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Degenerate Hermite poly-Bernoulli numbers
and polynomials with g-parameter

Waseem A. Khan, Idrees A. Khan and Musharraf Ali

Abstract. In this paper, we introduce a new class of degenerate Hermite poly-
Bernoulli polynomials with g-parameter and give some identities of these poly-
nomials related to the Stirling numbers of the second kind. Some implicit sum-
mation formulae and general symmetry identities are derived by using different
analytical means and applying generating functions. These results extend some
known summations and identities of degenerate Hermite poly-Bernoulli numbers
and polynomials.
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1. Introduction

The special polynomials of more than one variable provide new means of analy-
sis for the solution of wide class of partial differential equations often encountered in
physical problems. The importance of multi-variable Hermite polynomials has been
recognized [6] and these polynomials have been exploited to deal with quantum me-
chanical and optical beam transport problems.

It happens very often that the solution of a given problem in physics or applied
mathematics requires the evaluation of infinite sums, involving special functions. Prob-
lems of this type arise, for example, in the computation of the higher-order moments
of a distribution or to evaluate transition matrix elements in quantum mechanics. In
[7], [8], [9], [19], [20], [21], [22], it has been shown that the summation formulae of
special functions, encountered in applications ranging from electromagnetic process
to combinatorics can be written in terms of Hermite polynomials of more than one
variable.
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The 2-variable Kampe de Feriet generalization of the Hermite polynomials [3]
and [8] are defined as

n27‘

n(z,y) _nlzr'n—% (1.1)

These polynomials are specified by the generating function:

ot ¢
=S o) (12)
n=0
and reduce to the ordinary Hermite polynomials H,, (x) (see [1]) when y = —1 and =

is replaced by 2z.
In (2016), Khan [13] introduced the degenerate Hermite polynomials of two
variables by means of the following generating function:

Y

(1+M)%(1+ X)X ZH T,y \)—, (1.3)

where A # 0. Since (1 + At)x —» ef as A —» 0, it is evident that (1.3) reduces to
(1.2). That is Hy(z,y) limiting case of Hy,(x,y; A) when A — 0.
The following representation of degenerate Hermite polynomials H,,(z,y;\) is
given by
(%]
Hy(z,y;0) =nl>
r=0
Since /\limo H,(z,y; \) = Hp(z,y), (1.1) is a limiting case of (1.4).
—
For X € C, Carlitz introduced the degenerate Bernoulli polynomials by means of the
following generating function:

(_§>n72r<_%)r(_)‘)n_r
ri(n —2r)! ’

(1.4)

t

Tt = Zﬁnﬂ . (see [, (18], 17)  (15)

so that o h
=3 (5 )8 (5), (16)

When z =0, 8,(\) = 8,(0; \) are called the degenerate Bernoulli numbers.
From (1.5), we note that

= " t .
Z lim fp(r;A\)— = lim ——— (1 + A\f)>
A0 nl o A—=0 (14+ M) —1
t e t"
=G ¢ :ZBn(x) T (1.7)
n=0

where B,,(z) are called the Bernoulli polynomials (see [1]-[25]).
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The classical polylogarithm function Lig(z) is

o0

Lig(2) = %(1@ €7) (see [13], [14], [16]) (1.8)
so for k <1,
Lix(2) = —In(1 — 2), Lig(z) = 1% Lia() = jz)z’

The poly-Bernoulli polynomials are given by

oo

Lip(1—e7) , t"
— a1 t— ;Bg’“(x)a, (see [2], [12], [13]). (1.9)
For k =1 in (1.9), we have
Lif(l—e7?) .t . tn
e = e _;}Bn(x)a. (1.10)

From (1.7) and (1.10), we have
BV (z) = Bu(x).

