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Global existence and stability of solution
for a p—Kirchhoff type hyperbolic equation
with damping and source terms

Amar Ouaoua, Aya Khaldi and Messaoud Maouni

Abstract. In this paper, we consider a nonlinear p—Kirchhoff type hyperbolic
equation with damping and source terms

upe — M /|Vu|p dz | Apu+ |we] ™ 2w = |ul"" u.
Q

Under suitable assumptions and positive initial energy, we prove the global exis-
tence of solution by using the potential energy and Nehari’s functionals. Finally,
the stability of equation is established based on Komornik’s integral inequality.
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1. Introduction

In this article, we consider the following value problem

wy — M (f |Vu|pda:> Aptu A+ ug ™ P uy = |ul P, (x,t) € Q% (0,T),
Q

u(z,t) =0, (z,t) € 09 x (0,), (1.1)
u(xz,0) = up (), w(x,0) =ui(x), x € €,
where 2 is a bounded domain in R™,n > 1 with smooth boundary 902 and
M(s)=a+bs

with positive parameters a, b, Apu = div(|Vu[P~2Vu), p > 2.
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In the past few years, much effort has been devoted to nonlocal problems because
of their wide applications in both physics and biology. For exemple the following
hyperbolic equation with a nonlocal coefficient are as follows:

euy, +uf — M /|Vu5|p dz | Apu® = f(z, t, uf), (1.2)
o

where M (s) =a+bs, a,b>0and p > 1, in a bounded domain Q C R" is a potential
model for damped small transversal vibrations of an elastic string with uniform density
¢ (see [6]). For p = 2, such nonlocal equations were first proposed by Kirchhoff [7] in
1883 and therefore were usually referred to as Kirchhoff equations.

Equation (1.1) can be viewed as a generalization of a model introduced by Kirch-
hoff [15]. The following Kirchhoff type equation

wi = M (IVul}) Au+ g (w) = f (u), (1.3)

have been discussed by many authors. For g (u;) = uy, the global existence and blow
up results can by found in ([13], [15]), for g (u) = |ue]™ > u, p > 2, the main results of
existence and blow up are in ([5], [11]). The absence of the damping term |u;|™ > u,
in equation (1.1), when M(s) = a + bs” (v >0) and p = 2, the existence of the
global solution was investigated by many authors (see [1]-[4], [9], [10], [15], [16]). The
works of K. Ono [12]-[14] deal with equation (1.3) in two cases with f(u) = |u|" "> u,
p > 2. In the first case, for g(us) = —us or uy, he considered M(s) = a + bs?, where
a>0,b>0,a+b>0,~v>0. He showed that the local solutions blow up at finite
time with F(0) > 0 by applying the concavity method. Moreover, he combined the
so-called potential well method and concavity method to show blow-up properties
with E(0) > 0. While in the second case, for g(u;) = |u¢]™ > us, m > 2, he treated
M(s) = a+ bs?, where b > 0, a = 0 and v > 1. He proved that the local solution is
not global when p > maz(2v + 2,m) and E(0) < 0.

The paper is organized as follows. In section 2, we introduce some notations and
Lemma needed in the next sections to prove the main result. In section 3, we use
the energy and Nihari functionals to prove the global existence of the solutions. In
section 4, we use the energy method to prove the result based on Komornik’s integral
inequality.

2. Preliminaries

We begin this section with some notations and definitions. Denote by |||, , the

LP (92) norm of a Lebesgue function u € L? (Q) for p > 1. We use Wy () to denote
the well-known Sobolev space such that both u and |Vu| are in Wy? () equipped
with the norm ||uHW01,p(Q) = [|Vul[,.

Lemma 2.1. Let s be a number with2 < s < 4+ocoifn<pand2 < s < np—fp if n>p.
Then there is a constant c, depending on ) and s such that

lull, < e IVull,, Vue Wg™ (9).
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Theorem 2.2. Suppose that (ug,u1) € Wy ¥ (Q) x L? () and
2p <r <p*,

where

_np_ ;
=1 an>p,
+o00 ifn <p.

Then problem (1.1) has a unique weak solution such that
woe L*((0,7), Wit (@),

uw, € L*®((0,T), L*(Q))NL™ (2 x (0, T)),
wy € L2 ((O,T), woLe (Q)).

3. Global existence

In this section, we state and prove our result, we define the potential energy
functional and the Nehari’s functional, by the following

B () =B (u(®) = 5 lue @+ 5 IVa 01 + 57 [T @ = 1 @l ()
IO =T @) =5 IVu @+ o [Te®l - L @l G2)
1) =1 (®) = al[Vu(@ +b[Tu @2 - |u O] (33)

We can considering a = b = 1, and this does not change the general result of (1.1).

