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Abstract. In this paper, we will consider the coupled fixed problem in b-metric
space for single-valued operators satisfying a generalized contraction condition of
rational type. First part of the paper concerns with some fixed point theorems,
while the second part presents a study of the solution set of the coupled fixed
point problem. More precisely, we will present some existence and uniqueness
theorems for the coupled fixed point problem, as well as a qualitative study of
it (data dependence of the coupled fixed point set, well-posedness, Ulam-Hyers
stability and the limit shadowing property of the coupled fixed point problem)
under some rational type contraction assumptions on the mapping.
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1. Introduction and preliminaries

The notion of b-metric spaces and discussion on the topological structure of it
appeared in several papers, such as L.M. Blumenthal [2], S. Czerwik [6], N. Bourbaki
[5], Heinonen [10].

On the other hand, the concept of coupled fixed point problem, was considered,
for the first time, by Opoitsev in [14]-[15], but a very fruitful approach in this field
was proposed by D. Guo, V. Lashmikantham [9] and T. Gnana Bhaskar and V. Lash-
mikantham [7]. Later on, many results related to this kind of problem appeared (see,
for example [8], [13],...).

Moreover, starting with the paper of Dass and Gupta [9], several extensions of
the contraction principle considered the case of self mappings satisfying some rational
type contraction assumptions, see, for example, [7].
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Our aim is to consider both of the above research directions. More precisely,
we will prove, using some adequate fixed point theorems for monotone rational con-
tractions in ordered b-metric spaces, some coupled fixed point theorems for operators
T:X x X — X satisfying some rational type assumptions on comparable elements.

We shall recall some well known notions and definition of the b-metric spaces.
Definition 1.1. Let X be a set and let s > 1 be a given real number. A functional
d: X x X — Ry is said to be a b-metric if the following axioms are satisfied:

1.if x,y € X, then d(x,y) = 0 if and only if 2 = y;

2. d(z,y) = d(y,z) for all z,y € X;

3. d(z,z) < s[d(z,y) + d(y, 2)], for all z,y,z € X.

A pair (X, d) with the above properties is called a b-metric space.

Let (X, <) be a partially ordered set and d a metric on X. Notice that we can
endow the product space X x X with the partial order <, given by

(2,9) <p (u,0) &z <u,y > v.

Definition 1.3. Let (X, <) be a partially ordered set and let T': X x X — X. We

say that T has the mixed monotone property if T'(-, y) is monotone increasing for any

y € X and T'(z,-) is monotone decreasing for any = € X.

Lemma 1.4. Let (X, d) be a b-metric space. Then the sequence (x,,)nen C X is called:
i) convergent if and only if there exists € X such that d(z,,z) — 0 as n — oo.

In this case we write lim z, = x;
n— oo

ii) Cauchy if and only if d(x,,, z,,) — 0 as n,m — .
If (X, d) is a metric space and T': X x X — X is an operator, then by definition,
a coupled fixed point for 7" is a pair (z*,y*) € X x X satisfying

(7=t

y =Ty, z")

We will denote by C'Fiz(T') the coupled fixed point set for T.

The aim of this paper is to present, in the framework of complete ordered b-metric
spaces, some existence and uniqueness theorems for the coupled fixed point problem,
as well as, a qualitative study of this problem (data dependence of the coupled fixed
point set, well-posedness, Ulam-Hyers stability and the limit shadowing property of
the coupled fixed point problem) under some rational type contraction assumptions
on the mapping. Our results extend and complement some theorems given in the
recent literature, see e.g. [21], [22].

(P1)

2. Fixed point theorems

In this part of the paper, we will present a fixed point theorems in ordered
b-metric spaces for a single-valued operstor satisfying a rational type contraction
condition.

Theorem 2.1. Let (X, <) be a partially ordered set and d : X x X — R, be a complete
b-metric with constant s > 1. Let f: X — X be an operator which has closed graph
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with respect to d and it is increasing with respect to ” < ”. Suppose that there exists
a, >0 with a + 8s < 1 satisfying

d(f(x), fly)) < & dly, f(y))[1 + d(z, f(2))]

1+ d(z,y)
for z,y € X with xz <y .
If there exists xg € X such that x¢p < f(z0), then there exists * € X such that
z* = f(z*) and (f™(20))neny — =%, as n — 00.
Proof. We have two cases:
Case 1. If f(zo) = zo, then Fiz(f) # 0.

