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Abstract. This paper is devoted to study the existence of a solution to Hilfer frac-
tional differential equation with nonlocal boundary condition in Banach spaces.
We use the equivalent integral equation to study the considered Hilfer differ-
ential problem with nonlocal boundary condition. The Ménch type fixed point
theorem and the measure of the noncompactness technique are the main tools in
this study. We demonstrate the existence of a solution with a suitable illustrative
example.
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1. Introduction

The calculus of arbitrary order has been extensively studied in the last four
decades. It has been proved to be an adequate tool in almost all branches of science and
engineering. Because of its widespread applications, fractional calculus is becoming an
integral part of applied mathematics research. Indeed, fractional differential equations
have been found useful to describe abundant phenomena in physics and engineering,
and the modest amount of work in this direction has taken place, see [1, 4, 9] and
references therein. For basic development and theoretical applications of fractional
differential equations, see [15, 17].

In the past two decades, the fractional differential equations are extensively
studied for existence, uniqueness, continuous dependence and stability of the solution.
For some fundamental results in existence theory of various fractional differential
problems with initial and boundary conditions, see survey papers [1, 4], the monograph
[17], the research papers [2, 3,7, 5, 6, 8,9, 10, 11, 12, 16, 20, 22] and references therein.
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Recently, in [22], Wang and Zhang obtained some existence of the solutions of
IVP for the class of Hilfer FDEs:

DI z(t) = f(t,2(t), 0<p<1,0<v <1, te (a,b] (1.1)
'zt =Y A b, u<~v= 1-— 1.2
at Z(a‘ ) kz(Tk)7 Tk € (CL, ]a B /1'+V( :u’)7 ( . )

k=1

by using fixed point theorems of Krasnoselskii and Schauder.
In the year 2018, Thabet et al. [19] investigated the existence of a solution to
BVP for Hilfer FDEs:

DY z(t) = f(t,2(t),S2(t),0 < p < 1,0 <v <1, t € (a,b], (1.3)

Ii:v [uz(a®) +vz(b7)] =w, p<y=p+v(l—p), u,v,weR, (1.4)
by using the Monch fixed point theorem.

Motivated by works cited above, in this paper, we consider the nonlocal boundary
value problem for a class of Hilfer fractional differential equations (HNBVP):

DY 2(t) = f(t,2(t), 0<pu<1,0<v<1,te (a,b] (1.5)

m
Ii:ycz(aJr) + Ii:'ydz(bf) = Z Aoz (1), Tk € (a,0], p<y=p+v(l—p), (1.6)
k=1
where D' is the Hilfer fractional derivative of order p and type v, I;I 7 is the
Riemann-Liouville fractional integral of order 1 —~, f : (a,b] x E — E be a function
such that f(t,z) € Ci—4([a,b], E) for any z € C1_,([a,b], E), E is a Banach space,
¢,d € R, and 7, (k = 1,2,...,m) are prefixed points satisfying a < 71 < 72 < ... <
Tm < b, A are real numbers.
The measure of noncompactness technique and a fixed point theorem of Monch type
are the main tools in this analysis.

The paper is organized as follows: Some preliminary concepts related to our
problem are listed in Section 2 which will be useful in the sequel. In Section 3, we first
establish an equivalent integral equation of BVP and then we present the existence
of its solution. An illustrative example is provided in the last section.

2. Preliminaries

In this section, we present some definitions, lemmas and weighted spaces which
are useful in further development of this paper.

