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Study of a mixed problem for a nonlinear
elasticity system by topological degree
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Abstract. In this paper, we consider a mixed problem for a nonlinear elasticity
system with laws of general behavior. The coefficients of elasticity depends on
x meanwhile the density of the volumetric forces depends on the displacement.
The main aim of this paper is to apply the Schauder’s fixed point theorem and
the techniques of topological degree to prove a theorem of the existence and the
uniqueness of the solution of the corresponding variational problem.
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1. Introduction

This work consists in solving the mixed problem for the nonlinear elasticity
system, by means of two methods, namely, the theorem of Schauder and the techniques
of the topological degree [7].

First, we introduce the following notations needed in this paper. Let Q be a
connected open bounded domain of RV, (N = 3) with Lipschitz boundary I'. Let Ty
a part of I of strictly positive superficial measure, and let I'y be the complement of
Iy in I'. For a given field of displacement u, we associate a linearized displacement
tensor ¢ (u) defined by

£ (Vu(@) = o (VVu+ V),

N | =

whose components are

1 i j .
e ) = 5 (5 + 55 ) 1< i< ()
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The corresponding constraints tensor o(u) is given by

3
oij(u(@) = > agrn(@)ern(u(@)), 1 <id,j < 3. (1.2)
k,h=1

Equation (1.2) describes a linear relation between the stress tensor {o;;} and the
deformation tensor {e;;}. The elasticity coefficients a;;x;, satisfy the following prop-
erties:

1. Properties of symmetry:

Qijkh = Qjikh = Qijhk, V1 < 1,7,k h < 35 (1.3)
2. Property of ellipticity:
.3 3
Ja >0, V{&,} e RV, Z aijkn&ijSkn > @ Z 51-2]'. (1.4)
k,h=1 ig=1

2. Position of problem

We consider a fundamental example of a nonlinear elliptic problem derived from
the Mechanics of Solids, namely, the nonlinear elasticity system. Let f be such that
fl@,u(@) = (fi(@,u(@)), f2(2, u(@)), fs(z,u(x))) of (L*())* and g = (g1,92,93) of
(L?(T1))3, the problem is to find a function u = (u1, ug, uz) solution of the nonlinear
elliptic problem:

3
0
*Z%j% (w) = fi(z,u) in Q; V1<i<3; (2.1)
j=1
u;=0 on Iy V1<i<3; (2.2)
3
> oij(wn;=g; on Ty V1<i<3. (2.3)
j=1

Equations (2.1), (2.2) and (2.3) describe the small displacements u from the natural
state of a non-homogeneous elastic solid subjected to a volume density of forces f in
Q, and to a superficial density of forces g on I'y, the displacements u being fixed by
zero on I'y, i.e., yu |p,= 0.
Several authors studied the system of elasticity with laws of particular behavior and
using various techniques for example in [1], Ciarlet used the implicit function theorem
to show the existence and uniqueness of a solution. Dautry-Lions [2], studied the linear
problem in a regular boundary domain. Later on, Merouani in [6], [4], [5], studied the
Lamé (elasticity) system in a polygonal boundary domain.

The bibliography quoted here does not claim to be exhaustive and the deficiency
must be attributed to the author’s ignorance and not to the author’s ill will.

The tensor of the constraints considered here is linear and grouped, as special
cases, some models used in Ciarlet [1], Lions [3] and Dautry-Lions [2]. Let us cite by
the way the examples:
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1. The problem of pure displacement for a homogeneous or heterogeneous material
of St Vennan-Kirchhoff where:
- The applied volumetric forces f are dead (does not depend on u),
- The tensor of stress is in the form (material of St Vennan-Kirchhoff ) where

{ oij(u(z)) = A(trE;;(Vu(z))) + 2uE:;(Vu(z)),
1<i,j<3,A>0,pu>0.

2. The coefficients of elasticity have the form:
Gijpg = AijOpq + 1(0ipGjq + 0igljp), 1 < iy j, p, ¢ <3

with, A and p depend on x or not.
3. The applied volumetric forces f have the form

FEO ="e, 1< p < o0

The material is not homogeneous, we assume that the functions a;;r, belong to
L>*(Q), 1 < i4,j,k,h < N and the elliptic property is uniform, there exist a con-
stant « > 0, independent of z, such that (1.4) is verified almost everywhere on €.

