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Differential subordinations and superordinations
for analytic functions defined by Sălăgean
integro-differential operator

Ágnes Orsolya Páll-Szabó

Abstract. In this paper we consider the linear operator L n : A → A,

L nf (z) = (1− λ) Dnf (z) + λInf (z) ,

where Dn is the Sălăgean differential operator and In is the Sălăgean integral
operator. We give some results and applications for differential subordinations
and superordinations for analytic functions and we will determine some properties
on admissible functions defined with the new operator.
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Keywords: Sălăgean integro-differential operator, differential subordination, dif-
ferential superordination, dominant, best dominant, ”sandwich-type theorem”.

1. Preliminaries

Let U be the unit disk in the complex plane:

U = {z ∈ C : |z| < 1} .

Let H = H(U) be the space of holomorphic functions in U and let

An =
{
f ∈ H(U) : f (z) = z + an+1z

n+1 + · · · , z ∈ U
}

with A1 = A. For a ∈ C and n a positive integer, let

H [a, n] =
{
f ∈ H(U) : f (z) = a+ anz

n + an+1z
n+1 + · · · , z ∈ U

}
.

Denote by

K =

{
f ∈ A : <zf

′′(z)

f ′(z)
+ 1 > 0, z ∈ U

}
the class of normalized convex functions in U .
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We denote by Q the set of functions f that are analytic and injective on U \ E(f),
where

E(f) =

{
ζ ∈ ∂U : lim

z→ζ
f(z) =∞

}
and such that f ′(ζ) 6= 0 for ζ ∈ ∂U \ E(f).

Definition 1.1. ([9], Definition 3.5.1, [4]) Let f, g ∈ H. We say that the function f is
subordinate to the function g or g is superordinate to f , if there exists a function w,
which is analytic in U and w(0) = 0; |w(z)| < 1; z ∈ U , such that f(z) = g(w(z));
∀z ∈ U. We denote by ≺ the subordination relation. If g is univalent, then f ≺ g if
and only if f(0) = g(0) and f (U) ⊆ g (U).

We omit the requirement ′′z ∈ U ′′ because the definition and conditions of the
functions, in the unit disk U .

Let ψ : C3 × U → C be a function and let h be univalent in U and q ∈ Q. In
article [6] it is studied the problem of determining conditions on admissible function
ψ such that

ψ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
≺ h (z) , (z ∈ U) (1.1)

(second-order) differential subordination, implies p(z) ≺ q(z), ∀p ∈ H [a, n]. The uni-
valent function q is called a dominant of the solution of the differential subordination,
or more simply a dominant, if p ≺ q for all p satisfying (1.1).
A dominant q̃, which is the ”smallest” function with this property and satisfies q̃ ≺ q
for all dominants q of (1.1) is said to be the best dominant of (1.1). The best dominant
is unique up to a rotation of U .

Let ϕ : C3 × U → C be a function and let h ∈ H and q ∈ H [a, n]. If p
and ϕ

(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
are univalent in U and satisfy the (second-order)

differential superordination

h (z) ≺ ϕ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
, (z ∈ U) (1.2)

then p is called a solution of the differential superordination. In [7] the authors studied
the dual problem of determining properties of functions p that satisfy the differential
superordination (1.2). The analytic function q is called a subordinant of the solutions
of the differential superordination, or more simply a subordinant, if q ≺ p for all p
satisfying (1.2). An univalent subordinant q̃ that satisfies q ≺ q̃ for all subordinants q
of (1.2) is said to be the best subordinant of (1.2) and is the ”largest” function with
this property. The best subordinant is unique up to a rotation of U .

Definition 1.2. [11, 12] For f ∈ A, n ∈ N0, N0 = N∪{0} ,N = {1, 2, . . .}, the Sălăgean
differential operator Dn is defined by Dn : A → A,

D0f(z) = f(z),

Dn+1f(z) = z (Dnf (z))
′
, z ∈ U.

Remark 1.3. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Dnf(z) = z +

∞∑
k=2

knakz
k, z ∈ U.
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Definition 1.4. [11] For f ∈ A, n ∈ N0, the operator In is defined by

I0f(z) = f(z),

Inf(z) = I
(
In−1f (z)

)
, z ∈ U, n ≥ 1.

Remark 1.5. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Inf(z) = z +

∞∑
k=2

ak
kn
zk, z ∈ U, (n ∈ N0)

and z (Inf(z))
′

= In−1f(z).