Let J; = [a,b] and J2 = (a,b](c0 < a < b < +00). Let C(J1, E), be the Banach
spaces of all continuous function g : J; — E with the norm ||g|| ., = sup{|g(t)|;t € Ji1}.
Here LP(Jy, E), p > 1, is the Banach space of measurable functions on J; with the

LP norm where
1
b P
lallzr = (/ lg(s)|” d5> < .
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Let L*°(Jy, E) be the Banach space of measurable functions z : J; — E which are
bounded and equipped with the norm ||z||, . = inf{e > 0: ||z|| < e, aet € Ji}.
Moreover, for a given set V of functions v : J; — E let us denote by

V() ={v(t) :veV;te i},

V(J1) ={v(t):veV;te i}

Definition 2.1. [17] Let 4 > 0. The left sided Riemann-Liouville fractional integral of
order u of g € L'(Jy, E) is defined by

1 ¢
1" g(t) = —/ (t—s) " tg(s)ds, t>a, 2.1
I =1 ), ( 21

where I'(+) is the Euler’s Gamma function and a € R.

Definition 2.2. [17] Let n — 1 < p < n. The left sided Riemann-Liouville and Caputo
fractional derivatives of order u of g € L'(Jy, E) are defined by

1 d ! S
/(t—s)” = g(s)ds, t > a, (2.2)

D' g(t) = ——
w+9(0) D(n — p) dt»

and .
1
C My _ _ n—p—1_(n)
DM gt)=— [ (¢ p ds, t > a,
ealt) = o [ =" s, £ a
respectively, where n = [u] + 1, and [u] denotes the integer part of .
Definition 2.3. [15] The left sided Hilfer fractional derivative of function g € L(J1, E)
of order 0 < < 1 and type 0 < v <1 is denoted as D":” and defined by
v(l— —v)(1— d
Dg(t) = 10T DIST (), D= (2.3)
where I', and D", are Riemann-Liouville fractional integral and derivative defined
by (2.1) and (2.2), respectively.
Remark 2.4. From Definition 2.3, we observe that:

(i) The operator D"? can be written as

Dry =D = XD,y = (1 - ).

a

(ii) The Hilfer fractional derivative can be regarded as an interpolator between the
Riemann-Liouville derivative (v = 0) and Caputo derivative (v = 1) as

1—p .
B DICS+/): ‘DZ+7 ZfV:O;
ot 1D = Cpr ifu=1.

a

(iii) In particular, if v = pu+ v(1 — ), then
(D g) ) = (12877 (DLeg) ) ),

where <Dz+g> (t) = %(Iifu)(k“)g) (t).
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Definition 2.5. [17] Let 0 < v < 1. The weighted spaces C,(J1, E) and CT__ (J1, E)
are defined by

Cy(Ji,E)={g9:Jo = E:(t—a)7g(t) € C(J1,E)},
and
C'(Ji,E)={g:Jo— E, g€ C" Y (J1,E) : "™ (t) € C;(J1,E)}, n €N
with the norms
l9llc, = It —a)gllc = sup{[(t —a)"g(t)] : t € J1},

and

lglley =D g™l + 1™, ., (2.4)
k.i

respectively. Furthermore we recall following weighted spaces
CI (J1,E) = {g € Ci_y(J1. E) : D'Yg € Ciy(JLE)}, v =p+v(l—p) (25)
and
Cl_,(J1,E)={g9€ Ci(J1,E): D}, g€ Ci_(J1,B)}, v =p+v(l—p).

Let 0 < < 1,0 <v <1andy=p+v(l—p). Clearly, D!'g = I:il_”)DLg and
C?—W(le ) Cuu (le )

Lemma 2.6. (9] If u > 0, v > 0 and g € L*(J1, E) for t € [a,b], then the following
properties hold:

(12 129) (8) = (1257 9) (&) and (DL 12 g) (8) = 9(0):

In particular, if g € C,(J1,E) or g € C(J1,E), then the above properties hold for
each t € Jy ort € Jy respectively.

Lemma 2.7. [17] Let > 0 and 6 > 0. Then for t > a, we have
i — NG _
(i). M. (t—a) = F(5(+L) (t — a)d+n—1,
(). Dy (t—a)~' =0, pe(0,1).