Very recently, Khan [13] introduced the degenerate Hermite poly-Bernoulli polyno-
mials of two variables g ,6’,(112(30, y; A) by means of the following generating function:

(Lik(l_et))a(l+/\t)§(l+>\t2)§ :iH5<k>(gg y~A)ﬁ (1.11)
(1+)\t)%—1 ~ n RS n!7 .
so that
n k
B (@,y:%) = Z_( ) O i ), (112
The Stirling number of the first kind is given by
@) =a(z—1)-(x—n+1)=>_ Si(n,D)a',(n>0), (1.13)
1=0
and the Stirling number of the second kind is defined by generating function:
(e —1) :n!ZSQ(l,n)ﬁ. (1.14)

l=n

A generalized falling factorial sum o (n; A) can be defined by the generating function
[25]
> DY) e |
> k(iAo = L0 : (1.15)
k=0 ’

(14 Xt)> —1
Note that
lim oy (n; A) = Sk(n).
A—0
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The object of this paper as follows, we first give definition of the degenerate Hermite
poly-Bernoulli polynomials Hﬁék) (x,y; A) with g-parameter and then extend and il-
lustrate how, a connection between Hermite and Bernoulli polynomials can yield new
expansions and representations. Some implicit summation formulae and general sym-
metry identities are derived. These results establish a link between these families
of polynomials (namely degenerate Hermite and degenerate g-poly-Bernoulli polyno-
mials).

2. g-analogue of degenerate Hermite poly-Bernoulli polynomials

In this section, we introduce g-analogue of degenerate of Hermite-poly-Bernoulli
numbers and polynomials and its properties.

Definition 2.1. For A € C, k € Z and n > 0, 0 < ¢ < 1, we introduce g-analogue of
degenerate Hermite poly-Bernoulli polynomials by means of the following generating
function:
Li q( )
(1+Aw% 1

Y

(14 X)X (14 12)% = }:Hﬂnq _ (2.1)

’ﬂ

where Lig o( Z i is the k-th g-polylogarithm function (see [6], [10], [23]).

When z =y = 0 in (2.1), T(Lk)(/\) = Hﬁr(l )(0,0;)\) are called the g-analogue of
degenerate poly-Bernoulli numbers.
Note that
HBNY (@, 55 ) = HBng (2,55 \)
and
hm Hﬂn q(x Y; A) = HBn’f[)I(x,y).

Remark 2.2. For y = 0 in (2.1), the result reduces to the g-analogue of degenerate
poly-Bernoulli polynomials of Jung and Ryoo [10, p. 32, Eq. (2.1)] defined as

Ligq(1 — )
(+Mb—1

Theorem 2.3. For A\ € C, k€ Z andn >0, 0<q < 1, we have

(14 M)% = }:5 (ke (2.2)

n=0

n

B (@, \) = Z( )5““)( YHyu (2,55 \). (2.3)

=0

Proof. By using definition (2.1), we have
o0

" Ligg(1—
(k) z, ’)\ A k,q

i“>%im@w
" n=0

=0

wﬂ+Aﬂﬂl+M)%
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O CICATPVa (Z( ) 8 Ao A)) a
n=0 =0

n=0
Comparing the coefficients of % in both sides, we get (2.3). g
Theorem 2.4. For n > 0, we have
@S (") Bm .
Hﬁn,l(x7y7)‘)_ Z ( m ) m+1Hﬁnfm($7y7)‘>' (24)

m=0

Proof. Consider equation(2.1) we have

(k) tn B Lik,l(l — eft) 1 = 9
— = ———(1+ X)) (1 + At

_(1+/\t)x(1+)\t2)§/t 1 /t 1 1 /t S s (23)
1+ a)F -1 0 e2—1J, e —1 et —1 )y ex—1 '

(k—1)—times

For k =2 in (2.5), we have
n 2\ ¥
Z 5(2)( )L (1+A)> (1+)\t)x/ .
0

= n! (1+)\t)i —1 er —1
B i B (14+ )% (1 + X)X
m_om—i—lm! (1+)\t)x_1
'S Bm

Replacing n by n —m in above equation, we have

_Z Z ( ) m+1Hﬁn m(, y,A)f:!.

n=0m=0

On equating the coefficients of the like powers of t in the above equation, we get the

result (2.4). O
Theorem 2.5. For n > 0, we have
1
1)l+p+1l!5 (p+ 1,0
*) = 2 ’ ). (2.

