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Differential subordinations and superordinations
for analytic functions defined by Salagean
integro-differential operator

Agnes Orsolya P4ll-Szabé

Abstract. In this paper we consider the linear operator .£" : A — A,
L () =1 =XNZ"f(2) + A" [(2),

where 2" is the Salagean differential operator and I™ is the Salagean integral
operator. We give some results and applications for differential subordinations
and superordinations for analytic functions and we will determine some properties
on admissible functions defined with the new operator.
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1. Preliminaries
Let U be the unit disk in the complex plane:
U={z€C:|z| <1}.
Let H = H(U) be the space of holomorphic functions in U and let
Ay ={feHU): f(z)=z2+ans1z" +-+ ,z€ U}

with A; = A. For a € C and n a positive integer, let

Hia,n]={feHU): f(z)=a+apz"+ap12" +-- ,2€U}.
Denote by
21"(2)
f'(z)

the class of normalized convex functions in U.

K:{feA:éR +1>0,Z€U}
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We denote by Q the set of functions f that are analytic and injective on U \ E(f),
where

B = {ceov m 1) =
and such that f/(¢) # 0 for ¢ € U \ E(f).

Definition 1.1. ([9], Definition 3.5.1, [4]) Let f,g € H. We say that the function f is
subordinate to the function g or g is superordinate to f, if there exists a function w,
which is analytic in U and w(0) = 0;|w(z)| < 1;z € U, such that f(z) = g(w(2));
Vz € U. We denote by < the subordination relation. If g is univalent, then f < g if
and only if f(0) = ¢g(0) and f(U) C g(U).

We omit the requirement ”z € U” because the definition and conditions of the
functions, in the unit disk U.

Let ¢ : C2 x U — C be a function and let h be univalent in U and ¢ € Q. In
article [6] it is studied the problem of determining conditions on admissible function
1) such that

U (p(2),2p' (2),2°0" (2);2) < h(2), (€ U) (1.1)
(second-order) differential subordination, implies p(z) < ¢(z), Vp € H [a,n]. The uni-
valent function ¢ is called a dominant of the solution of the differential subordination,
or more simply a dominant, if p < ¢ for all p satisfying (1.1).
A dominant ¢, which is the ”smallest” function with this property and satisfies ¢ < ¢
for all dominants g of (1.1) is said to be the best dominant of (1.1). The best dominant
is unique up to a rotation of U.

Let ¢ : C* x U — C be a function and let h € H and q € H[a,n]. If p
and ¢ (p(z),2p' (2),2%p" (2);2) are univalent in U and satisfy the (second-order)
differential superordination

h(z) < (p(2),20' (), 2% (2);2), (2 €U) (1.2)
then p is called a solution of the differential superordination. In [7] the authors studied
the dual problem of determining properties of functions p that satisfy the differential
superordination (1.2). The analytic function g is called a subordinant of the solutions
of the differential superordination, or more simply a subordinant, if ¢ < p for all p
satisfying (1.2). An univalent subordinant g that satisfies ¢ < ¢ for all subordinants ¢
of (1.2) is said to be the best subordinant of (1.2) and is the ”largest” function with
this property. The best subordinant is unique up to a rotation of U.

Definition 1.2. [11, 12] For f € A;n € Nog, Ny = NU{0} ,N = {1,2,...}, the Silagean
differential operator 2" is defined by 2" : A — A,
7°f(z) = f(2),
" f(2)=2(2"f(2)), z€U.

Remark 1.3. If f € A and f(z) =z + Zakzk, then
k=2

D"f(z)=z+ Zk”akzk,z eU.
k=2
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Definition 1.4. [11] For f € A, n € Ny, the operator I"™ is defined by
1°f(2) = f(2),
I"f(2) =I(I""'f(2)), 2€U, n>1.

o0
Remark 1.5. If f € A and f(z) = z+ Z arz", then
k=2

I"f(z) = z+ZZ—szk, z €U, (n e Ny
k=2

and z (I"f(2)) = I""1f(2).
Definition 1.6. Let A > 0,n € N. Denote by £ the operator given by £" : A — A,
L'f(2)=0-ND"f(2)+A["f(2),z€U.
Remark 1.7. If f € A and f(2) =2+ Z az®, then
k=2

)

k”] arz®, 2 € U. (1.3)

g"f(z)=z+§: [k"(l—A)H
k=2

Lemma 1.8. [2] Let ¢ be an univalent function in U and v € C* = C\ {0} such that

s ) o st

If p is an analytic function in U, with p(0) = q(0) and

p(2) +72p'(2) < q(2) + 724 (2), (1.4)
then p(z) < q(z) and q is the best dominant of (1.4).

