfied:

x# Xz + Fx forz e T-YP), |Tz| =a and X > 1. (2.1)
x#Te+ Fr—pup forx e T YP), |Tx||=p and pu > 0. (2.2)
Then T + F has a fized point x in T~ (P) such that r < ||Tz| < R.

Proof. By Lemma 1.4, the operator T-! : T(K) — K is a -contraction. Then the
operator N defined by
N:P — P
y — Ny=T7ly—FT7ly
is well defined and it is completely continuous.
Claim 1. We show that Condition (2.1) implies that
Ny # Ay for ||y]| =« and A > 1.
On the contrary, assume the existence of A\g > 1 and y; € P with ||y1]| = « such that
Ny1 = Aoys.
Let 21 := T 'y;. Then
xry — F:L'l = )\oT.’,El.

The hypotheses y1 € P, ||y1|| = « imply that 1 € T~1(P) and ||[Tz1|| = a. Which
lead to a contradiction with Condition (2.1).
Claim 2. We show that Condition (2.2) implies that

Ny +up #y for [ly[| =5 and > 0.
On the contrary, assume the existence of pg > 1 and yo € P with ||y2|| = S such that

Y2 — Ny2 = pop.
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Let x5 := T 'yy. Then
T9 = Txo + Fxo — oD

The hypotheses y2 € P, |ly2]| = 8 imply that x5 € T71(P) and ||Tx2| = 8. Which
lead to a contradiction with Condition (2.2).

Consequently, by Theorem 1.1, the operator N has a fixed point y € P such that
r < |ly|| < R. That is

T Yy —FT ly=y.
Let x := T~ 'y. Then x € T~1(P), it is a fixed point of T + F, and
r<||Tz|| <R. O

If in addition P is a cone, as a consequence of Theorem 2.1, we derive the
following cone compression and expansion fixed point theorems, the first in terms of
the partial order relation induced by P and the second of norm type.

Corollary 2.2. Let K be a subset of a Banach space X and P C X a cone. Assume
that T : K — X is an expansive mapping with constant h > 1 and F: K — X is a
mapping such that I — F : K — P is completely continuous one with P C T(K). Let
a,B >0, a# B, r:=min{a, 8} and R := max{a, 8}.
Suppose that the following conditions are satisfied:

x % Tx+ Fx for x € T-YP) with |Tz| = o (2.3)

x ¢ T+ Fx for x € T-Y(P) with |Tx| = 5. (2.4)
Then T + F has a fived point x in T~1(P) such that r < |Tz| < R.
Proof. The conditions (2.1) and (2.2) of Theorem 2.1 are satisfied. Indeed, assume
the contrary of Condition (2.1). Then there exist \g > 1 and zo € T~!(P) with
|ITx0|| = a such that

o — )\0TZO + Fl‘o.
Thus, Txg = )%O(a:o — Fxy) < g — Fxo, that is xg > Txo + Fxg, which contradicts
(2.3).
Assume the contrary of Condition (2.2). Then there exist p € P\ {0}, po > 0 and
x1 € T71(P) with || Tx1|| = B such that
Tr1 = T:rl + F:]Cl — KoP-
Since pop € P\ {0}, we obtain
1 <Tx1 + Fxq,

which contradicts (2.4). O

Corollary 2.3. Let K be a subset of a Banach space X and P C X a cone. Assume
that T : K — X is an expansive mapping with constant h > 1 and F : K — X is a
mapping such that I — F : K — P is completely continuous one with P C T(K). Let
a,8>0, a# B, r:=min{a, 8} and R := max{a, 8}.
Suppose that the following conditions are satisfied:

|z — Fz|| <||Tz| for x € T~Y(P) with |Tz| = a. (2.5)

|z — Fz|| > ||Tz| for x € T~Y(P) with |Tz| = 5. (2.6)
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Then T + F has a fived point x in T~(P) such that r < | Tz| < R.