Lemma 3.1. Under the assumptions of theorem 2.2, we have
E (t)=—u@®)n <0, telo, T]. (34)

and

E(t) < E(0).
Proof. We multiply the first equation of (1.1) by u; and integrating over the domain
Q, we get

2

d (1. o 1 1 1 . .
fuut||2+];/\w<t>|”dx+% /|Vu<t>|”dx Ol | = ~ e I
Q Q

dt |2

then
E () = —llue ()], 0.
Integrating (3.4) over (0, t), we obtain E (¢t) < E(0). O
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Lemma 3.2. Assume that the assumptions of theorem 2.2 hold,

1(0)>0,
and
61 + 62 < 17 (35)
where
R O E (1 _ r 2pr =
gima (Lp0) "L mm -0l (2E0)

with 0 < o < 1, ¢, is the best embedding constant of Wy P (Q) < L" (), then
I(t)>0, foraltel0, T].

Proof. By continuity, there exists T, such that
I(t)>0, foralltel0, Ty]. (3.6)
Now, we have for all ¢ € [0, T,]:

IO = T) = ITaOl+ 5 [T - T @l

T

1 P 1 2p 1 D 2p
> ];IIVu(t)IIﬁ%IIW(t)Hp —;(IIW(t)HpHIW(t)Hp —I(t))

T—0Dp p T—2p o 1
> — -1
> RVl + T Va1 + 110
using (3.6), we obtain
r—p r—2p 2
o (IVu (t)||§ + 2 IVu (t)||pp < J(t), for all t € [0, T.]. (3.7)
By the definition of F, we get
pr pr
HE < E(t) < E(0 3.8
Ivu @l < 2B < 2B ) (38)
and ) )
o P pay< - g
IVu Ol < L () < 2B (39)

On the other hand, we have
lu @7 = o [lu@®l; + (1 =) u@)];
By the embedding of W, ? (Q) < L" (), we obtain
lu@®l; < ac[Vu@ll,+ (1 —a)c [Vu(®)l],
< ad [Vu@)ll, " < IVu @l + (1 = a) & [Vu @), x [ Vu @)
By (3.8) and (3.9), we get
lu (@)l < Br [Vu Oy + B2 [Vu @37, forallte 0, T.]. (3.10)
Since 81 + B2 < 1, then
lu @7 < IVu @I + [Vu @7, forallte 0, T2,
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This implies that
I(t)>0, for all t € [0, Ty].
By repeating the above procedure, we can extend T to T. O

Theorem 3.3. Under the assumptions of lemma 3.2, the local solution of (1.1) is
global.

Proof. We have

1 5 1 p 1 9p 1 -
E(®) = 5llu@ll+ » IV ()], + » IVu @, =~ llu @l
1 o T r 2
2 5 llue @l + @, + @1," -
So that
2
lue Oz + Ve @), < C E(2). (3.11)
By Lemma 3.1, we obtain
2
lue W)z + [Vu @), < C E(0). (3.12)
This implies that the local solution is global in time. O

4. Stability of solution

In this section our main result is established based in Komornik’s integral in-
equality [8]. For this, we need the following Lemma:

Lemma 4.1. Suppose that the assumptions of Lemma 3.2 and m > p, hold, then there
exists a positive constant ¢ such that

/|u ()™ dz < cE (t). (4.1)
Q

Proof. By using (3.8), we obtain
/ u (O do = u (O] < < [Vu 0)];

< [Vu @Il < [Vu )]
IVl X B (1) < eB ().

Now, we state our main result:

Theorem 4.2. Let the assumptions of Lemma 3.2, then, there exists constants C, > 0,
such that

E() < LQ, forallt >0 if m> 2.

(1+t)===
E(t) < Ce ¢, forallt >0 ifm=2.
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Proof. Multiplying first equation of (1.1) by w (t) E?(t) (¢ > 0), and integrating over
x (S, T'), we obtain

//Eq { ) e () — u (t) (M (#vm%) Apu+ utm_Qut)] dzdt
/ B (¢ / B dudt

So that

T
[ [Er® @ ®), - lu@F +19a@F + [Va O] [Fu @)
S Q

+u (£) Jug ™2 dxdt / /|u )" dxdt

We add and subtract the term
/Eq / 81 [Vu (O + B [V (O [V () + (24 B + ) ue (1)] it

and use (3.10), to get

(1-751)

