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Strong subordination and superordination with
sandwich-type theorems using integral operators
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Abstract. The notions of strong differential subordination and superordination
have been studied recently by many authors. In the present paper, using these
concepts, we obtain some preserving properties of certain nonlinear integral oper-
ator defined on the space of normalized analytic functions in D x D. The sandwich-
type theorems and consequences of the main results are also considered.
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1. Introduction

Let H = H(D) denote the class of analytic functions in the open unit disk
D={z€C:|z| <1} and H* = H(D x D) be the class of analytic functions in I x D.
Suppose n is a positive integer and Azg is the subclass of H* consisting of functions
f(z,£) of the form

F(2:8) = 2+ ant1(§)2" ™ + ap42()2""2 + -, (z €D, £€D),

where the coefficients ay(¢), (k > n + 1) are analytic in D. For n = 1 we write
Ai = Aj¢. Also, if n = 1 and ax(§) = by, then we obtain the usual class of normalized
analytic functions A in D.

For two functions f, g € H we say that f is subordinate to g (or g is superordinate
to f) and written as f < g or f(z) < g(2) if there exists an analytic function w(z) in
D such that

w(0) = 0, uw(2)| < 1 and f(2) = glw(2)).

If g is univalent in D, then

f(2) < 9(2) <= f(0) = g(0) and f(D) € (D).
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Let f(z,€) and g(z,&) be analytic in D x D. The function f(z,¢) is said to
be strongly subordinate to g(z,&) (or g(z,€) is strongly superordinate to f(z,&)) if
there exists an analytic function w(z) in D with w(0) = 0 and |w(z)| < 1 such that
f(2,6) = g(w(2),€) for all £ €D, (see [10]). In such a case we write

f(2,€) =< 9(2,8), (z€D,£ D).

If g(2,¢), as a function of z, is univalent in D for all ¢ € D, then

F(2,6) <= g(2,€) <= f(0,€) = 9(0,€),§ € D and f(D x D) C g(D x D).

When f(z,€) = f(z) and g(z,£) = g(2), the strong subordination becomes the usual
notion of subordination.

The function L : D x [0,+00) x D — C is a subordination (or Loewner) chain
if L(z,t;€), as a function of z, is analytic and univalent in D for all t > 0, £ € D
and is continuously differentiable function of ¢ on [0, +o0) for all z € D, £ € D and
L(z,t1;€) < L(z,t2; &) when 0 < t1 < to, (see [7]).

Suppose that f(z,§), F(2,€) € Aye, f(2,§) # 0 and F(2,§)F'(z,£) # 0 for all
z € D\ {0} and ¢ € D with F'(z,¢) = %. We introduce the integral operator
It g Ane — Aje as follows:

e = (o[ ot

Note that all powers in (1.1) are principal ones.
When f(2,€) = f(z) and F(z,£) = F(z) the integral operator (1.1) becomes

Irs(f)(=) = (5 /0 e I;((f))dt>l/ﬁ

which has been studied by Bulboaca [2].

The notions of strong subordination and superordination have been used by
many authors (see, for example [1, 6, 8, 10]). Motivated by the recent works in the
literature (see [2, 3, 4, 11]), in the present investigation we obtain some strong sub-
ordination and superordination preserving properties for the integral operator Iy 4
defined by (1.1) with the sandwich-type theorems. Applications of the main results
are also mentioned.

1/B
dt) (2 €D, £ €D, ReB > 0). (1.1)

To prove our main results we shall need the following lemmas.

Lemma 1.1. ([8]) Let p(z,€) be analytic in D x D and, as a function of z, univalent
in D for all ¢ € D with p(0,&) = a, and let

q(z,ﬁ) =a-+ an(é)zn + &n+1(£)z"+1 + .o e HE

with n > 1 and q(z,€) Z a. If q(2,£) is not strongly subordinate to p(z,&) then there
exist points zg = roe’% € D, & € 0D and an m > n > 1 such that

q(z(bé-) = p(£07€)720q/(207€) = mgop/(é-()vg)u 5 € E
and ¢(D,, x D,,) C p(D x D) where D, = {z € C: |z| < 70}.
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Lemma 1.2. ([8]) Let h(z,&) be analytic in D x D,
q(2,6) = a+a,(€)2" + an1(€)2" T+ € H*, (€D, £€D,neN)
and ¢ : C?> x D x D — C. Suppose that
¥(q(2,6),t2¢'(2,€):(, €) € h(D x D)