Proof. The conditions (2.1) and (2.2) of Theorem 2.1 are satisfied. Indeed, assume
the contrary of Condition (2.1). Then there exist \g > 1 and zo € T (P) with
ITzo|| = « such that

o = )\0T{E0 + FLC().
Then xy — Fzg = AgTxg, that is

[xo = Fxol| = Aol|Tzol| > [ T2ol],
which contradicts (2.5).
Assume the contrary of Condition (2.2). Then there exist p € P\ {0}, po > 0 and
x1 € T7Y(P) with ||Ta1|| = B such that
x1 =Tz + Fx1 — pop.

x1 — Faxy =Tz — pop that is

1 = Fay|| < [T,
which contradicts (2.6). O

The vector version of Theorem 2.1 is presented in the following theorem. In
what follows, we shall consider two Banach spaces (X1, ||.]]1), (X2, ||.]|2); two wedges
P1 C X1,Py C Xs, the product space X := X; x X5, the corresponding wedge
P := Py x Py of X. For o, 8; > 0 with «; # 5;, let a = (a1,02), 8 = (b1, 52),
r; = min{oy, 5;}, R; = max{ay, 5;} for i = 1,2, and r = (r1,72), R = (R1, R2).

Theorem 2.4. Let K := K1 X K5 be a subset of X.
Assume that T; : K; C X; — X; be an expansive mapping with constant h; > 1 and
F; : K — X; is a mapping such that I; — F; : K — X; be a completely continuous one
with P; C T(K;), i =1,2 and x; — Fi(x1,22) € P; forxz; € K;, i =1,2.
Suppose that there exist p; € P; \ {0}, i = 1,2 such that for each i € {1,2} the
following conditions are satisfied:
xz; # N + Fyx for x; € Ti_l(Pi), |Tizi|| = ; and A > 1. (2.7)

x; # Tyxy + Fix — up; for x; € T[l(Pi), | Tsx;|| = Bi and p > 0. (2.8)
Then T+ F = (Ty + Fy, To + F») has a fived point © = (x1,x2) in Ty *(P1) x Ty *(Pa)
such that

ri < ||Tixi|| < Ry for i=1,2.

Proof. By Lemma 1.4, for i € {1,2} the operator T; ' : T(K;) — K; is an -
contraction. Then the operator N defined by

N:P — P
y = N(yi,y2) = (Ni(y1,y2), No(y1,y2))

where

Ni(y1,y2) =Ty 'y — Fu(Ty 'y, Ty o)

Na(y1,y2) = T5 'ye — Fo(T7 g1, Ty Hye)
is well defined and it is completely continuous.
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Claim 1. We show that Condition (2.7) implies that
Ny # Ay; for |lyi|| =, and A > 1 fori=1,2.

On the contrary, assume the existence of \g > 1 and ,y° = (39, ¥9) € P with
¥?]] = c; such that
N1y = Xoy! or Noy” = Aoys.

Let 29 := T, 'y for i = 1,2. Then, we obtain

2 — Fi(29,29) = NT1 29
or

,Tg — Fl(.%'(l),.’]s‘(2)> = )\()Tzajg.
The hypotheses 4° € P, ||y = «; imply that 20 € T, '(P;) for i = 1,2 with
| T;2%|| = a, which lead to a contradiction with Condition (2.7).
Claim 2. We show that condition (2.8) implies that

Ny + pp; #y; for ||y;|| = 6; and p >0 for i =1,2.

On the contrary, assume the existence of po > 0 and 20 = (27, 28) € P with ||2?|| = 3,
such that
z? — Ni2° = Lop1 O zg — N0 = HoD2.-

Let t? := T, '2? for i = 1,2. Then, we obtain

1 = Tut) + Fu(9,19) — pops
or

19 = Tot + Fo(t9,19) — popo.
The hypotheses z° € P, ||29| = B; imply that t? € T, *(P;) for i = 1,2 with | T;t?|| =
Bi, which lead to a contradiction with condition (2.8). Our result then follows from
Theorem 1.3. O

Remark 2.5. Since the compact operator NV in Theorems 1.1 and 1.3 may be gener-
alized to a strict-set contraction, the conclusion of Theorems 2.1 (and its Corollar-
ies) and Theorems 2.4 can be extended to the case of a f-set contraction mapping
I — F (0 < ¢ < h) with respect to some measure of noncompactness (see [5]).