Proof. From equation (2 1), we have

Z 1189, s A t”' (le q(ltf e~ )> (t(l J(rl/\j);()l;r_)\f)g) ' 27)

Now

1 _ I (1—e ) 1
“Lip,(l—e )= 1 — 2 ==
t t ; [0k t
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P

1
t

Mg

“Z 1)7S5(p, 1)

l+p

=1

w\»—l
Mg

>

tP
l 52 p7 )
11=1 p!

p

_i S~ DL Sap 1) 8
B ' p+1

7'.
1 p:

From equations (2.7) ), we have

—1)rtl g, 1,1)
_Z<Z ] ! (]Z;—tl ) (ZHﬂnxy, )

Replacing n by n — p in the r.h.s of above equation and comparing the coefficients of
t", we get the result (2.6). O

Theorem 2.6. For n > 1, we have

Hﬁy(f;(l“ + Ly A) — g B (2,3 \)

- n Pl Ni4pt1
- < p > (Z([llj)Ll]k(Hl)!S?(p’”l)) Hpp(,y; A). (2.9)
p=1 =0 q

Proof. Using the Definition (2.1), we have

e} 4 ) i
Z Hﬁffé(x + 1,y /\)g - Z Hﬁfffé(m,y; /\)ﬁ
n=0 ’ n=0 :
13 —t 1 Y . t . )
= Lle)( )T (1 )% - M(l FADX (14 AH)R
(1+At)x — (T+A)x —1
= Lig (1 — e )1+ M) (1 + M)
[e%e] (1 _ eft)l+1 - o &
= ——— (1 + )X (1 + At9)>
Y ( )3 (1+ A7)
o0 p—l l+p+l P ) ,
=2 e (D82 (p, U+ 1) | — (1 4+ AR (1 + %)%
p=1 \1=0 y
s} p—1
( 1)l+p+1

Replacing n by n — p in the above equation and comparing the coeflicients of t", we
get the result (2.9). O
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Theorem 2.7. Forn >0, d € N and k € Z, we have
H@(Lkg(x Y; )

d—1 n I+1 l+p+1
_ n i (D) TPTPIS (T + 1, p) l+z A

a=0 =0 p=1

Proof. From equation (2.1), we can be written as

= t"  Lipg(1 —et) - u
() (s \)— = —20 = = (] 4 AR (14 M2) %
;Hﬂn,q( yiA) (1+At)%_1( > ( )

Likq(l—e*t)dz_:l Y
= eall =€ NT g ) (14 )}
1+ A5 —1 %

 (Ling1—e%)) 12 dt )
_<t )d§(1+>\t)i— (14 Xt) 5 (1+ )%

> (& d—1
(-0 St Lp) ) n—1 l —|— r A t”

=0 \p=1 n=0

Replacing n by n — [ in above equation and comparing the coefficient of t", we get
the result (2.10). O

3. Summation formulae for degenerate Hermite poly-Bernoulli
polynomials with g-parameter

For the derivation of implicit formulae involving degenerate g-poly-
Bernoulli polynomials ﬂfllfg(x; A) and degenerate Hermite poly-Bernoulli polynomials

Hﬁfﬂ (z,y; \) the same considerations as developed for the ordinary Hermite and re-
lated polynomials in Khan [14] and Hermite-Bernoulli polynomials in Pathan and
Khan [19], [20], [21], [22] holds as well. First we prove the following results involving

degenerate Hermite poly-Bernoulli polynomials with g-parameter Hﬁ,gfg(x, Y A).

Theorem 3.1. The following implicit summation formulae involving degenerate Her-
; ; (k) ) .
mite polynomials g Br.q(\, p; x,y) holds true:
k
Hﬁy(n-)&-n,q (l‘, Y; /\)

r+s

=S () (1) o et e n] sty 6

r,s=0
Proof. Replacing ¢t by ¢ + u in (2.1) and rewrite the generating function (2.1) as

Lig,q(1 — e_(t;ru)) o L (log(142))
(I+At+u)x =1
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oo

7T(f+u o k t
—e (log(14X) Z Hﬂfn,-)!,-ng( T,y )\)

m,n=0

mtn

mlnl’

(3.2)

Upon replacing x by v in the above equation, it is not difficult to observe that

S k Mt setw@-v)
D uB i) = TR s Z 2B ey
m,n=0 m,n=0
(o)
(k) tP 4
m,zn;o e pl!
oo rx(ttu)(z—wv) N oo
[2tE=0) jog(1 + 2)] 10
- Z ’ N! Z Hﬁz(qu()‘ H5 0, ?J)
N=0 : p,q—=0 plq!