3. Weak formulation

We suppose that the solution u of (2.1) — (2.3) exists and belongs to (H? (Q))3
Multiply the equation (2.1) by v € V, and integrate on €2, we obtain:

3
[ e de = [ fi () @) ds
QJ=1 J Q

where

V= {ve (Hl(Q))B; v=0Iin FO},

is a closed vector subspace of (Hl(Q))3 » equipped with the norm ||.[ly, = [|.| 1 ()3 -
By Green’s formula, we have

/ZUW 81}1 /ZUW u) ;v dl = Z/fz (z,u(z)) vi(x)dz,
1,j=1 i,j=1
which implies

Z Z @ijkn () exn(u)e;;(v)de = /f (z,u(z)) v (z)dz

Q,jlkhl Q

—l—/rlg(x)v(x)dl", Yv e V.



540 Zoubai Fayrouz and Merouani Boubakeur

4. Existence theorem

4.1. Existence with Schauder’s theorem

Let us first recall the notion of Caratheodory function.

Definition 4.1. (Function of Caratheodory): Let N, p, ¢ € N* and  an open set of
RY. Let a be an application of Q xRP to R?. We say that a is a Caratheodory function
if a(; s) is a Borel function for all s of RP and a(x; ) is continuous for almost all x
of Q.

In this section, we need the following assumptions:

Q is a connected open bounded domain of R,

with Lipschitz boundary T';

Jo > 0 and B > 0 such as @ < a;,,(s) < Ba.e. for alls € R; (4.1)
f e (L=(@xR);

€45 is a continuous function, V1 < 4,5 < 3.

Under the assumptions (4.1), we try to show the existence of u, the solution of the
following nonlinear problem:

ueV
aij (u(x))eij(v(x))de
/ ZZ e (®)
/f:z:u da:Jr/ g@)v(z)dl,Yv eV
'y

Theorem 4.2. Under the assumptions (4.1), there exist a solution u of the problem

(P).

Proof. For u € (L? (Q))S, we have the existence and the uniqueness of the solution u
of the following problem:

ueV
ij )e gij(v(x))dr
/. ,]Zlk;1 ki (2)ern (u())es; (v(x)) 1)
:/f(ac,ﬂ(ac))v(ac)alx—|—/F g(x)v(x)dl, Yv e V.

Q

More precisely, to show the existence and uniqueness of u, the solution of (P1), we
apply the Lax-Milgram Lemma [1]. Let T'(u) = u, where T is an application of E in
FE with

E=(L*)°.
A fixed point of T is a solution of the problem (P). To prove the existence of such
a fixed point, we apply the Schauder’s fixed point theorem. First, we will show that
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the image of T lies in a bounded of V. Using « cited in hypothesis (4.1), we have

/ Z Zskh Ve (v(x))da

Qlj 1kh 1

/Z Z aijin(2)exn(u(z))eij(v(z))dz (4.2)

1,j=1k,h=1

/fxu d:v—&-/rlg(x)v(x)dl".

Taking v = u in (4.2), and using Korn’s inequality [8], we obtain
ol oy < [ Sl @) u(@)d + [ g(e)ute)dr,
Q 1

By Cauchy-Schwartz inequality, the bound L* of f and the trace theorem, we get,

2

O‘CHUH(Hl(Q))S < G ||u||(L2(Q))3 + ||g||(L2(F1))3 ||u||(L2(1"1))3
2

aCllull gy < Crllull gy + C2C0s [|ull gy »

which implies

CL+CaC
lullv = llull g0y < 1753 =R,
thus
[ull L2y < R,
SO

And as a result, the image of T is in a bounded of V' C (H1 (Q))3 By Rellich’s theorem
the image of T is in a compact of (LQ(Q))B. Taking R large enough, therefore, the
application T sends Bp in By and {T'(u),u € Bg} is relatively compact in (L? (Q))3 .
To apply Schauder’s fixed point theorem, it remains to show the continuity of T". Let
(Un)nen a sequence of (L (Q))3 such as @, — @ in (LZ(Q))?), when n — +o00. Letting
un, = T(uy,). After extracting a subsequence, we can assume that @, — u a.e., and
that there exist w € V such that w, — w weakly in V' and so u,, — w strongly in