Case 2. Suppose that zg < f(zo).
Using that f is an increasing operator and by mathematical induction, we have

zo < f(xo) < f2(xo) < ... < fM(zo) < " Hxo) <.
By this method we get a sequence (x,),cn € X defined by
Tpy1 = f(n) = f(f(Tn-1)) = f2(xn—1) =...=f"x1) = fnJrl(xO)-
If there exists n > 1 such that x,,11 = x,, then f(z,) = x,. So we get that x,
is a fixed point of f, which implies Fiz(f) # 0.

Suppose that z,1 # x, for n > 0.
Since z,, < x,41 for any n € N, we have

(T, Tny1) = d(f(Tn-1), f(2n))
<@ A, f(2n))[1 + d(@n-1, f(®n-1))]
- 1+d(xp_1,zn)

_a- A(Tn, Tnt1)[1 + d(xp_1,z,)]
1+d(xp_1,n)
=a- -d(@n, Tpy1) + B d(@n_1,Ts).

+ B -d(z,y), (2.1)

+ B : d('rn—la xn)

+8- d(xn—la xn)

So we obtain

d(xp, Tpt1) < % ~d(xp—1,%,) for any n € N.

Using mathematical induction we get that

d(1'7l,33n+1) S % . d(xn—lamn) S e S (1 fa) . d(l‘o,ﬂfl)

or

a5 e < (122) - dlen fe) or any nen.

Let n € N and p € N*. We will prove that (z,)nen defined by x,, = f™(z¢) is a
Cauchy sequence in X.

d(f™ (o), P (x0)) < 5+ d(f™ (o), [T (o)) + 57 - d(f"H (o), F1 P (20)) + - .-
8P d(fP T (o), [P (o)) + 8P - d(fTP T (o), 1P (20)
We denote
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So we obtain
d(f™(xo), fPP(x0)) < s+ A™ - d(z0, f(z0)) + 52 - A" - d(20, f(z0)) + ...
5P AMPTR (g, f(w0)) + 8P - AMTPTY - d(xo, f(w0))

=s-A"[l+s-A+...+(s- AP -d(zo, f(z9)) = 5- A" - L-(s-AP

1_s. A d(xo, f(wo)).

But A = p < 1, then we get that
l—-a s
—(s- AP
A" (o), 7o) < s 4" LA e pag) 50 as ns o

Hence (f™(x0))nen is a Cauchy sequence on X. We also know that (X,d) is
a complete b-metric space. So there exists * € X such that (f™(zo))neny — z* as
n — oo. Because f has closed graph, then z* € Fiz(f), which implies Fiz(f) # 0.
Or f is continuous, we have

f@") = f(lim z,) = lim f(z,) = lm 2,4 = 2" O

A uniqueness result concerning the fixed point equation is the following.
Theorem 2.2. Suppose that all the hypotheses of Theorem 2.1. take place. Addition-
ally, suppose that the following condition holds: for all z,y € X there exists z € X
such that z <z and z < y.

Then Fiz(f) = {«*}.
Proof. Suppose that x*,y* € X are two fixed points of f. We have two cases:
Case 1. z* and y* are comparable. Suppose z* < y*(or y* < a* is the same)

- . oy @Ay, )+ d(z”, f(27))]
d(x Y )—d(f([L’ )7f(y ))§ 1+d(x*,y*)
=B-d(@",y").
Since 8 < 1, this is only possible when d(z*,y*) = 0. This implies z* = y*, so
Fix(f) = {z"}.
Case 2. z* and y* are not comparable.
By our additional assumption, we have that there exists z € X with z < x* and

*

z < y*.
Since z < z*, then f"(z) < f*(z*) = z* for any n € N.

We obtain
) = d(e), i)y < AL L A (2 )
+B-d(f" N 2), @) = B AT (=), @) = B d(f T (2),2Y)
So we have
d(f"(z),2") < B-d(f*H(2),2%) < 7 d(f"72(2),2") < ... < B d(z,07)
and since # < 1, " — 0 then we get that
lim d(f"(z),z*) =0

n— oo

+B-d(z", ")
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This implies lim f™(z) = z*. Using a similar argument, we get that lim f"(z) = y*.
n—oo n—oo
Then z* = y*.
A global version of the previous result is the following:
Theorem 2.3. Let (X,d) be a complete b- metric space with constant s > 1, f :
X=X be an operator of X with the following condition: there exists a, 5 > 0 with
max{«a } < % such that

’la

@ dly, f)[1 + d(z, f (@)
(@), S ) < e

for x,y € X. Then f has a unique fixed point.
Proof. Let o € X be arbitrary chosen. Using the same method as in previous proof,
we can construct a sequence (2, )nen given by x,41 = f(z,) for all n € N, which is a
Cauchy sequence.