forzeD, CedD, £e€Dand0 <t <L <1 1Ifp(z€) is analytic in D x D and
univalent in D for all ¢ € D, p(0,§) = a and P(p(z,€), 2p'(2,€); 2,€) is analytic in
D x D and univalent in D for all £ € D, then

h(z,8) << 9(p(2,8), 2P/ (2, €);: 2,€) = a(2,€) << p(2,€).
Lemma 1.3. ([7], p. 4) Let
L(th7§) = al(taf)z +a2(t,§)22 +- (Z € ]D)vt 2 Oa€ S ﬁ)

with ay(t,£) # O’tET lai(t,&)| = +o0 for allt > 0, £ € D. Suppose that L(z,t;¢),

as a function of z, is analytic in D and continuously differentiable function of t on
[0,400) for all z € D and & € D. If L(z,t;€) satisfies

20L/0z
>
Re( oL/0t > >0, (zeD, t>0),

and
IL(Zatag)l < k0|a‘1(t7£)|’ (|Z‘ <rg<l, t> O)a

for some positive constants ko and 1o, then L(z,t;€) is a subordination chain.
Lemma 1.4. ([7], pp. 30-35, [9]) Let Rea > 0 and the function

p(2,6) = a+an(€)2" +ani1(€)2" T+,

is analytic in D x D. Suppose that the function J : C2 x D x D — C satisfies the
condition

— 2 2
Re{J(is, t;2,£)} <0, <5 €R, t< W) '

If
Re{J(p(2,€),20'(2,€);2,)} >0, (2 €D, £€D),
then Re{p(z,£)} >0 in D x D.
From here and throughout the paper we will assume that f, g, F,G €

:157 f(Z,f) 7£ 07 g(zaé) 7£ Ov F(Z7£)F/(Z7£) ?é OaG(Z7£)G/(27§) # OfOI‘ allz € D\{O}
and ¢ € D.
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2. Main results

We begin with the following theorem which gives the sufficient conditions so that
the integral operator [T, ; are preserved under the strong subordination.

. YA _
Theorem 2.1. Let (z (M) > (2,€) # 0 for all z € D and £ € D. Suppose,

also that

Re{1+z§;$’g‘;)}>—6 (2.1)

for all z € D and £ € D, with

_ L (9=9) G (=8 o n(+]B-1P 1 (8-1))
(2.2)
If It 5. 1, 5 are the integral operators defined by (1.1), then
[\ 2F' (2,8 9,9\’ 2G'(2,€)
(F20) o - (10) Ty 23

implies that

. (L’%,g(f)(z,f)>’3 s <Iaﬁ(g><z,f)>?

z z

Proof. We define the functions H; and Hs by

(I?Ai)(zvf))ﬁ

Hi(z,6) =2 , Hy(2,8) =2 (2.4)

1,596\
; .

Note that H; and Hy are analytic in D x D. First, we show that if the function q(z, &)
is defined by
zHy (2,€)
Hj(2,€)
then Re{q(z,£)} > 0 for all z € D and ¢ € D. By a simple calculation, using (2.4) and
(2.5), we obtain the following relation

GO o (0

(‘0/(2’5) B_ 1+q<275)
From the definition of ¢(z,£) and assumption of the theorem it is clear that ¢(z, ) is
analytic in D x D and ¢(0,¢) = Q(0,&) = 1. Now we define the function J : C* — C
by

q(z,6) =1+ , (zeD,£eD) (2:5)

=Q(% ). (2.6)

J(u,v) =u+ +94.

v
utf—1
From the above relations we obtain Re{J(q(z,&),2¢'(2,£))} > 0 for all z € D and
¢ € D. Next, we show that

_ 2
Re{J(is,t)} <0, (s ER, t < w, n e N).
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We have
) . t Re(f—1)
)} = — 4=t
Re{J(is,t)} Re{zs+i8+6_1+ } B—11isP
 Is(s)
- 28—1+41is|?
where