(L? (Q))S) Now, we will show that w is the solution of the problem (P1). Indeed, let
v €V, we have

/Z_ 2; skn ()enn (i (2)2is (0 dx—/fxun

—|—/Flg(a?)v(x)df‘, YoeV
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Passing to the limit when n — +oo (using Dominated Convergence Theorem), we
will have

/Z Zaz]kh x)epn(w)e;; (v d:vf/fx ulx dx

1,j=1k,h=1
—|—/ g(z)v(z)dl, Yv e V.
Iy

This proves that w = T(u) = u. We have thus proved, after extraction of a sub-

sequence, that T'(u,) — T(u) in (LQ(Q))?’. By the absurd one can show that this
convergence remains true without extraction of subsequence. Thus, we have proved
the continuity of T'. Therefore, we can apply the Schauder’s fixed point theorem and
to conclude that there is a fixed point of T', which ends the proof. O

4.2. Existence by topological degree

We take again the same previous problem:

uecV
@ij (u(@))eij (v(z))de
/ ZZ Rz ®)
= /f(ac,u(x))v(m)dx—F/ g@)v(z)dl, Yo eV
Iy

Q

which is the weak formulation of the problem (2.1)-(2.3).

The following assumptions are made.

(i) €2 is a connected open bounded domain of R¥,

with Lipchitez boundary T,

(13) €i; is a continuous function V1 < 4,5 < 3,

(¢73) Jocand B > 0; such that o < a;j.n(x) < B a.e. on Q, (4.3)
(iv) f is a Carathéodory function, and 3Cy > 0 and d € (L3(Q))3;

[f(z,5)] < d(x) + Cz ],

(v) lim 7]‘(30, )

s—00 S

=0.

Theorem 4.3. Under the assumptions (4.3), there exist a solution of the problem (P).
In addition, if f does not depend to u, then the solution is unique.

Proof. The method of the topological degree requires a priory estimates, i.e., the
estimates on u, without knowing its existence. We therefore suppose that u is a
solution of (P). The great advantage of considering (P) rather than (P1) is to have
only u, not u and w, and this greatly simplifies the estimates.
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We rewrite the problem (P) under the following form:

u€evV

/Z Z az]kh Jern(u(x ))Eij(v(x))dx: (F(u),v>v,’v

Q b= 1k,h=1

where F'(u) is, for u € (L2(Q))3 , the element of V' defined by

(F(u),v)yr :/f(x,u(x))v(x)dx—i—/ g(x)v(z)dl.

Q 1

According to the hypothesis (iv), the Cauchy-Schwartz inequality and the trace theo-
rem, we have

v)| S/If(ﬂﬂ,U(ﬂv))l-Iv(flf)ldf17+/F lg ()] |v ()] dT
Q 1

<éwwwwamvax+AJum«vm»ﬂ

séﬁ@«Mm+@éme+Ayunwwﬁ

< ||d||L2(Q)3 ||U||L2(Q)3 + G ||u||L2(Q)3 ||U||L2(Q)3 + HgHL2(F1)3 ||UHL2(F1)3
< lldll z2ayye 10l g @pye + Co llull 2y 10l (g @) + CoC llvll g o)

< |l gz(ayys + CoR+CCo o]y -
Then

We deduce that F(u) is an element of V', for any u € (L*(Q))3.
We will show that

F:(12(Q)’ =V

is continuous. For this, we need the Lebesgue Dominated Convergence Theorem.
Let u,u € (LQ(Q))3 ; we have

(F(u),vy = /fxu d;v—&-/rlg(x)v(x)dl"

|

\ii/?

=
Il

/fxu daf—&—/rlg(x)v(ac)dI’,
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SO

|1F(u) = F(@)|ly, = sup (F(u) = F(w),v)y v
lloll=1

—

= swp | [ (flw)— f(@) vda
veV
lvll=1 L Q

< sup (100 = @ lzaqaye - Ioleaqay
[[v][=1

< sup [17) = F@l gy ol ]

it

[f(w) = F@) 120y -

So, if (un), ey is a sequence of (L*(Q2))* such that u, — @ in (L*(2))?, we have
1B () = F@lys < 1) = @)y

So, 3 (uy) subsequence such that

IN

u, — u(x) almost everywhere in 2
and 3H € (L?(Q))3 such that
|u,| < Halmost everywhere in Q.