Now, by applying the following known series identity [24, p. 52, Eq. 1.6(2)]:

Zf x—l—y an+mxpyq

P,9=0
e m n
® g it
m,n=0

o
TuS mt’l’L

1
- Z<x—v>r+5[xlog<1+x>r+5%s— S e

r,5=0 " m,n=0

On replacing m by m — r and n by n — s in above equation, we get
®) gyt
Z Hﬁm—‘,—n q )m' E
m,n=0

o Pg g

tm tn

mlnl

tn

r+s
Z Z — )"t { log(1 +)\)] Hﬂr(r]grnfrfsyq()‘;u’y)(

m,n=0r,s=0

Comparing the coefficients of L+ = and L, we get the result (3.1).

i

Theorem 3.2. For xz,y € R and n > 0. Then

Hﬁfff‘g(w-ﬁ-u,y—kw;/\) = Z ( :Ln ) ﬁflk)mﬂ(x Y; N) Hyp (u, w; A).

m=0

m—r)lr! (n—s)ls!’

O

(3.3)

Proof. By the definition of gq-degenerate poly-Bernoulli polynomials and the definition

(1.3), we have
Lipq(1—e™")
(1+ At)% 1

(Z P )i,) (z_om,w;»;j).

y+w

(14+ M) (1 + M2)"S

Now replacing n by n — m and comparing the coefficients of ", we get the result

(3.3).

O
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Theorem 3.3. For xz,y € R and n > 0. Then

n—2j [3] |
(k) (k z _\)m—i Yy n!
1@ Y3 A mzogzoﬁ ( )nfmej( ) ( )\)j mljl(n — 25 —m)!
(3.4)
Proof. Applying the definition (2.1) to the term %{f? and expanding the func-
+At) X —

tion (1 + Xt)% (1 + Xt2)X at t = 0 yields

Ligq(1 —e7") A 2\ 2
m(l +A)X (14 A2)
> tm = x —At)" - (=At?)!
= (Tnzoﬁ(k,)q()‘)m> (712_0 (_X)n ( n!) ) = (_%)j 7!

(3 () (), o) (9, S

n=0 \m=0 7=0

Replacing n by n — 2j, we have

oo

ZHﬁ(,q(l‘ Y; )Z:
n=0
= i Z i ( i ) 7(”7)‘1()\) <—§>n—m72j (_)\)"*m*j (_%% (ﬂ—ti;])'j'

n=0 \ m=0 j=0
(3.5)
Equating their coefficients of ¢, we get the result (3.4). O

Theorem 3.4. For x,y € R andn > 0. Then

TLYEDY ( y )(—i)n_m<—A>"—mHﬂ,<,’;>q<x—z,y;». (3.6)
m=0

m

Proof. By exploiting the generating function (2.1), we can write the equation

ad " Ligo(1 .
ZHﬁéfg(x,y;A)mzm(HAt) 1+ M)XA+M)F (3.7)

- (Z W 2y A)Z’Z) (Z(—jn(‘i?").

m=0 n=0
Replacing n by n —m in above equation and equating their coefficients of t" leads to
formula (3.6). O
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Theorem 3.5. The following implicit summation formula involving degenerate Hermite
poly-Bernoulli polynomials with q-parameter Hﬁﬁfg(x,y; A) holds true:

w10 =3 (1) (55) Vs . 6

r
r=0

Proof. By the definition of degenerate Hermite poly-Bernoulli polynomials with qg-

parameter, we have

(oo}
Yo B+ 1y + Z B (@, y; A
n=0
Lipg(1— ) L i
= ———— (14 X)X(1+ Xt 14+ M)>x +
(1+At>%—1( EA+ XD+ A)F +1)
() ") (5oL (k)
ZHB ,qu7 TZO _X . +Z Bnquv
X 1 #n #n
*ZZHﬁé)rq T, Y )( )\) (7>‘) (n_rl7~|+ZH67(Lkgzy’ )7'
n=0r=0 r n=0
Finally, equating the coefficients of the like powers of t”, we get (3.8). d

4. General symmetry identities

In this section, we establish symmetry identities for the g-degenerate poly-
Bernoulli polynomials Bﬁff;(x; A) and the degenerate Hermite poly-Bernoulli polyno-
mials with g-parameter Hﬁgfg(x,y; A) by applying the generating function(2.1) and
(2.2). The results extend some known identities of Khan [13], [14], [15], [16], Pathan
and Khan [19], [20], [21], [22].