Lemma 2.8. [15] Let 4 >0, v >0 and vy = p+v(l —p). If g € C7__ (J1, E), then

I.D) g =1I"D"'g DII'g=D/\""yg
Lemma 2.9. [15] Let 0 < u < 1,0<v <1 and g € Ci—(J1, E). Then
I g(a)
D(p+v(1 - p))
Moreover, if y=p+v(l—u), g€ Ci—y(J1,E) and I;I’Yg € Cl_,(J1, E), then
I,7"g(a)
I'()

1D g(t) = g(t) — (t — a)rtra-m-1,

12.D), g(t) = g(t) - (t—a)".
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Lemma 2.10. [16] If0 < p <~y <1 and g € C,(J1, E), then
(I;ﬁg)(a) = lim If:+9(t) =0.
t—at

Lemma 2.11. [18] Let E be a Banach space and let T be the bounded subsets of E.
The Kuratowski measure of noncompactness is the map o : T g — [0, 00)defined by

a(S) =inf{e > 0: S CULS; and the diam (S;) <e}; S C YTg.

Lemma 2.12. [14, 13] For all nonempty subsets S1,Sas C E. The Kuratowski measure
of noncompactness «(-) satisfies the following properties:

1. a(S) = 0 <= S is compact (S is relatively compact);

2. a(S) = a(S) = a(convS), where where S and convS denote the closure and
convex hull of the bounded set S respectively;

3. 851 C Sy — 05(81) < 05(82);

4. 0[(81 + 82) < 04(81) + O[(SQ), where §1 + Sy = {31 +S2:8€ 81,5 € SQ},

5. a(kS) = |kl a(S), k € R;

Lemma 2.13. [18] Let B be a bounded, closed and convex subset of a Banach space
E such that 0 € B, and let T be a continuous mapping of B into itself. If for every
subset V of B

VY =coT (V) orV=T(V)U{0} = a(V)=0
holds. Then T has a fixed point.

Lemma 2.14. [21] Let B be a bounded, closed and conver subset of a Banach space
C(J1, E), F is a continuous function on Jy x Ji; and a function f : J; X E — E
satisfying the Carathéodory conditions, and assume there exists p € LY (J;,RT) such
that, for each t € J; and each bounded set B* C E; one has

lim a(f(Je,r x BY)) < p(t)a(B*), where Jy, € [t —r,t] N Jy.
r—07t

If V is an equicontinuous subset of B; then

o({/ (e (s () 2 v}) < [Pl o)

Lemma 2.15. [10] Let v = p+ v(1 — pu) where 0 < p < 1 and 0 < v < 1. Let
fi(a,b] xR —= R be a function such that f(t,z) € Ci_,[a,b] for any z € C1_4]a,b].
If z € C]_[a,b], then  satisfies IVP

DY a(t) = f(t,2(t), 0<pu<1,0<v<1, telab,
L72(07) =20, p<vy
if and only if z satisfies the Volterra integral equation

A1) = F”Z) (t—a)1 4 ﬁ/ (t— )P f(s,2(s))ds, t>a.  (2.6)
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3. Main results

Now we prove the existence of solution of HNBVP (1.5)-(1.6) in C}__ (J1, E) C

ch - (J1, E) under measure of noncompactness technique and a fixed point theorem
of Monch type.

Definition 3.1. A function z € C7__(J1, E) is said to be a solution of HNBVP (1.5)-
(1.6) if z satisfies the fractional dlfferentlal equation Da+ z(t) f(t,2(t)) on Ja, and

the nonlocal boundary condition Ii: [ ( )+ dz(b Z Az (k).