Then, we notice that f(u,) — f(@) because f is continuous a.e. in Q. According to
the hypothesis (iv), | f(un)| < d(z) + Cs |u,|, and as |u,| < H we find

[f(un)| < d(x) + Cy.H almost everywhere in .
So, by the Lebesgue Dominated Convergence Theorem , we obtain
I[f (un) = f(@)l(L2()2 = 0 when n — oo

and consequently,
| F(un) — F(u)|ly, = 0whenn — oo

hence the continuity of F. For S € V', the linear problem
weV
3 3 L5
Z Z az’jkh(x)gkh(w(x))aij(U(x))dx = <va>v’,v7 ( ' )
i =1k,h=1

admits a unique solution w € V (see [1]). We denote by B, the operator which to S in
V' associates w solution of (4.5). The operator B, is linear continuous from V' into V/
and V is injected compactly into (LQ(Q))3 (because the boundary I is lipschitzian).

We deduce that the operator B, is compact from V' in (L2(§2))3 . The problem (P)
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is equivalent to solving the fixed point problem u = B, (F(u)). We will show, using
the topological degree techniques, that the following problem admits a solution

{ ue (L),

u = By (F(u)).

For t € [0, 1], we put the application h such that:

he[0,1] x (L2(Q)° = (£2(@)°
(t,u) — h(t,u) = By(tF(u))

For R > 0, we put Bg = {u € (LQ(Q))gsuCh that [[ull r2(q))s < R}. We will show
u—h(t,u) =0
t€0,1],u e (L*())

(2)— h is continuous from [0,1] x By into Bg;
(3)— {h(t,u), t €[0,1], u € Br} is relatively compact in (L?(£2))
If we suppose that we have proved the statements (1), (2) and (3), we have no solution

to the equation u—h(t,u) = 0 on the boundary of the ball Br, and we can thus define
the degree d(Id — h(t,.), Br,0). This degree does not depend of ¢, so we have

3

d(Id_h(ta')7BR7O) = d(Id_h(O7)7BRaO)
d(Id, Bg,0) = 1.
We deduce the existence of u € Br such that v — h(1,u) = 0, that is to say
u = By(F(u)).

Thus w is solution of (P). Now, it remains to show the statements (1), (2) and (3).
Let us begin with the proof of (3) (for every R > 0). We suppose [[ul|(z2(q)s < R.
We have

F(u) € V', and (F(u),v)y, y = /f(x,u(x))v(a:)dx—F/F g (z)v (z)dr.
Q 1

We have
1Py < Wl zaqaye +CoR+CCo
So _
We put h(t,u) = B, (tF(u)) = w and show that there exists R depending only of R,
Cop, C, Cy, and a such that
Ihtw)lly < R <= |uwl, <R
By definition, w is solution of
weV
3 3
/ DY aijen(@)en(w(x))ei; (v(@))da (4.6)
o hi=1k,h=1
= (tF(u),v)y, vy, WWEV
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Taking v = w in (4.6), by Korn’s inequality, we obtain,
2
ak Hw”(Hl(Q))3 < [tE@) [y llwlly

= aklw|{p s < Py [wlly < R wlly,
which implies:
1A, w)lly = [lwlly, < R

with
R ldllz2aps + C2R + CCo

ak ak '
From Rellich’s Theorem, we deduce that the set {h(t,u),t € [0,1], u € Br} is rela-
tively compact in (LQ(Q))S, which shows (3). Let us show now the pomt (2 ) Let
(tn)nen C [0,1] such that ¢, — ¢t when n — 400 and (un)neN c (L2 ) with
Up — U in (L2(Q)) . We want to show that h(t,,u,) — h(t,u) in (L? )3 Let

wy, = h(tn,u,) and w = h(t,u). To show that w,, — w in (LQ(Q)) . We take the limit
on the following problem,

R=

w, €V

/Z Z aijih (x)epn (wn)eij (v)da

Q bi= 1k,h=1 (47)
—t/fun x)dx +t, /Fg(x)v(gc)dl"

We already know that (wy),cy is bounded in V, because the sequence (uy)nen is
bounded in (Lz(Q))3 (this is what was shown in the previous step: if [[un | 12(q))s < R
then |jwy |, < R). The sequence (wy),,cy is bounded in V, and to a subsequence, we
have

wy, — win V weakly and w, — W in (Lz(Q))3,

U, — wae and IH € (LQ(Q))B; lun| < H a.e..
Since w,, — W in (L2(Q))3, then there exist a subsequence denoted again w, such

that
wy, — W a.e. and 3K € (LQ(Q))S; |w,| < K a.e.