O)\’ﬂ

E9(t / [V (O)F + |u (¢ }dmdt
Q

1—52/ 0 [ [IVa Ol 19u@F +us (0] dod
Q

(u () ur (), — (3= B1 — fa) |us (t)ﬂ dadt

T
+/Eq / t) Jug (8)|™ 2 dadt
S

/ 0 [ (B IVu®F + 62 [9u @ Va0 @) | dode <0. (12
Q

+
—
=
—
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It is clear that

T
el
1 (t)|P+ ‘ut ét)‘

< oo fra f[be
S

Q
T
+(1-52) /Eq
s

where v = Min ((1 — 1),

0 [ |2 vur + 5 1ve ol vuop + 12 “(f"]dxdt

Q

dxdt

— HVU ||p |Vu ()P + Utét)ﬁ] dxdt (4.3)

1—/2)). By (4.2) , (4.3) and definition of E (t), we get

y / B (dt < - / B (t) / (u (£) g (1)), dadt
S Q

S

+(B =5 —52)/Eq (t)/lut (t)|? dadt
s

Q
_ / B (1) / w (£) e (8) e (8)]™2 davdt. (4.4)

Using the definition of F (t) and the following expression

(Z(Eq()/u(t)ut(t)dx) _ gEl /u e
Q
B8 [ () us (1)), d.
Z

Inequality (4.4), becomes

/Eq+1 dt<q/E‘11 éu
_72 (Eq ®) / w () e (8) dx) dt / B (1) / w (8) g (8) [ug (]2 dadt
S S

Q
T

Q

+(3—B1—B2) /Eq (t) / lug (t)|° dadt. (4.5)
s Q

In the sequel, we denote by ¢ the various constants.

We estimate the terms in the right-hand side of (4.5) as follow:
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By (3.4) and Young’s inequality, we obtain

T

q/Eq—l ) %E ) /u () (£) do
S

Q

< 4 { ) (< () / [; O + 22 e (07 | daat

Since, 1 < ;£ < 2, by the embedding of L2(Q) < L7 (Q), we have

T
q/Eq_1 (t) %E (t) /u (t) ug (t) do
5

Q

< qu 0 (-5 ) / Sluor+

S

lug ()| | dadt

Thus, by (3.11), we find

T

q/Eq—l ) %E ) /u (£) s (£) d
,

c/Eq (t) (—E’ (t)) dt
S

< cBT(S) — cETT(T)
< c¢E1(0)E(S) <cE(S).

IN

For the second term, we have

T
_/% (Eq (t) /u (t) ue (t) da;) dzdt
5

Q
< |E1(t) /u (S)ug (S)dz — E1 (1) /u (T)u (T) dx
< (z,S)uy (x,S)dx| + E(t (z,T)uy (z,T) dx
ol W
< cETH(S) + cETHH(T)
< cE?(0)E(S)<cE(S).

(4.6)

(4.8)
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For the third term, we use the following Young inequality:

1 1 1
XY < XM 4 ——V» X, V>0, e>0and — +— =1,
A Ao ™t At A2
with Ay = m, Ay = 2.
By (3.4) and Lemma 4.1, we have
T
- / B (1) / w (t) e (8) e (8)™2 dadt
s o)
T
< /Eq(t) EC/|’LL dx+cg/|ut dt
s
T
< gc/Eq (t) / lu (8)|™ dadt + cg/Eq —E (t)) dt
s Q
T
< sc/Eq+1 (t)dt+ c.E(S)
s
For the last term of (4.5), we have
T
(3—B1— f) /Eq (t) / Jug (8)]” ddt
S Q
T m
< c/Eq ) /\ut O de | dt
s Q
T
/ =
< c/Eq (t) (—E (t)) dt
s
By Young’s inequality with A\ = (¢+ 1) /¢ and Ay = g+ 1, we have
T 2 T T 2(q+1)
/Ew) (—E (t))’”dtggc/EqH( )dt+c€/< E (t)) ",
s s s
We take ¢ = & — 1, to find
T ) T T
/Eq(t) (-E' )" a <50/E‘1+1 dt—&—cE/
s s s

825

(4.9)

(4.10)
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This implies

T T
/Eq (1) (—E/ (t)) "t < Ec/Eq'H (t)dt + c. B (S). (4.11)
S S
Substituting (4.11) into (4.10), we obtain
T T
(3= 01— B2) /Eq (t) / |ug (8)]? dadt < EC/Eq+1 (t)dt +c.E(S). (4.12)
s Q s
By insert (4.7), (4.8), (4.9) and (4.12) in (4.5), we arrive at
T T
W/EE dt<ec/E% Ydt + c.E(S).
s S

Choosing ¢ small enough for that

/E% (t)dt < cE(S).
S

By taking T goes to oo, we get

/ B (1) dt < cE(S).
s
By Komornik’s integral inequality yields the result. 0
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