I5(s) = (nRe(B — 1) — 20)s* — 46(Im(B — 1))s
+ (nRe(B — 1) —26|8 — 1]?)
The definition of § shows that nRe(8 — 1) > 26 and
(nRe(B — 1) — 25|8 — 1]*)(nRe(B — 1) — 26) — 46*(Im(B — 1))* = 0.
Therefore

2
I5(s) = (nRe(f — 1) — 20) <s — m) >0,

and we obtain Re{J(is,t)} < 0. By using Lemma 1.4, with a = 1, we conclude that

ZHY(2.6) }
TAE

and Hj(z,€), as a function of z, is convex (univalent) function in D for all ¢ € D.
Next, we prove that Hi(z,£) << Ha(z,&). Without loss of generality we can assume
that Hy(z,€) is analytic in D x D and univalent in D for all ¢ € D. The function
L:D x [0,+00) x D — C given by

~1 1+t

L8 = P )+ ey

B B
is analytic in D for all £ > 0 and £ € @, and is continuously differentiable function
of t on [0,+00) for all z € D and £ € D. Since H; is convex in D for all £ € D and
Ref > 1, we have

Re{q(z,&)} = Re {1 +

on| Lt

0z, B

Also, . liin lai(t,€)| = +oo for all £ € D. A simple calculation shows that
— 400

20L/0z zHy(2,€)
Re{ oL /ot H)(.6) } >0

ai(t,§) #0.

}Re(ﬂl)+(1+t)Re{1+

for all £ € D. -
From the definition of L(z,t;&), for all ¢ > 0 and arbitrary (fixed) point §, € D, we
have

[L(z,t;6)| _ |(B—1)H>(2,&) + (1 +t)zH5(2, &)l

la1(t,&o)] |3+t
< |B = 1|[Ha(z,&)| + [Ha(z, &)l (2.7)
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We know that |Hz(z,&o)| and |Hj(z, &o)| are both continuous real-valued functions in
each subdisk |z| <1 < 1. So, there exist positive numbers k; and ks such that

L (2, t; o)
lax (t, o)l
Therefore, by Lemma 1.3, L(z,t; &) is a subordination chain and we have
¢(2,€) = L(2,0;§) < L(z,;€)
for t > 0 and ¢ € D. From the last relation we see that
L(¢,t:8) & L(D x {0} x {£}) = (D x {¢}) (2.8)

where ¢ € OD,t > 0 and ¢ € D. Now, suppose that H;(z, ) is not strongly subordinate
to Ha(z,£). Then by Lemma 1.1 there exist points zo € D, & € 9D and ¢ > 0 such
that

S‘ﬂ*1|k1+k2:k0, (|Z|§T’0<1, tEO)

Hi(20,€) = Hz(%0,€), 20H1(20,€) = (1 + )€ Hz (%0, )
for all £ € D. So we obtain

g1

L6 ti€) = 5 Hal6o.€) + =5

B
_ %Hl(zmg) + %ZOHi(Z()vf)

_ (f(zm)ﬂ 20°F'(20,€)
20 F(z0,8)

Condition (2.3) then shows that L(£p,t;€) € p(D x {¢}) for all ¢ € D. But this
contradicts (2.8) and we conclude that Hi(z,§) << Ha(z,§). O

SoH5(60,€)

Next, we investigate the dual problem of Theorem 2.1. In this case the subordi-
nations are replaced by superordinations.

z

x 8\’ _
Theorem 2.2. Let (z (M) > (2,€) £ 0 for all z € D and £ € D. Suppose,
also that

29"(2,€) o
Re{1+§0'(2,f)} > —0, (ZED, fED),

where 6 and (z,£) are given by (2.2) and Ref > 1. In addition, assume that

f<z,5>>ﬁ 2F'(2,€)
2 F(z,6)

w9 = (

, as a function

: o : = s (N (=)
as a function of z, is univalent in D for all £ € D and that z (f)

of z, is univalent in D for all £ € D. If T 7p and I 5 are the integral operators defined
by (1.1), then the superordination condition

(H0) e < (120) R
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implies that

Z(Ia,m)(z,f))ﬂ«Z(I*ﬁm( €)>’3'

z z

Proof. The first part of the proof is similar to that of Theorem 2.1. As before we
define the functions Hi(z,&) and Hs(z,£) by (2.4). From the definitions of H; and
Hs we obtain

0(z,6) = %sz,f) + %zﬂi(m)

_B-1 /

respectively. Let q(z,f) be as in (2.5). Using the same techniques as in the proof of
Theorem 2.1 we can prove that Re{q(z,&)} > 0 for all z € D and ¢ € D. This means
that Hy(z,€), as a function of z, is convex (univalent) function in D for all ¢ € D.
Now, we define the function L : D x [0, +00) x D — C by

Lot = 2=y + %zﬂg(z@).