Let v € V and as ey, is continuous then ey, (w,) — exn(W) a.e. and so

3 3
Z Z azykh Ek:h Wn, Ez_] —> Z Z az]kh 6kh( )51]( ) a.e.

i,j=1k,h=1 1,7=1k,h=1

s

_

we have also

3
Z Z az]kh Ekh W, 57,] Z |5kh W, ‘ Z |E” | € Ll( )7
k,h=1

i,j=1lk,h=1 ij=1
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by Dominated Convergence Theorem, we have

/Z Z a”kh Ekh wn)ew d:L‘—)/Z Z a”kh Ekh )51]( )dm n — +oo.

i,j=1k,h=1 Q bi=1k,h=1

As f(un) = f(u) a.e. and |f(uy,)| < |d| + Cy |H|.
By the Lebesgue Dominated Convergence Theorem we have f(u,) — f(u) in (LZ(Q))3

and consequently
/f(un)vdx — /f(u)vdx
Q Q

when n — +o0. Passing to the limit in (4.7), we obtain,

/Z Z aijin(x)epn(W)eij (v dm—t/f de—|—t/ g (x)v(z)dT,

i,j=1k,h=1

and so W = h(t,u) = w. By the absurd argument, we show that w,, — w in V weakly
and w, — w in (L? (Q))3 , where w, = h(t,,u,) and w = h(t,u); the application h is
continuous and consequently (2) holds. It remains now to demonstrate (1). We want
to show that:

u—h(t,u) =0
te [07 1]7 u e (LQ(Q))S = HUH(LQ(Q))B < R.
Let ¢t € [0,1] and u = h(t,u) = tB,(F(u)), that is to say

/Z Z aijrn(T)ern(u)eij(v)de

Q bIi= 1k,h=1
t:/f(u)vdw-i—t/ g(@)v(z)dl, Vv eV
r

Q
ueV

EIR>O;{

(4.8)

We choose v = u in (4.8). By the hypotheses (4.3), and Korn’s inequality, we have
b [l oy < [ £l da+ [ T (@]l @)lar.
1
Q

We are going to deduce from this inequality the existence of R > 0 such that
[ull (L2 (a2 < B-
Here, we use the hypothesis (v), i.e.,

lim
s—Foo S

We argue by the absurd. Let us suppose that a such R does not exist. Then there
exist a sequence (uy,)nen+ of elements of V' such that

[unll(L2(qy)2 = nand ak”“n”?}{l(g)f < /|f(“n)“n\d33+/r g (@)] |un ()| dL.
1
Q




548 Zoubai Fayrouz and Merouani Boubakeur

—"__ We have lonlly, =1 and

l[unlly

dm—i—/
Ty

Or, according to hypothesis (iv) i.e., |f(x,s)| < d(z) + Cs|s| and the trace theorem
we have

Let us show that this is impossible. Letting v,, =

el a2 (s

g(z)

9w, ar.
(PGS

Un Un

2
ak ||Un||(Hl(Q))3 =< /
Q

d| + Cs |uy,
b JonlE ey < [T s 4
| oy et g2 (2

||9($)||(L2(F1))3 ||Un||(L2(F1))3

d| v, T Cllv
< |d| |vn] dx+02/|vn\2d;r+ l9(@)ll (L2r,y)2 C lvnll gy
| oy A [l s
ldll(z2(0))2 lonll L2y CoC
Sl o e LA U e
< ldll 2y vl (p2gay)? CoC