Since (X, d) is a complete b-metric space, we get that there exists * € X such

that lim xz, = x*. Then, we have
n—oo

A", f@*)) < 5 d(a", F(an) + 5 d(f (), Fa)

< sedla® fla)) 4 50 S ATEIE L A [2))

o dla, f )L+ (i, Trsn)]
1+ d(xp,x*)

+s-08-d(xy,z¥)

=s-d(x", xne1) + 8- +s-8-d(xy,x¥).

Thus, we obtain
. . l+d(zp,z*)—s-a—s-a - d@n, Tnt1)
da, (o) s .

<s-d@*,zpi1) + 5B d(ag,z¥).
Letting n — oo we have d(z*, f(z*))(1 — s - a) < 0. Thus d(z*, f(z*)) = 0, ie.,
x* € Fiz(f).

We prove that x* is the unique fixed point of f. Suppose that y* is a fixed point
of f,ie. f(y*)=y*. Then

dly ) = dl (), £ < TSN

Hence d(y*,z*) < f-d(y*,z") and thub y* =

Therefore x* is the unique fixed point of f.

+d(y*, f(y"))]
y )

3. Coupled fixed point theorems

In this section, using the fixed point theorems proved in Section 2, we will obtain
some existence and uniqueness theorems for the coupled fixed point problem.
Theorem 3.1. Let (X, <) be a partially ordered set and d : X x X — R, be a complete
b-metric on X with constant s > 1. Let T': X x X — X be an operator with closed
graph (or in particular, it is continuous) which has the mixed monotone property on
X x X. Assume that the following conditions are satisfied:
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i) Suppose that there exists «, 8 > 0 with % < % such that
d(T(x,y), T(u,v)) +d(T(y,x), T(v,u))
< @ [dw, T(u,0)) + d(v, T (v, w))][1 + d(z, T(z,y)) + d(y, Ty, z))]
- 1+d(z,u) +d(y,v)
+6 - [d(z,u) + d(y, v)], (3.1)
for all (z,y), (u,v) € X x X with x <wu,y > v ;

ii) there exists xo,y0 € X such that o < T(x0,%0),%0 > T(yo, o), i.e.

(330, Z/O) Sp (T(J?O, 90)7 T(yOa Jf()))
Then, the following conclusions hold:
a) there exists (z*,y*) € X x X a solution of the coupled fixed point problem

(Py), such that the sequences (zp)nen, (Yn)nen in X defined by

Tyt1 =T (Tn, Yn),
Ynt1 = T(Yn,xn), for all neN.

have the property that (2,)neny = =, (Yn)neny — y* as n — oo.
b) in particular, if d is a continuous b-metric on X, then

n

s-A
* *) <

26 .14 {1‘1 = T'(x0,%0)

d(zo, 1) + d(yo, y1)]

where A =
o2 y1 = T(yo, o)-

Proof. By ii) we have that zp = (zo,v0) <p (T(x0,¥0),T (Y0, x0)) = (x1,41) = 21. So
we have 29 <p, 21.

If we consider xo = T(x1,y1) and yo2 = T(y1, 1), then we get 2o = T(21,y1) =
T?(z0,y0) and y2 = T(y1,71) = T?(yo, o). Using the mixed monotone property of
T, we get

xe =T (x1,y1) (xo,y0) = 1 implies x1 < x4

>T
yo =T (y1,21) <T

(Yo,z0) =y1 implies 1 > yo
Hence z1 = (z1,y1) <p (T2,92) = 22.
By this approach we obtain the sequences (2 )nen, (Yn)nen in X with

Tp+1 = T(xmyn)
Yn+1 = T(yn; mn)

and by mathematical induction we obtain z, = (n,¥n) <p (Tnt1,Yn+1) = Zn+1,
which implies (2, )nen is a monotone increasing sequence in (Z, <,), where Z = X x X.

Consider the metric d : Z x Z — R, , defined by

d((2,9), (u,v)) = d(z,u) + d(y, v).