Theorem 4.1. Let a,b > 0 and a # b. For x,y € R, n > 0, 0 < q < 1, then the
following identity holds true:

> < Zl )bma”‘mHﬁfﬁm,q(b%bzy, A B (ax, a’y; )

m=0

n

=2 ( m ) Q" B (s A) B, (b, Dy V). (4.1)
m=0

Proof. Start with
Gt) = Li 4(1 —ae_“t)Lik)q(l _f—bt)
(T+2)x —D((1T+MX)x —1

Then the expression for G(t) is symmetric in a and b and we can expand G(t) into
series in two ways to obtain

)) (14 A0 (1 + A2) 5 (4.2)

o0

G(t) = Y Bl b, by z A ar, a2y ) L0

n=0
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t’n
(bI b2y7 )Hﬂgrlf,)q(axa a2y; A)) ﬁ

_ Z (Z ( )anmbm B8,

m=0
On the blmﬂar lines we can show that
o0 o0 t m
t) = ubl)(az,a’y; \) Z (b, 82y ) )!

nl’

n=0
- . n mipn—m
=3 (32 (Yt it )|
n=0 \m=0
Comparing the coefficients of % on the right hand sides of the last two equations, we
O

arrive at the desired result.
Remark 4.2. For b = 1, Theorem 4.1 reduces to
- n n—m
( ) 189, (5 N8P, (0, a?y; )
0

(4.3)

m=

= z < > 1B g (az, a®y; N g BE) (M),

Theorem 4.3. For all integers a > 0,b > 0 and n > 0, 0 < q < 1, the following

identity holds true:
( n >a"mbmHﬂ,(1k_)mq (b, b%2; A) Z( )UZ a—1; )\)Bf:)lq(ay,)\)

1=

>

m=0

= i ( ; ) ambn_mHﬁy(zlcjm,q (az,a’z; \) i < :n > ai(b—1; A)ﬁ,(,f) i,a(0Y5 ),
(4.4)

=0

where generalized falling factorial sum oy (n; \) is given by (1.15)

abz

Proof. We now use
H(t) = Lij (1 — e *)Li 4(1 — e ") ((1 + A)S — D)1+ M) "5
(L+ )% = 1)1+ A)F = 1)2
to find that
_ (Likg(l—e™™) abe guazize [(L4+ )5 —1
g()_<(1+kt)§— )(1+/\t) (A <(1+/\t)§_1>

Ling(L= ™) ) (4 2
(14 Xt)% —1
(at)" i onla—1; )\ Z /B(k) )"

_ Z Hﬁ(k) b, b2 ) '
nl =
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Using a similar plan, we get

oo ’I’LOO

gt = Bl ( Z -1 " 5 56 by )% (4.6)

n=0 n=0 n! n=0

By comparing the coefficients of " on the right hand sides of the last two equations,
we arrive at the desired result. O

5. Conclusion

The degenerate Hermite-poly-Bernoulli polynomials with g-parameter
Hﬂfﬂ(x,y; A) plays a major role in obtaining new expansions, identities and
representations. We can introduce and study a class of related generalized poly-
nomials by defining degenerate Gould-Hopper-poly-Bernoulli polynomials with
g-parameter

Likq( e_) z K - k e
SRt T4 A (14 MR = (B (3, 3 A) — 5.1
(1+/\t)xil( )* (1 ) nZOHB (@,5:0) 5 (5.1)

The equation (2.1) may be derived from (5.1) for r = 2.

This process can easily be extended to establish degenerate multi-variable
Hermite-poly-Bernoulli polynomials with g-parameter and Apostle type Bernoulli
polynomials.
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