+ s [[onll{ @2 +

- [unll(r2(a)) unll(z2(a))s
<l r2gay)2 lonllz2))s + C2 + CoC

< lldll(z2ayys + C2 + CoC,

which implies

oz, < Nz + G2t GoC
nj|ly = Oék )
50, (Un)nen+ is bounded in V, and hence there exist a subsequence, v,, — v in (L?(2))3.
We also have
v, — v a.e. onf)

loa| < H with H € (L3(2))°

As |lvnlly, = 1, we have

akg/ AT R da:+/ 9@, lar,
- ||Un||(Hl(Q))3 Iy ||Un||(H1(Q))3
Letting
Xn:/ AR dﬂ/ 9@
||un||(H1(Q))3 Iy HunH(Hl(Q))3

Q

Now, we show that X,, — 0 when n — 400, which is impossible since X, is reduced
by the constant ak which is strictly positive.
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1S ()l o]

e Let us show that
(PRGNS

— 0 a.e. with domination, we shall have then

by the Dominated Convergence Theorem that / M

Up | dx — 0 when
L lnll e e
n — +o0.
We show first of all the domination. We have
n d| + Cq |lu, d
Sl M Colul A
||“n||(H1(Q))3 ||u7LH(H1(Q)3 ||Un||(H1(Q)3
d
< Lo
l[unll 220y
< |d[+CH
SO
) <)+ oty H e (1 (9)°
HunH(Hl(Q))S

Now, we show that the convergence is almost everywhere. We have v,, — v a.e. so
3A4; mes(A®) = 0 and v, (z) — v(z) Vo € A.
Case 1. If v(x) > 0; v,(x) — v(x), but
ngf}rloo lunll(p2(ys = +o0
SO
un () = vp () ||un ||, = +o0.

f(un(x)) S (un(@))un(x) f(un(x))

———(x) = on(z) = 22 (0, (2))° = 0, n— +o0.
||Un||(H1(Q))3 un () ||un||(H1(Q))3 un ()
We used here Skr_ﬁloof(s)/s = 0.
Case 2. If v(z) < 0; we have the same
lim Mvn(gj) -0
n=+00 [t || (51 ()3
because
im f(s)/s = 0.
Case 3. If v(z) = 0;
flun(x d(x)| + Co |un(x)
Snle) ) ML Gl )
e e nll 102

< (ld(@)] + Cy on(2)]) [on (@)
— 0 because v(z) = 0.

In summary, we have

— 0, =0
H“n||(H1(Q))3
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a.e. on 2. It has been shown that

lim Mvn dx = 0.
n—-+o0o Hun||(H1(Q))3
Q
e Let us now show that the term %vn — 0 asn — +oo.
Iy HunH(Hl(Q))3

‘We have

0</ lg(2)] |vnl ir < ||9(39)||(L2(r1))3||Un||(L2(r1))3
—Jr

B lunll g )

v lnll e
C(OCY HUTL”(Hl(Q))B

HUnH(Hl(Q))3

0 — 0 when n — +o0.

[unll 20y
Because we have [[up|| 2(q))s — +00 when n — +o0. It has been shown that
fim [ 9@l e
n=+oo Jr, [unll g1 ()

So lim X, = 0, which is a contradiction with X,, > «k for all n € N*. Thus, we

n——+oo

have showed that there is 2 > 0 such as: (u = h(t,u)) = |lull(12(q)s < R. This
proves (1). Then the existence of solution to (P) is proved.

Uniqueness. We suppose that f does not depend to u. Let u; and us be two solutions
of this problem:

/Z Z aijkn () exn(ui)eij(v)de

Q bIi= 1k,h=1

/f dx—i—/ g(@)v(z)dl, i=1,2YveV.

Iy
Subtracting term to term and substituting v by u; — ug, we obtain,

3 3

/Z Z aijih () (pn(ur — u2))esj(ur — ug)dr =0,

« 1j=1k,h=1
by Korn’s inequality, and the hypothesis (iii), we have

2
allur — uz| (g1 gy <0,

S0, u1 = us. This completes the proof of Theorem 4.3. O
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5. Conclusion

In this work, we have studied the existence and the uniqueness of solutions of
the mixed problem for a nonlinear elasticity system in a regular and bounded domain
by using Schauder’s fixed point theorem and the technique of topological degree. Next
future work, we will concentrate on the same problem but with ¢ is nonlinear, and we
will also prove a theorem of existence and uniqueness of solutions in Sobolev spaces
with variable exponents.
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