Lemma 1.9. [2] Let q be convex function in U, with g(a) = 0 and v € C such that
R~y>0.IfpeHa, 1N Q and p(z) + vzp'(2) is univalent in U, then

a(z) + 724 (2) < p(2) +v2p'(2) = a(z) < p(2)
and q is the best subordinant.

S. S. Miller and P. T. Mocanu obtained special results related to differential
subordinations in [8] .

We follow Cotirld [3] and we generalise her results. Nechita obtained similar
results in [10] for generalized Saldgean differential operator (see also [1], [5]).
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2. Main results

Theorem 2.1. Let g be an univalent function in U with ¢(0) =1, v € C* such that

o+ 750} emnfool]

If fe Aand
2 () {1 _ LN (A @)
2L f(2) (2 f (2)]
o 22 e o o) } <al2) 774 (2),
then ()
BEZ3I08 < q(2)

and q is the best dominant of (2.1).

Proof. We define the function
L (2)
z)i= —.
p(z) = — )
By calculating the logarithmic derivative of p, we obtain
W) _ [ Q) 2 @)
p(z) Lt f(2) L f(z)

By using the identity
2[L(2)] = (1= NP2 (2) + A (2)
we obtain from (2.3) that
2p'(2) 1 (1=X) 2" L f (2) + ML (2)

p(z)  p(z) 2 f (2)
=N (@)

2 (2)

and

(2.1)

(2.2)

p(z) +v2p'(2) =

2" f (2) (2 f ()]

L= (272f (2) = 2" f (2)]
2 f (2) '

The subordination (2.1) becomes

p(2) + 720’ (2) < q(2) + 724/ (2).

We obtain the conclusion of our theorem by applying Lemma 1.8.

In the particular case A = 0 and n = 0 we obtain:

L) {1 LT[NP () + M ()
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Corollary 2.2. Let q be an univalent function in U with q(0) = 1, v € C* such that

oo ) mfoont).

If f e A and
G 20 (N L
(1+9) o T e <f(z))]<q()+v q(2)
then
2f'(2)
TENR

and q is the best dominant.
In the particular case A =0 and n = 1, we obtain:

Corollary 2.3. Let q be an univalent function in U with q(0) = 1, v € C* such that
/! 1
§R{1 + zq/ (2) } > maX{O, 8‘%} .
7 (2) v

- ()

If f € Aand

2f"(z)
f'(2)

1+ (1+37) +

] =< q(2) + 724 (2)

then

P ”(Z)

e

< q(2)
and q is the best dominant.

When A =1 we get the Cotirla’s result [3]:
We select in Theorem 2.1 a particular dominant q.

Corollary 2.4. Let A,B,v € C,A # B such that |B| <1 and R v > 0. If for f€ A
) [ 2@ 0N ) AT )
2 f(2) (2 f (=)
(1= N [272f (2) — 2" (2)] } L l+4z (A-B):

Zf(2) 1+Bz (15 B2
then
LHLE(2) . 14 Az
L f(2) 1+ Bz
1+ A
and q(z) = i is the best dominant.

1+ Bz
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Theorem 2.5. Let g be a convex function in U with ¢(0) = 1 and v € C such that
Ry>0.If fe A,

L (2)
L (2) O P L (2) [(1=XN) 2™ f (2) + M f(2)]
ZLnf(2) [ f (2)]?
N (1=XN[2"2f (2) — 2" (2)]
Znf(2)

1s univalent in U and

S IO {1 L@ [N 2 () AT (@)

q(2) +v2q'(2) <

Zf (2) 2 f (2))
n (L=X)[2"f (2) - 2"f (2)]
Znf(2) ’
(2.5)
gnJrlf (Z) ' _
then q(z) < 7770 and q is the best subordinant .
Proof. Let

L (2
P(2) = —” A3
2L f(2)
If we proceed as in the proof of Theorem 2.1, the superordination (2.5) become
q(2) + 724 (2) < p(2) + 720/ (2).
The conclusion of this theorem follows by applying the Lemma 1.9. g

From the combination of Theorem 2.1 and Theorem 2.5 we get the following
”sandwich-type theorem”.