In the beginning, we need the following axiom lemma:

Lemma 3.2. Let0 < p < 1,0 <wv <1 wherey=pu+v(l—p), and f: JaxE — E be a
function such that f(t,z) € C1—(J1, E) for any z € C1—+(J1, E). If z € C{__(J1, E),
then z satisfies HNBVP (1.5)-(1.6) if and only if z satisfies the following integral
equation

0 = a0

I (c+d—A) & T
(t —a)'! d 1 /b _
— b—s) T (s, 2(s))ds
T0) et d- AT+ ), 079 )
1 /f 1
+— t—s)" 7 f(s, z(8))ds, 3.1
T /. (t— )" f(s,2(s)) 3.1)
(e —a) !
where A = Ap——————, and c+d # A.
g}k T(7)
Proof. In view of Lemma 2.15, the solution of (1.5) can be written as
I'7z(a™) 1 ¢
zt:ait—a"*_l—&——/ t—s)* " 1f(s,2(s))ds, t>a. 3.2
() = =™ g [ (=9 (e x(9) (32)
Applying Ii:7 on both sides of (3.2) and taking the limit ¢ — b~, we obtain
1 b
IMN72007) =17 2(at +7/ b—s) (s, ds. 3.3
D) = ) g [ 0= T s 69

Now, we substitute ¢t = 75 in (3.2) and multiply by Ay to obtain

wsten) = e | ety (L et st o

kR\Tk) = Ak | — =~ Tk — 0@ = Tk — S s,z(s))as| . .
I'(7) I'(1) Ja

Using the nonlocal boundary condition (1.6) with (3.3) and (3.4), we have
Ii+7z 72/\;62' TK) — — afyz( )

d ’ =7t
+m/a (b—s) f(s,2(s))ds.
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Therefore, by (3.4), we have

m Il Y +
IiJr ,yz(a+) _ Z at Z a ) Tk _ a)'y—l
€=
1 - Tk
E kz /a (1 — $)*™ 1f(s z(s))ds

d 1 ’ —YTH
Ef(l—’}/—i‘#)/a (b= )T f s, 2(e))ds.

d
——I'7z(aT) —
c

m

= 1 Ak TkT—s”_l s,z(8))ds
= rem i) o

_ d 1
(c+d—A)T(A—-~v+u

b
)/ (b—8) 7 f(s, 2(s))ds. (3.5)

Submitting (3.5) into (3.2), we obtain

 (t—apt 1 M TkT—sl‘—l s, z(8))ds
A0 = (Hd_A);F(M)/a(k ) f(s,2(5))d

( —a)rt d 1 b e o
F('}/) (C+d—A)F(1—7+M)/ll(b ) f(a ())d
i ' — 5 p—1 s 2(s s

+F(M) /a (8= 8)" S (5, 2(s))ds. (3.6)

Conversely, applying Ii: 7 on both sides of (3.1), then it follows from Lemmas 2.6,
2.7, and some simple computations that

1;:7 (cz(a™) +dz(b7))

= ¢ A TkT—s“fl s,2(8))ds
= 3 m/a(k Y (s, 2(s)d

b
| / (b— 5) 7+ f(s, 2(s))ds
d i )\k T n—1
S [ (s

B d? 1
(c+d—A)T(1—~v+p

d ’ —vtu
+m/a (b—s) f(s,z(s))ds.

b
; / (b— 5)=7 £ (s, 2(s))ds
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Which implies
Iify (cz(a™) +dz(b7))

= c d M TkT—s“_l s,z(s))ds
B <<c+dA>+<c+dA>>;r<m/a (s =) 15, 2(s))d

cd d? b (b—s)rHe
_ (d— (c+d—A) (c+dA)>/a F(1,7+u)f(s,z(s))ds

ct+d - Ak T* p—1
" (ct+d-A4) k_lr(u)/a (i = 8)"7" 1 (s, 2(s))ds
Ad ! ’ —v+u
_(c+d—A)F(1—7+M)/a(b_5) T f(s,2(s))ds.