3. Applications

3.1. Example 1
Consider the following nonlinear boundary value problem

—E (L a(t) = g(h(x(t), 0<t <1

z(0) = z(1) =0,
where f:[0,1] x Ry — R is continuous function defined by:

f(t,u) = u® + a(t)u, a € C*(0,1],Ry), with n%rh a(t) > 1,
tel0,

g € C([0,1],Ry) and h: Ry — R, is continuous increasing function.
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Problem (3.1) is equivalent to the integral equation

F(t,x(t)) = / G(t, 5)g()h(x(s))ds, ¢ € [0.1],
0

where G is the corresponding Green’s function defined in [0, 1] x [0, 1] by:

[ tl=-9), if 0<t<s<l1,
G(t’s)_{s(lt), if 0<s<t<l.

The Green function satisfies the following properties:

0<G(t,s) < G(s,8), V(t,s)€[0,1] x [0,1]
G(t,s) = 3G(s,9), Y(t,9) € [3,3] x [0,
fgl G(t,s)ds < L vte[o1].
f; G(t,s)ds > 1173’ Vit e [%,%].
We will set
A=
Jnax Jo G(t,5)g(s) ds,
B := %jG(to,s)g(s) ds, for some tg € [0, 1].
We let

= mi <al:= .
(Co) 1< ag té%?l] a(t) <a tren[gnﬁ] a(t)

429

(3.3)

Assume that the following assumptions hold for some positive reals «, 5 with a # 3:

@) 4h(Le) <a,

(C2) Bh (%BO) > B3, where 8y = Bo(83) > 0 such that 33 + a8y = B.

Remark 3.1. From the properties of Green’s function, we get

1
max]/ G(t,s)g(s)ds <
0

te(0,1
and

min /Z G(t,s)g(s)ds > L min g¢(t).

te[4,3] 16 te[1,3)

Then, for the conditions (C;) and (Cz) to be satisfied it is enough that constants o

and [ satisfy

1 1 1
— max g(t)h (a) <« and 6

8 tef0,1] ag 6 teeld,

Now we state our main result

min, (1) (iﬁo) > .
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Theorem 3.2. Let Assumptions (Co)-(Ce) be satisfied. Then the nonlinear boundary
value problem has a solution x which belongs to C([0,1],R4).

Proof. Consider the Banach space X = C([0,1]) normed by ||z| = m[guf] |z(t)|, the
teo,

set
K={zeX|az(t)>0Vte[01]}

and the positive cone P
1 1 3
P=<zxeX:xz>0o0n]0,]1] andx(t)ZZHxH for thgi .

Define the operators T : K — K and F : K — X by
Tx(t) = z(t)® + a(t)z(t)

Fﬂﬂ:dﬂ—/Gm@ﬂ@Mﬂ@M&
0

respectively, for ¢ € [0,1]. Then the integral equation (3.2) is equivalent to the op-
erational equation x = Tz + Fx. We check that all assumptions of Theorem 2.1 are
satisfied.

(a) The operator T : K — K is surjective and it is expansive with constant
ag > 1.

(b) Using the Arzela-Ascoli compactness criteria, we can show that I — F' maps
bounded sets of K into relatively compact sets. In view of the sup-norm and the
continuity of functions G,g and h, it is easily checked that I — F' is continuous.
Therefore, the operator I — F' : K — P is completely continuous.

(c) Assume the existence of zg € T~(P) with ||Tzo|| = o and Ag > 1 such that

o — )\0T§C0 + F‘$07
1
Then, AgTzg = zog — Fzog = [ G(.,5)g(s)h(zo(s))ds on [0,1].
0
So
1
a < Nol|Tzol| = tm[goi] / G(t, s)g(s)h(xo(s)) ds. (3.4)
€lo,
0
On the other hand, we have
_ 1 1
[zoll = |77 Taol| £ — || Taol| = —a,
ao Qo
where % < 1 is the Liptchiz constant of 71, which implies that
1
0 <zo(t) < —a for t €0,1].
ag

Since the function h is increasing, we get

0 < h(zo(t)) <h <1a> for ¢t €[0,1].
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Thus, for all ¢ € [0, 1], we obtain

;G(t,s)g(s)h(mo(s))ds < h (a—loa) zG(t,s)g(s) ds
< Jy Gos)als)dsl b (La)

< Ah (a—loa) < a.