Definition 1.6. Let λ ≥ 0, n ∈ N. Denote by L n the operator given by L n : A → A,

L nf (z) = (1− λ) Dnf (z) + λInf (z) , z ∈ U.

Remark 1.7. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

L nf (z) = z +

∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
akz

k, z ∈ U. (1.3)

Lemma 1.8. [2] Let q be an univalent function in U and γ ∈ C∗ = C \ {0} such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If p is an analytic function in U , with p(0) = q(0) and

p(z) + γzp′(z) ≺ q(z) + γzq′(z), (1.4)

then p(z) ≺ q(z) and q is the best dominant of (1.4).

Lemma 1.9. [2] Let q be convex function in U , with q(a) = 0 and γ ∈ C such that
< γ > 0. If p ∈ H [a, 1] ∩Q and p(z) + γzp′(z) is univalent in U , then

q(z) + γzq′(z) ≺ p(z) + γzp′(z)⇒ q(z) ≺ p(z)

and q is the best subordinant.

S. S. Miller and P. T. Mocanu obtained special results related to differential
subordinations in [8] .

We follow Cot̂ırlă [3] and we generalise her results. Nechita obtained similar
results in [10] for generalized Sǎlǎgean differential operator (see also [1], [5]).
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2. Main results

Theorem 2.1. Let q be an univalent function in U with q(0) = 1, γ ∈ C∗ such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If f ∈ A and

L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2 +

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
≺ q(z) + γzq′(z), (2.1)

then
L n+1f (z)

L nf (z)
≺ q(z) (2.2)

and q is the best dominant of (2.1).

Proof. We define the function

p(z) :=
L n+1f (z)

L nf (z)
.

By calculating the logarithmic derivative of p, we obtain

zp′(z)

p(z)
= z

[
L n+1f (z)

]′
L n+1f (z)

− z [L nf (z)]
′

L nf (z)
. (2.3)

By using the identity

z
[
L n+1f (z)

]′
= (1− λ)Dn+2f (z) + λInf (z) (2.4)

we obtain from (2.3) that

zp′(z)

p(z)
=

1

p(z)
− (1− λ) Dn+1f (z) + λIn−1f (z)

L nf (z)

+
(1− λ)

(
Dn+2f (z)−Dnf (z)

)
L n+1f (z)

and

p(z) + γzp′(z) =
L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
.

The subordination (2.1) becomes

p(z) + γzp′(z) ≺ q(z) + γzq′(z).

We obtain the conclusion of our theorem by applying Lemma 1.8. �

In the particular case λ = 0 and n = 0 we obtain:
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Corollary 2.2. Let q be an univalent function in U with q(0) = 1, γ ∈ C∗ such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If f ∈ A and

(1 + γ)
zf ′(z)

f(z)
+ γ

[
z2f ′′(z)

f(z)
−
(
zf ′(z)

f(z)

)2
]
≺ q(z) + γzq′(z)

then
zf ′(z)

f(z)
≺ q(z)

and q is the best dominant.

In the particular case λ = 0 and n = 1, we obtain:

Corollary 2.3. Let q be an univalent function in U with q(0) = 1, γ ∈ C∗ such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If f ∈ A and

1 + (1 + 3γ)
zf ′′(z)

f ′(z)
+ γ

[
1−

(
1 +

zf ′′(z)

f ′(z)

)2

+
z2f ′′′(z)

f ′(z)

]
≺ q(z) + γzq′(z)

then

1 +
zf ′′(z)

f ′(z)
≺ q(z)

and q is the best dominant.

When λ = 1 we get the Cot̂ırlă’s result [3]:

We select in Theorem 2.1 a particular dominant q.

Corollary 2.4. Let A,B, γ ∈ C, A 6= B such that |B| ≤ 1 and < γ > 0. If for f ∈ A

L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
≺ 1 +Az

1 +Bz
+ γ

(A−B) z

(1 +Bz)
2 ,

then
L n+1f (z)

L nf (z)
≺ 1 +Az

1 +Bz

and q(z) =
1 +Az

1 +Bz
is the best dominant.
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Theorem 2.5. Let q be a convex function in U with q(0) = 1 and γ ∈ C such that
< γ > 0. If f ∈ A,

L n+1f (z)

L nf (z)
∈ H [1, 1] ∩Q,

L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
is univalent in U and

q(z) + γzq′(z) ≺ L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
,

(2.5)

then q(z) ≺ L n+1f (z)

L nf (z)
and q is the best subordinant .

Proof. Let

p(z) :=
L n+1f (z)

L nf (z)
.