From (3.4) and (3.5), we conclude that

Ii:"f( 2(a™) +dz(b Z)\kz Tk,

which shows that the nonlocal boundary condition (1.6) is satisfied.
Next, applying DZ+ on both sides of (3.1) and using Lemmas 2.7 and 2.8, we have

DY, z(t) = DX M p (8, 2(8)). (3.7)
Since z € C{_(J1, E) and by definition of C}__ (J1, E), we have D, z € C1—(J1, E),
therefore, Dz(f_“)f = DI;:V(l_“)f € Ci_(J1,E). For f € C1_(J1,E), it is clear
that Ii:”(l_“)f € Ci—4(J1, E). Hence f and Il v(1-w) f satisfy the hypothesis of
Lemma 2.9.
Now, by applying I”(l_“) on both sides of (3.7), we have

170Dy a(t) = 1O DY £ (8 (1)),

Using Remark 2.4 (i), relation (3.7) and Lemma 2.9, we get

1770 f(a, 2(a))
T(v(1 - p))

By Lemma 2.10, we have I1 v(1= “)f(a,z(a)) = 0. Therefore D"} 2(t) = f(t,2(t)).

This completes the proof.

To prove the existence of solutions for the problem at hand, let us make the following

hypotheses.

(H1) The function f : Jo x E — E satisfies the Caratheéodory conditions.

(H2) f : Jo x E — FE is a function such that f(-,z(-)) € CV(l 2 (J1,E) for any
z € C1—~(J1, E) and there exists p € LP(J;,RT) with p > + m L and p > % such
that

DY 2(t) = f(t,2(t)) — (t —a)’T=M=1 for all t € J,.

£t 2)[| < p®) 1211
for each t € Jo, and all z € E.
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(H3) The following inequalities

5+ (v <£A+q’5’1)il> i g (e~
+(F(lv) (et j, ) r((fq’lffp) * (Afﬂ’ét,f)); )(b— a>“) ol <1,
and
o (i e
+(F(17) (c+ ;l_ A) ’ F(—71+ o 1“(,u1+ 1))(b - “)#> loll, <1

hold, where ¢ > 1, % + % =1 and

Pigp—1)+ DI'(g(y = 1) +1)

Bt T(q(p+v—2)+2) ’
A . TPlalp =) + DTy — 1) +1)
e T(q(p—1)+2)

Now, we are ready to prove the existence of solutions for the HNBVP (1.5)-(1.6),
which is based on fixed point theorem of Monch’s type.

Theorem 3.3. Assume that (H1)-(H3) are satisfied. Then HNBVP (1.5)-(1.6) has at
least one solution in CY__(J1, E) C C1"% (J1, E).

Proof. Transform the problem (1.5)-(1.6) into a fixed point problem. Define the op-
erator 7 : C1—+(J1, E) — Ci_(J1, E) as

B _(t—a)y! 1 WD VL i
Tat) = 2(t) = ) (c+d—A),;F(Z)/a (T — $)"7" f(s, 2(s))ds

_(t—a)“f*l d 1 b e s
I'(7) (C+d_A)F(1_7+M)/a(b s) T f (s, 2(s))d
1 ' pn—1
+m/ﬂ (t — s)" " f(s,2(s))ds. (3.8)

Clearly, from Lemma 3.2, the fixed points of 7 are solutions to (1.5)-(1.6). Let
Bg = {z €Ci_y ()L B) : |lzllg,_ < R}.

We shall show that 7 satisfies the conditions of Monch’s fixed point theorem.
The proof will be given in the following four steps:
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Step 1. We show that T(Bgr) C Bg. From the hypothesis (H3) and Holder’s inequality,
we have

[(T2) (Ot —a)' ]
1 1 m >\k

T T (et A) & f (o st s

1 d 1 b -
0 | T, ) e e
“‘F(T/ (t = 5)" [ (5, 2(5))| ds
1 1 U T 1 Y1
Ol s DIl A G Ol O
1 d b (b—s)~7tH N
10 [erd- Ay ta— 7T P e
— o)t gt
SO 9 = 0ol el s
Ui Tk g)(n—Da b
< w2 ([ Gy o) ol e,

1

+F(v)

d b (b— 5)(*v+u)q (v—1)q a
o] </ R

(t—a)t=7
xlpll e l2lle, ., + )

t 7
y (/ (t_s)wnq(s_a)(w)qu) 1ol 2l (3.9)