By passage to the maximum, we obtain

1

tren[g’)i 0/ G(t,8)g(s)h(zo(s)) ds <

which leads to a contradiction with (3.4).

(d) Assume the existence of z1 € T~ (P) with ||Tz:|| = 8 and po > 0 such that
ry =Tz + Fr1 — poyo,
where yo € P with yo(¢t) > 0 on [0,1]. Then

/G(.,s)g(s)h(zl(s)) ds =x1 — Fay = Txy — poyo < Tzq on [0,1].
0
Since for all t € [0, 1], (Tz1)(t) < || Tz1]| = B, we get
/G(t,s)g(s)h(xl(s)) ds < (Tx1)(t) < B, YVt €[0,1]. (3.5)
0

On the other hand, from the property of Green’s function G, for all ¢ € [i, %], we
have

@
—
w

»

)g(s)h(x1(s)) ds

=

Bl RJ%\W = %P\W

OflG(t,s)g(s)h(xl(s))ds >

> G(to, s)g(s)h(z1(s)) ds.

=

Since ||Tx1|| = B there exists ¢t; € [0, 1] such that (Tz1)(¢t1) = 8. That is
(21(£2)) + a(ty)zr(t1) = B < (21(t1))* + a1 (1),
where a® = max a(t). Let By = B0(8) > 0 such that 83 + a°By = . So z1(t1) > Bo,

te0,1]
which implies that ||lzq|| > Bo. Hence z1(s) > 1 By, Vs € [1, 2], which gives

h(z1(s)) > h (iﬂ()) .
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Thus

/lG h(z(s)) ds > - h( 50)/G o, 5) (s)ds:Bh(i&)) > 8,
0

which leads to a contradiction with (3.5). Therefor Theorem 2.1 applies and assure
that Problem (3.1) has at least one positive solution = € C([0, 1]) such that

r<||Tz|| <R,
where r = min(«, 8) and R = max(«, ). O
3.2. Example 2

Consider the following second-order nonlinear boundary value problem posed on
the positive half-line

— L F(tx() + K2 (1, 2(t) = g(t)h(t, 2(1)), t € (0, +00).

2(0) =0, lim z(t) =0,

t——+o0

(3.6)

where k is a positive real parameter and f : [0,400) x R; — R, is a continuous
function defined by:

f(t,u) =u® + a(t)u, a € C*(0,+00),Ry).

The functions g : [0, +00) = R4 and & : [0, +00) x Ry — R, are continuous.
Problem (3.6) is equivalent to the integral equation

“+o0
_ / G(t, 5)g(s)h(s, x(s))ds, (3.7)

where G is the corresponding Green’s function defined by:

Git.s) = 1 [ ehs(elt —eM), if 0<t<s<oo,
2k | e M(eP —eF), if 0<s<t<oo.

The Green function G satisfies the following useful estimates:

G(t,s) < G(s,s) < 5z, Vt, s €[0,+00).

G(t,s)e M < G(s,s)e ™, Vi, s €[0,+00), V> k.

G(t,s) > AG(s,s)e™" V(0 <y <), VL€ [y,d], Vs € [0,+00),
where
0 < A=min(e ® ek —e7F7) < 1.
Assume that the following conditions are satisfied

(Ho) 1<ap: = inf a(t)<a’: = sup a(t).
t€[0,+00) t€[0,400)
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(H1) h:]0,+00) x Ry — R, is continuous and satisfies the polynomial growth
condition:

Jd>0:d#1,0<h(t,x) <b(t) +c(t)zd, V(t,x) € [0, +00) x Ry,
where the functions b, ¢ € C([0, +00),Ry).
(H2) Assume the integrals

M, : = e *3b(s)G(s,5)g(s)ds

My : = eld0=R)s ()G (s, 5)g(s)ds

are convergent and satisfy

1
IR >0, My + My— R* <R,
ag
(H3) There exists r with 0 < r < R such that
s
A/eikSG(s, 8)g(s)h(s,u)ds > re®® for all u > Arg,
Y
where rog = ro(r) > 0 such that r§ + a®rg = r.