Then, d is a b-metric on Z with the same constant s > 1 and if (X,d) is complete,

we have (Z,d) is complete, too.
Let F : Z — Z be an operator defined by F(x,y) = (T(z,y),T(y,x)), V(z,y) € Z.
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We have zp,4+1 = F(z,), for n > 0 where zp = (20, yo). Using the mixed monotone
property of T', then the operator F' is monotone increasing with respect to ” <, ” i.e.
(x,v), (u,v) € Z, with (z,y) <, (u,v) = F(z,y) <, F(u,v).

Because T has a closed graph (or, in particulat it is continuous on X x X), then
F has a closed graph (or respectively is continuous on 7).

F is a contraction in (Z,d) on all comparable elements of Z. Let z = (z, ) <,
(u,v) =w € Z, so we have

d(F(2), F(w)) = d(T(2,9), T(y, ), (T(u,v), T(v,u))
=d(T'(z,y), T(u,v)) + d(T'(y,z), T (v, u))
Lo [d(U,T(Uav)) +d(w, T(v,w))][L + d(z,T(z,y)) + d(y, T(y, z))]
- 1+ d(z,u) + d(y,v)
B ld(z,u) + d(y, v)]
_a- d(w, F(w))N[l +d(z, F(2))] 4B dlnw).
1+ d(z,w)

The operator F': Z — Z has the following properties:
1) F: Z — Z has a closed graph;
2) F: Z — Z is increasing on Z;
3) there exist zp = (zo,yo) € Z such that zo <, F(29);
4) there exists «, > 0 with % < % such that

a-d(w, F(w))[1 +d(z, F(2))]
1+d(z,w)
We can apply the conclusion of the Theorem 2.1. and we get that F' has at least
one fixed point. Hence, there exists z* € Z with F(z*) = z*. Let 2* = («*,y*) € Z,
so we have F(z*,y*) = (z*,y"*).
This implies

d(F(2), F(w)) < + 8- d(z,w).

(T2, y"), T(y",2")) = (", y") = { .
and the sequences (Z,)nen, (Yn)nen in X defined by

g1 = T(@n, yn) forneN
Yn4+1 = T(yn7 xn)

have the property that x,, - «* and y,, — y* as n — .
We know that z,1 = F(z,) = F(2n,yn) for n > 0. This yields to

J(Znazn+1) = J(F(Zn—l)vF(Zn))

= d((T(xn—la yn—1)7 T(yn—h xn—l))v (T(xm yn)a T( n s xn)))
= d(T(#n-1,Yn-1),T(Tn,yn)) + AT (Yn-1,Tn-1), T(yn, Tn))
ald(@n, T(@n, Yu ) H-d(Yn, T (Yns 20))] 14 d(@n1, T (@n-1, Yn1)) +d(Yna, T(Yn1, Tn1))]
1+d(Tna, Tn)+d(Ynr1,Yn)
+Bld(xn-1,7n) + d(Yn—1,Yn)]

<
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_ - d(zn’ F(Zn))[} + d(Zn—laF(Zn—l))} +8- g{i(zn,h Zn>

1+ d(zn-1,2n)

_ - d(ZnyF(Zn))[l + d(znflyzn)] +5'J(anlazn) _ a'dv(zn;szrl) _’_5.(’{(2717172”).

1+ d(zn—la Zn)
This yields to

- B BN =
d(zn727L+1) S 1—a : d(zn—hzn) S (1 — a) : d(zn—272n—1)

<...Z|—— n~CAl’(ZQ 2’1)
11—« ’
where <%<1.

l-a

We denote A = % < 1. Moreover, for n € N and p € N*, we have
J(Zm Zn+p) <s- J(Zn7 Znt1) + s? - J(Zn+17 Znt2) + o+ 5Pt J(Zn+p—1’ Zn+p)
< s A" d(z0,21) + 82 AM (2o, 2) L+ SPTE AP (2, 2)

<s A" [14s-A+.. 4 (s- AP d(z, 21)

1—(s- A1 ~ 1 -
:SAnﬁd(Z(),Zl)ésAnmd(Z()?Zl)

If the b-metric is continuous, letting p — oo we obtain
~ « S . An ~
d(Zn,Z ) S m . d(ZQ,Zl).

But 2z, = (Tn, Yn), SO we get

~ . s A"~

d((xn; yn)a < ) < m : d((:l?o, yO)v (501, yl))
and, by definition of c?, we finally get

s A™
dn7* dna*gi'
T
The following theorem gives the uniqueness of the coupled fixed point.