Since ¢ > 1, p > i and % + % = 1, the change of variable s = a — u(7, — a) yields

Tk q
(/ (Th — 5)(“_1)‘1(5 — a)(v_l)qu) < (Aq,u,v)
a

the change of variable s = a — u(b — a) gives

E

(1% — a)7+lL_17 (3.10)

Q=

< / b(b —5)Trma(g a)("*_l)qu> ' < (Agpr)? (b—a)*, (3.11)

and the change of variable s = a — u(t — a) gives us

(/at(t — s)Da(g — a)(v—l)qu)}l < (Aq,M)% (t —a)rtr L, (3.12)
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Substitution of (3.10),(3.11) and (3.12) into (3.9) leads

[(T=)(t)(t —a)' 77|
1 1 DY
L(y) (c+d—A) &
1 d
L'(y) | (c+d— A)
(t—a)—
[(p)

k 1 _
(Aguy)? (1 — a)7+u ! ol o ||Z||Cl_7

IN(D)

—

1
I(l—vy+p

1 —
(Agu)? (=) Hipll s l2lle, -

+

] (Bg ) (0 —a)* llplls 2llc,

+

For any z € By, we obtain

T 1 “ Ak B
< qP«’Y ’Y+M 1
” Z”Cl_’y B (F( C"'d 11 —1 F(,U Tk a
! d ( ‘WV)% (Aquv)% )
+ Agp, s b— a) R
(F(V) (c+d—A) | T(1—~v+p) T(p) ) ) )il

By (H3), we have ||Tz|lc,_, < GR < R, that is, T(Br) C Br.
Step 2. We shall prove that 7 is completely continuous.

531

The operator 7 is continuous. Let {z,}nen is a sequence such that z, — z in Bg.

Then for each t € Jy, we have

|(Tzn)(t )— (T2)(®))(t—a)' 7|

T DT, (e o) - S o
b —y+p

+F(1fy c+d D / 1*’Y+/l |f(s,2n(5)) — f(s,2(8))| dds
+(t_r(‘2)7/ (t — 8)" "L £(s, 2n(5)) — f(5, 2(s))| dds
1 1 Ak ™ n=lig g7~ lds

= F(V)(C+d—A);F(u)/a (e =) (s —a)™d
<[1FCrzn() = (2O,

1 d 1 b s o

T [ i J, e
<[|£ (5 2n()) = £ 20,
(t —a)t=

I'(p)

/ (t= )" (s —a) s [ £ (- 2n()) = £ (22D, -
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Thus,

[(Tza)(t) = (T2) (1) (¢ — a)'

R R
era Attt e = I6e,
i | (b-ar
(chdA)‘ D(p+1) Hf(’zn()) _f(VZ('))Hcl_A,
(b—a)" By

DN () — (o2
w1 10O 160

By (H1) and the Lebesgue dominated convergence theorem, we have
1(Tzn — TZ)HCl,7 — 0 as n — oo,

which means that operator 7 is continuous on Bp.

Step 3. T (Bg) is relatively compact.

From Step 1, we have T(Bgr) C Bg. It follows that 7 (Bg) is uniformly bounded i.e.
T maps B into itself. Moreover, we show that operator 7 is equicontinuous on Bp.
Indeed, for any a < t; <ty < b and z € By, we get

}(tg —a)™ (Tz) (t2) — (t1 — a)k7 (Tz) (t1)|

1 1=y . —s)H (s, 2(s))ds
< |- JRCER BT
(=) [ -9 (s () ds
< ”fI"(Zl)_” (tg—a)l_“’/Q(tg—s)”_l(s—a)v_lds
—(t1 — a)l_"*/ 1(t1 — s (s —a) " ds
< Wlew, S5 It = oy = (=o'

which tends to zero as ta — t1, independent of z € Bg, where B(-, ) is a Beta function.
Thus we conclude that T(Bg) is equicontinuous on B, and therefore is relatively
compact. As a consequence of Steps 1 to 3 together with Arzela-Ascoli theorem, we
conclude that 7 : B — By is completely continuous operator.