Now we state our main result.

Theorem 3.3. Let Assumptions (Ho)-(Hs) be satisfied. Then the nonlinear boundary
value problem (3.6) has at least one positive solution.

Proof. Given a real parameter § > k and consider the weighted Banach space

X = {m € C([0,+00),R) : o up ){e_at\l‘(t)l} < OO}

normed by

|zllo = sup {e”"|a(t)]}.
te[0,4+00)

Consider the set
K={zeX|z(t)>0,Vte[0,+0)}.

For arbitrary positive real numbers 0 < v < 4, let P the positive cone defined in X
by

Sl

Define the operators T : K — K and F : K — X by:
Tx(t) = 2(t)® + a(t)x(t)
+oo

Fz(t) = x(t) — / G(t,s)g(s)h(s,xz(s))ds,

0

P= {x €X: z>0on[0,+00) and rr[lirg]x(t) > A||x||9} .
t
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respectively, for ¢ € [0,+00).Then the integral equation (3.7) is equivalent to the
operational equation x = Tx + Fa. We check that all assumptions of Theorem 2.1
are satisfied:

(a) The operator T : K — K is surjective and it is expansive with constant
ap > 1.

(b) Using the properties of Green function G and appealing to the Zima com-
pactness criteria (see [17, 18]), we can show that the operator I — F : K — P is
completely continuous (see [7, 8] ).

(c) Assume the existence of 2o € T71(P) with ||Tzgllp = R and A9 > 1 such
that

o = XoTzo + Fxo,
o0
Then, AgTzg = o — Fzo = [ G(.,s)g(s)h(s,zo(s))ds on [0,+00).
So ’
R < Xo||[Tzollo = [|(I — F)xolls. (3.8)
On the other hand, we have

_ 1 1
lzolle = [T~ " Txollg < — [[Taolle = — R,
ao ap

where % < 1 is the Liptchiz constant of T~!. Thus, by Assumptions (H1), (Hz2) and
the properties of function G, for all ¢ € [0, 4+00), we obtain

|(I — F)zo(t)|e % e~ G(t,5)g(s)h(s,20(s)) ds

K
T

< e k3G (s, 8)g(s)[b(s) + c(s)|zo(s)|4] ds
< [ e*G(s,8)g(s)b(s)ds
0
+
+llzollg [ e =RG(s, 5)g(s)c(s) ds
0
< My + Mol|zo|l§
<

M, + 2 R <R.
0
By passage to the supremum over ¢, we get

sup  {[(1 — F)zo(t)e” "} < My + My |lzo]l§ < R,
t€[0,400)

which leads to a contradiction with (3.8).
(d) Assume the existence of z; € T~1(P) with | Tz1]lg = r and po > 0 such that

=Tz + Fx1 — poyo,
where yo € P with yo(¢) > 0 on [0,400). Then

/ G(t, s)g(s)h(s,x1(s))ds =21 — Fx1 = Tx1 — poyo < Tz1.
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Since for all ¢ € [0, +00), |(Tx1)(t)|e% < ||Tz1]lo = r, we get

+oo
/ G(t,s)g(s)h(s,x1(s)) ds < (Tx1)(t) < e, Yt € [v,6]. (3.9)
0

On the other hand, ||Tz1|/¢ = r implies one of the following cases:
Case 1. There exists ¢; € [0, +00) such that |(Tx1)(t;)]e” % = r. That is

(6_9t1$1(t1))3 + a(tl)e_gtlml(tl) =r< (6_9t1$1(t1)>3 + aoe_‘%lxl (t1>,

where a® = sup a(t). Let 79 = ro(r) > 0 such that 7§ + a%rg = r.
te[0,4+00)
Thus, e~ %121 (t1) > ro, which implies that ||z1|lg > ro. Hence z1(s) > Arg, Vs € [v,d].