Theorem 3.2. Consider that we have the hypotheses of Theorem 3.1. and the following
condition holds:

for all (z,y), (u,v) € X x X there exists (z,w) € X x X such that

(z,w) <p (2,y) and (2, w) <p (u,v).

Then CFix(T) = {(z*,y*)}.

Proof. The operator T verifies the hypotheses of Theorem 3.1. Hence there exists
(x*,y*) € Z := X x X such that

Let (z,7) € CFiz(T) and d : Z x Z — R, defined by

d((l‘,y), (uvv)) = d(l‘,u) + d(y,v)7

[d(zo, z1) + d(yo, y1)]- -
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where Z = X x X.
We have two cases:
Case 1. (z*,y*) <, (Z,7), which implies
d((z*,y"), (@,7)) = d(T(=",y"), T(y",2")), (T(Z.7), T(7,7)))
=d(T(z",y"), T(,y)) + d(T(y" ) T(y,z))
o @ @ T(.y) +dy,T(y,2))[1 +d(=" T( yr) Hdly", Ty, x"))]
- 1+d(:c,x)+d(y,y) N
+6 - [d",7) +d(y",y)] = B - [d(",7) + d(y",y)] = B - d((=z",y"), (Z,7))
This yields to

d((z*,y"), (7,9)) < B-d((=",y"), (7,7))
or B
(1=p5)-d((z",y%),(%,y)) <0 (but 1—5>0)
Hence, we have
(2,y") = (7,7).
Case 2. (z*,y*), (Z,7) are not comparable.

Let F : Z — Z be defined by F(z,y) = (T(z,y),T(y,z)) V(z,y) € Z. There
exists (z,w) € Z, such that (z,w) <, (¢*,y*), implies F"(z,w) <, F™(z*,y*) because
F is an increasing operator and (z,w) <, (Z,7), implies F"(z, w) <, F(Z,7y), Fis an
increasing operator.

We have

d(F"(z,w), (2%,y7)) = d(F"(z,w), F"(@*,y*)) = d(F(F"" (z,w)), F(F" (2", y")))
0 " (@), Py )+ P (2, w), P ()]
1+ d(Fr=Yz,w), F*~1(z*,y*))
+B-d(F" (2, w), P (@, y"))
= 8- d(F" " (z,w), F" 7! (2", y")).
By mathematical induction we get
d(F"(z,w), F"(27,y")) < 8- d(F" 7! (z,w), F" 7! (2", "))

§...§ﬂ"~~((z,w),(x ,¥*)) — 0, as n — oo.

<

Hence
lim F"(z,w) = («*,y"). (3.2)

n—oo
But, we also know,

implies
F"(zw) <, F'(7,7) = (7.7).
Similarly, we obtain that
d(F"(z,w), (%,7)) < A" d((2,0),(F,7) >0 as n— o0
Hence,
lim F"(z,w) = (Z,7). (3.3)

n—oo



482 Anca Oprea and Gabriela Petrusel

By (3.1)+(3.2) we obtain that
(=%y") = (7,7). [
A global version of the previous results is the following.
Theorem 3.3. Let (X,d) be a complete b-metric space with constant s >
£

T : X x X — X be an operator such that there exist o, 8 > 0 with max{c, 1

nd
l
such that

1 a
o) <
d(T(z,y), T(u,v)) + d(T(y,2),T(v,u))
< - dw, T(u,0)) +d(v, T (v, w))][1 + d(z, T(z,y)) + d(y, Ty, z))]
- 1+ d(z,u) +d(y,v)
+8 - [d(z,u) +d(y,v)] for (x,y),(u,v) € X x X.
Then, there exists an unique solution (z*,y*) € X x X of the coupled fixed
point problem (P;), and for any initial element (zg,yo) € X x X the sequence z,,+1 =

(Tnt1,Ynt1) = (T (@ny Yn)s T (Yn, 2n)) € X X X converges to (z*,y*).
Proof. Let Z = X x X and the functional d : Z x Z — R, such that

d((z,y), (u,v)) = d(z,u) + d(y,v).

We know that d is a b-metric on Z with the same constant s > 1. Moreover, if
(X,d) is a complete b-metric space, then (Z,d) is a complete b-metric space too.

Consider the operator F : Z — Z defined by F(z,y) = (T(x,y),T(y,z)) for
(x,y) € Z.

Let z = (z,y) € Z and w = (u,v) € Z.