Step 4. The Monch condition is satisfied.

Let V be a subset of By such that V Céo (T (V)U{0}). V is bounded and equicon-
tinuous, and therefore the function ¢ — «(V(t)) is continuous on J;. By (H2)-(H3),
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Lemma 2.6, and the properties of the measure «, for each t € Jo

a(V(t)) < a(TMW)®)U{0}) <a(TOV)(®))

Lo (t—a)™ ' ¢~ [T — )P Lo(s)a(V(s))ds
< T m o ), o e
d(t —a)7—1
(c+d—A)

1

I'(v)

1 ¢ po1
+F(N)/a (t —s)* p(s)a(V(s))ds

1
T(l—v+p

T
b
+ )/a (b—8) " p(s)a(V(s))ds

1 (b—a)"!' & A T Dy, i .
< A LT ([ = oremas) "l mavio)
L |db—a)™ 1 ' — ) rtmagg '
T et d—A) | TA=7 T </ (b sy

<lollr @) + s ([ 0= 90 as) ol @V,

From the facts

<l= 1 <1 7&1

- ) — M )

q (n—1)g+1

and
1<1:> 1 < 1 7&1
- Y T M E)
q (=v+ug+1  —v+p+1 q

we get

m (b= a)t I8 el — )t
SIS (F(’v) (c+d— A) kF(:H)
1 d (b—a)* (t —a)*
I'(v) (c—i—d—A)‘ T(—y + p) F(M+1)> ol o a(V(D)).

k=1

+

It follows that

W)l (1= L7) <0.
This means ||a(V)|~ = 0, i.e. a(V(t)) = 0 for all ¢ € Jo. Thus V(t) is relatively
compact in E. In view of Arzela-Ascoli theorem, V is relatively compact in Bg. An
application of Lemma 2.13 shows that 7 has a fixed point which is a solution of
HNBVP (1.5)-(1.6).
Finally, we show that such a solution is indeed in C}__ (J1, E). We apply D], on both
sides of (3.8), and using Lemmas 2.7, 2.8, to get

DY, 2(t) = DY, I, (£, (1)) = DA f(t, 2(2)).

Since f(-, 2(-)) € Ci’g?“)(Jl,E), it follows by definition of the space C’luil,f”)(Jl, E)
that D), z(t) € Ci1—(Ji,E) which implies that z(t) € C]__(Ji, E). The proof is
complete. 0
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4. An example

We consider the Hilfer fractional differential equation with nonlocal boundary
condition
DhYa(t) = f(t,2(t), te€(0,1],0<pu<1, 0<v <1,
L [3207) + 3207)] = 22(3), p<y=n+v(l-p),
where f(t,2(t)) = tsin|z(t)], p =
mzl,ﬁ:%LetE:R+ and Jy =
Clearly we can see that

1
Vif(t,z) = 0 Visin z € C([0,1],RY),
and hence f(t,z) € C1([0,1],RT). Also, observe that, for ¢t € (0,1] and for any

z € C1([0,1],RY),

1
2

1
1t 2 < 35011

Therefore, the conditions (H1) and (H2) is satisfied with p(t) = {xt € LP(0,1). Select

— 16
p =4, we have
1
ol = [
0

Tt is easy to check that conditions in (H3) are satisfied too. Indeed, by some simple
computations with ¢ = %, we get

327680 °

4 ) Y 327680%
—s| ds =
16

A P -D)+ D0 -1 +1) _ TEIG)
R T(g(p+v—2)+2) N
and
A _Plae=7)+Dlay -1 +1) _ TEI(E)
et T(q(p—1)+2) EERYC O

also, we have
6
2
A=\ = .
"TO) B
It follows that G ~ 0.35 < 1, and L* ~ 0.06 < 1, (m = 1). An application of Theorem
3.3 implies that problem (4.1) has a solution in C? ([0, 1],R™).
2
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