If we proceed as in the proof of Theorem 2.1, the superordination (2.5) become

q(z) + γzq′(z) ≺ p(z) + γzp′(z).

The conclusion of this theorem follows by applying the Lemma 1.9. �

From the combination of Theorem 2.1 and Theorem 2.5 we get the following
”sandwich-type theorem”.

Theorem 2.6. Let q1 and q2 be convex functions in U with q1(0) = q2(0) = 1, γ ∈ C
such that < γ > 0. If f ∈ A,

L n+1f (z)

L nf (z)
∈ H [1, 1] ∩Q,

L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
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is univalent in U and

q1(z) + γzq′1(z) ≺ L n+1f (z)

L nf (z)
+ γ

{
1−

L n+1f (z)
[
(1− λ) Dn+1f (z) + λIn−1f (z)

]
[L nf (z)]

2

+
(1− λ)

[
Dn+2f (z)−Dnf (z)

]
L nf (z)

}
≺ q2(z) + γzq′2(z), (2.6)

then

q1(z) ≺ L n+1f (z)

L nf (z)
≺ q2(z),

q1 is the best subordinant and q2(z) is the best dominant.

Theorem 2.7. Let q be a convex function in U with q(0) = 1, γ ∈ C∗ such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If f ∈ A and

(1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3 ≺ q(z) + γzq′(z), (2.7)

then

z
L nf (z)

[L n+1f (z)]
2 ≺ q(z),

q is the best dominant.

Proof. Let

p(z) := z
L nf (z)

[L n+1f (z)]
2 .

By calculating the logarithmic derivative of p, we obtain

zp′(z)

p(z)
= 1+

(1− λ) Dn+1f (z) + λIn−1f(z)

L nf (z)
−2

(1− λ) Dn+2f (z) + λInf(z)

L n+1f (z)
. (2.8)

It follows that

p(z) + γzp′(z) = (1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

− 2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3 .

The subordination (2.7) becomes

p(z) + γzp′(z) ≺ q(z) + γzq′(z). �

We consider n = 0 and λ = 0.
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Corollary 2.8. Let q be univalent in U with q(0) = 1, γ ∈ C∗ such that

<
{

1 +
zq′′(z)

q′(z)

}
≥ max

{
0,−< 1

γ

}
.

If f ∈ A and

(1− γ)
f(z)

z [f ′(z)]
2 + γ

 1

f ′(z)
−

(
2f(z) · f ′′(z)

[f ′(z)]
3

)2
 ≺ q(z) + γzq′(z)

then
f(z)

z [f ′(z)]
2 ≺ q(z)

and q is the best dominant.

Corollary 2.9. Let A,B, γ ∈ C, A 6= B such that |B| ≤ 1 and < γ > 0. If for f ∈ A

(1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3 ≺ 1 +Az

1 +Bz
+ γ

(A−B) z

(1 +Bz)
2 , (2.9)

then

z
L nf (z)

[L n+1f (z)]
2 ≺

1 +Az

1 +Bz

and q(z) =
1 +Az

1 +Bz
is the best dominant.

Theorem 2.10. Let q be a convex function in U with q(0) = 1, γ ∈ C such that
< γ > 0. If f ∈ A

z
L nf (z)

[L n+1f (z)]
2 ∈ H [1, 1] ∩Q,

(1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3

is univalent in U and

q(z) + γzq′(z) ≺ (1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3 , (2.10)

then

q(z) ≺ z L nf (z)

[L n+1f (z)]
2 ,

q is the best subordinant.

From Theorem 2.7 and Theorem 2.10 we get the following ”sandwich-type theorem”.
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Theorem 2.11. Let q1 and q2 be convex functions in U with q1(0) = q2(0) = 1, γ ∈ C
such that < γ > 0. If f ∈ A

z
L nf (z)

[L n+1f (z)]
2 ∈ H [1, 1] ∩Q,

(1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3

is univalent in U and

q1(z) + γzq′1(z) ≺ (1 + γ) z
L nf (z)

[L n+1f (z)]
2 + γz

(1− λ) Dn+1f (z) + λIn−1f(z)

[L n+1f (z)]
2

−2γz
L nf (z)

[
(1− λ) Dn+2f (z) + λInf(z)

]
[L n+1f (z)]

3 ≺ q2(z) + γzq′2(z), (2.11)

then

q1(z) ≺ z L nf (z)

[L n+1f (z)]
2 ≺ q2(z),

and q1 is the best subordinant and q2(z) is the best dominant.
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