Theorem 2.6. Let 1 and g2 be convex functions in U with ¢1(0) = ¢2(0) =1, vy € C
such that R v > 0. If f € A,

LM (2)

Zr(y <IN

L f () L2 f ()

LA=N[2721 () = 970 (o)
27 ()

L (2) {1 L@ [N 2 () + M (2)]
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1s univalent in U and

(<Lt L) [N P () A ()]
01(2) +7241(2) <~z s e { Ik
21 (z z
s [9 Lgs &l } < w(2) +124(2), (2:6)
then »
0() < 25 <o),

q1 is the best subordinant and q2(z) is the best dominant.

Theorem 2.7. Let g be a convex function in U with ¢(0) =1, v € C* such that

w1 e {001}

If f € A and
L f () (L=N) 2" f (2) + M f(2)
1 z Z
W e f P
L) (L= N D () A ()] ,
27z 2 G)f < q(2) +724'(2), (2.7)
then 2nf ()
emrer
q is the best dominant.
Proof. Let
P 20 KGN
N

By calculating the logarithmic derivative of p, we obtain
A G T} PR FAMT () (=) P2 (2) + M [ (2)
p(z) 2 f(2) L (2)

It follows that

. (2.8)

; o (5) — ; L f () Z(l—x\)@"+1f(z)+)\1"‘1f(z)
p(2) +yzp'(2) = (1 +7) e Q)
0, 2 ) [(L=X) 772 (2) + M [ (2)]
P : .
(L7 f (2)]

The subordination (2.7) becomes
p(z) +72p'(2) < q(z) + 724 (2). O
We consider n =0 and A = 0.
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Corollary 2.8. Let q be univalent in U with ¢(0) =1, v € C* such that

oo ) emfoat)

Iff € A and
) L (2@ IO s
(lvbwwfydﬂd <[ﬂd3>]<ﬂﬂﬂq“
then £2)
P <1

and q is the best dominant.

Corollary 2.9. Let A, B,y € C, A # B such that |B| <1 and ® v > 0. If for f € A
ZL"f (2) n 2(1 —A) DL (2) + AMLHf(2)

e ep PZEnET
L@ [N () M f(2)]  1+Az | (A-B)z
e 2 @) RREY ERRTEY=
then
B ZLf(2) . 1+ Az
[ if () 1+ Bz
and q(z) = LAz is the best dominant.

" 1+ Bz

Theorem 2.10. Let q be a convex function in U with q(0) = 1, v € C such that
Ry>0.IffeA )

Lf (2

i O € H[1,1]NQ,
2L f (2) (LN 2" f () + M1 f(2)
5tz 2

(L7 f (2)] (L7 f (2)]
L) [(1=X) "2 (2) + A\ f(2)]

(21 ()

1+79)z

—2v
s univalent in U and
L) 7Z(l — N 2" (2) M ()
[ f (2)) L f (2))
L) [N 272 () + AT ()]
[ f (2))
)

q(2) +72q'(2) < (1 +7) 2

—2 , (2.10)

then
Lf (2

RN IE

q s the best subordinant.

From Theorem 2.7 and Theorem 2.10 we get the following ”sandwich-type theorem”.
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Theorem 2.11. Let g1 and g2 be convex functions in U with q1(0) = ¢2(0) =1, v € C
such that R v > 0. If fe A
2 f (2)
z 2] ()] eHI[LIINQ,
2 f () (L=X) " f(2) + A" f(2)
5tz 2
[ f ()] (L7 f ()]
L (2) [(L=X) D2 (2) + M f(2)]
Lzt f (2))

(1+79)z

—2vz

s univalent in U and
ZL7f(2) n 72(1 =N ML (2) + MTLf(2)
[ f (2)) (Lt (2))

L f(2) [(1 —A) D2 (2) + )\I”f(z)}

L f (2))

q(2) +7v2¢1(2) < (1+7) 2

2z < q2(2) +72¢5(2), (2.11)

then
"y p

and qp is the best subordinant and q2(z) is the best dominant.
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