. 79t o .
Case 2. tll+moo [(Tz1)(t)|e~" = r. That is

: —0t 3 : : —0t _
i (a0 + lm_al0) e (0) =7

< : —o0t 3 0 1; —ot .
< tlﬁl@o(e z1(t))? +a t_liglooe x1(t)

Thus, there exists ro = ro(r) > 0 such that

: —ot
>
t_lgTooe x1(t) > ro,
which gives ||z1|lg > 7.
Consequently, from Assumption (H2) and the properties of Green function G, for all
t € [, 9], we have

+OfOOG(t, s)g(s)h(s,z1(s))ds > A t)fooeksG(s, $)g(s)h(s,z1(s)) ds
5
> A [e*G(s,8)g(s)h(s,x1(s)) ds
> 1"ez‘S

7

which leads to a contradiction with (3.9). Then Theorem 2.1 applies. Therefore, Prob-
lem (3.6) has at least one solution z € K such that

r <||Tz|| <R. O

3.3. Example 3

In the following example, we will use the Theorem 2.4 to study the existence
of positive solutions to a boundary value problem for a system of differential equa-
tions of the second order. A study that allows the nonlinear term of our system to
have different behaviors both in components and in variables, and it gives a kind of
localization of each component of a solution.
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Consider the following nonlinear boundary value problem for system of two dif-
ferential equations with Dirichlet condition

— L f (2 (1) = g () ha (21 (), 2a(E)), 0 <t < 1

— s falt, 22()) = g2 (Dha (21 (1), 2a(1)), 0 < t < 1 (3.10)
21(0) = z1(1) =0,
22(0) = 2(1) = 0,

where for ¢ € {1,2}, f;:[0,1] x R — R, are continuous functions defined by:
fi(t,u) = u® + a;(t)u, a; € C*([0,1],Ry).

gi € C([0,1],Ry) and h; : Ry x Ry — Ry are continuous increasing functions with
respect to its two variables.
The system (3.10) is equivalent to the integral system

filt,z1(t)) = flG(t,s)gl(s)hl(x(s))ds, t€0,1)
9 (3.11)
fa(t,za(t)) = {G(t,s)gg(s)hg(x(s))ds, t €[0,1],

where x = (z1,z2) and G is the corresponding Green’s function given in (3.3). We
will set

A = ! ;
i Jnax Jo G(t,5)g:(s) ds,
3
1
B, : = 1[Gt} s)gi(s)ds, for some ) € [0,1].
1
1

In what follows we consider ¢ € {1,2} and let
(Co) 1< al = min a;(t) < b := max a;(t).

te(0,1] - tef0,1]
Assume that the following assumptions hold for some «;, 5; with «; # f;:

(C1) Ashi(Far, Sras) < ay,
Our main existence result on system (3.10) is

Theorem 3.4. Let Assumptions (Cg)-(Cs) be satisfied. Then the system (3.10) has a
solution x = (x1,x2) which belongs to C([0,1],Ry) x C([0,1],Ry).

Proof. We apply Theorem 2.4. Here X; = X5 = C[0, 1] with norm

= t 3
oo = mase u®)

and
Ky =Ky ={ueC[0,1]: u(t) >0 forall ¢t €[0,1]};

<t<

oo

1 1
PrL=P2 = {u cueC[0,1]:u>0on [0,1] and u(t) > ZHUH for 1 }
Define the operators T; : K; — K; and F; : K1 x Ko — X;, fori=1,2,
Tixi(t) = X; (t)3 + a; (t)SL‘Z‘ (t)

by:
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1

Fia(t) = a:(t) = [ G0, 9)gu(s)hu(a(s)) ds.
0
respectively, for ¢ € [0, 1].
Then, the integral system (3.11) is equivalent to the operator equation

(1, 22) = (Thxy + Fi(z1,22), Toxs + Fo(x1, 22)),

According to Theorem 2.4 and in a way similar to the one used to show Theorem
3.2, we can easily show that the system (3.10) has at least one positive solution
x = (21, x2) which belongs to C[0, 1] x C[0, 1] such that

ri < ||Tixi]| < Ry,
where r; = min(«;, ;) and R; = max(a;, 8;) for i = 1,2. O
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