B

As in the proof of Theorem 2.1, we see that L(z,t; &) is a subordination chain. There-
fore its definition shows that

L(z,t:6) < L(z,1;¢), (€D, 0<t <1, £€D).

From the last relation we obtain

%Hg(zf) + %zHé(z,f) €p(DxD), (€D, 0<t<1, £€D).

If we define the function ¢ : C2 — C by (r, s) = %7‘ + %s, then we have
Y(Ha(2,6), tzHy(2,€)) € p(D x D), (z€D, 0<t <1, £€D).
Since all conditions of Lemma 1.2 are satisfied with

h(Z,g) = 90('%6)7 p(z,f) = Hl(zvg) and q(Z,f) = H2(Zv§)
we conclude that Ha(z, &) << Hi(z,&), and the proof is complete. O

and

Combining Theorems 2.1 and 2.2 we obtain the following sandwich-type result.
Corollary 2.3. Let g;,G; € A, 9i(2,€) # 0, and Gi(2,8)G(z,€) # 0 for all z € D\
_ e o B _

{0}, £ €D andi=1,2. Also, let (2 (M) ) (2,6) A0 forallzeD, £ €D

and i = 1,2. Suppose, also that

Re {1+ %(Zvﬁ) }> J, (zeD, €D, 1,2) (2.9)

where § is given by (2.2) and

(2 pTeAE
0i(2,6) = 2 (9’(Z7 O) 51(27’5))7 (i=1,2, ReB > 1). (2.10)
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In addition, assume that

() 7

as a function of z, is univalent in D for all ¢ € D and that z

(L) g

a function of z, is univalent in D for all ¢ € D. If It 5 and I¢, 5 are the integral
operators defined by (1.1), then the condition

(P50 S e (159 e (220) 58

implies that

. (Ia,ﬂgl)(z,g))ﬁ s <I;,ﬁ<f><z,s>>ﬂ s (152,5@2)(@5))5

z z z

is univalent function of z in D

f(z@))ﬂ 2F(2,6)
z F(z.6)

_ PN _
for all ¢ € D and that z (M) , as a function of z, is univalent in D for all

In Corollary 2.3 we assumed that z (

¢ € D. In the following result we replace these assumptions by another condition.

Corollary 2.4. Let g;,Gi € Ay, gi(2,6) # 0, and Gi(2,§)Gi(2,§) # 0 for all
_ e o\ BY
z € D\ {0}, € € D and i = 1,2. Also, let (z (M) ) (2,) # 0 and

z

the conditions (2.9) and (2.10) are satisfied and that

I AN
(z (M) ) (2,6) #0 for all z € D, £ € D and i = 1,2. Suppose, also that

zz//’(z,f)} —0 o

Re<1l4+ ———=23>—, (ze€D, £e€D), 2.11

e e ) —
B

where § is given by (2.2) and ¥(z,£) = z <f(z75)> Zg(izg). If It 5 and I, 5 are the

integral operators given by (1.1), then the condition

(P59 S e (159 S (20) 8

implies that
I z, A I7 z, A I z, A
(faasl@e9Y | (ADOY | (fose)9)
z z z
Proof. Tt is sufficient to show that the condition (2.11) implies the univalence of
. 8
¥(z,€), as a function of z, in D and the univalence of Hy(z,§) = 2 (W) ,

as a function of z, in D for all £ € D. Since 0 < § < %, the condition (2.11) implies
that 9(z, ), as a function of z, is close-to-convex (univalent) in D for all £ € D, (see
Kaplan’s Theorem [5]). In addition, by using the same techniques as in the proof of
Theorem 2.1 we conclude that Hy(z,§) is convex (univalent) function in D for all
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§e D (In fact, without loss of generality, we can assume that H(z,§) is univalent in
D for all £ € D). Therefore all conditions of Corollary 2.3 are satisfied and we obtain
the result. O
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