We have

d(F(2), F(w)) = d((T(x,y), T
( 0)) +

(y,2)), (T'(u,v), T (v, u)))
) +d(T(y, ), T(v,u))
o [d(u, T(u,v)) + d(UaT(U w)][L +d(z, T(z,y)) + d(y, T(y, x))]
1+ d(z,u) +d(y,v)
+B - [d(z, u) + d(y, v)]
o - d((w,0), (T, 0), T, w))[1 + d{(@, ), (T(, ), T(y, 7))

_ et - d z,y), (u,v
L+ d((x, ), (u,0)) oy, (o)

_asd(w, Fw)[1+d(z,F(2))] | o
N 1—|—J(z,w) + - d(z,w),

Therefore

ol poen < @A F@))[L+d(z F(2))]
d(F(z), F(w)) < T )

From Theorem 2.3. we have that Fiz(F) = {(x*,y*)}, so the coupled fixed point
problem (P;) has a unique solution (z*,y*) € Z.

An existence and uniqueness result for the fixed point of T" is given now.
Theorem 3.4. If we suppose that we have the hypotheses of Theorem 3.2., then for
the unique coupled fixed point (z*,y*) of T we have that 2* = y* i.e. T(z*,2*) = z*.

+ B : dv(zaw)
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Proof. From Theorem 3.2., there exists an unique coupled fixed point of T, (
X xX.

We have two cases:
Case 1. If z* and y* are comparable, z* < y*.

Then we have

d(T(z,y), T(u,v)) + d(T'(y,z), T'(v,u))
< @ dw, T(u,0)) + d(v, T (v, w))][1 + d(z, T2, u)) + d(y, T(y, 2))]
- 1+ d(z,u) + d(y,v)
+B : [d(l’, u) + d(y» U)]

Let
r=v=z" and y=u=y".
Thus we obtain

483

T y*) €

(T(SE* y*), T(y*,z"))
ca [d(yﬁT(y*,w*))er( T(z*,y* )1 +d(z*, T (", y")) +dly*", T(y*, =*))]
- 1+ 2d(fﬂ*,y*)

This yields to
d(z*,y*) < B -d(z*,y").
So
(1—=p)-d(z",y") <0,
follows that z* = y*.
Case 2. Suppose that z* and y* are not comparable.

Hence, there exists z € X such that z < z* and z < y*. Thus, the following

relations are satisfied:

(Zvy*) SP (y*vz)v (Zvy*) S;D (f*,y*), (y*7x*) S ( * Z)
Let F : Z — Z be defined by F(z,y) = (T(z,y),T(y,z)) VY(x,y) € Z. Then,

At y) = 5 A7), (2 97) = 5 A a), F (0 )
< S (), Py 2) + 5 A (Y 2) FR ()
< Sy a) Fr (" )4 (P (=), P () + A 2y, P e
But we know that

d(F™(y*,2"), F"(y", 2)) < B" - d((y*, %), (y, 2)) = B" - d(z", 2)
AE (" 2), F(zy7) < B d((y7,2), (2,97) = 267 -y 2)
d(F"(Z,y*)7Fn(x*,y*)) S Bn : d((z,y*), ('T*ay*)) = ﬁn : d(Z,l‘*)

Using this assumptions, we get that

2 2
d(z*,y*) < % B d(zt 2) + % BT -2-d(y", 2) + % B -d(z,27)

B [T+ s)d(z" z) +2-s-d(y",2)] >0 as n— oo.

N ®»

“y)
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Hence, we have that o* = T'(z*, z*).

4. Properties of the coupled fixed point problem

This section presents data dependence, well-posedness, Ulam-Hyers stability and
limit shadowing property for the coupled fixed point problem.

The following theorem is a data dependence result of a coupled fixed point
problem.
Theorem 4.1. Let (X,d) be a complete b-metric space with constant s > 1 and
T,: XxX —- X (i €{1,2}) be two operators which satisfy the following conditions:

i) there exist a, 8 > 0 with max{a, %} < 1 such that

d(Ty(z,y), T1(u, v)) + d(T1(y, x), Ta (v, u))
< @ ldw, Ti(u, v)) + d(v, T (v, w)][1 + d(z, T1(2,y)) + dly, Ta (y, 2))]
- 1+ d(z,u) + d(y,v)
+8 - [d(z,u) +d(y,v)] allfor (z,9),(u,v) € X x X;
i) CFiz(Ty) # 0
iii) there exists n > 0 such that d(T1(z,y), Ta(z,y)) < n for all (z,y) € X x X.
In the above conditions, if (z*,y*) € X x X is the unique coupled fixed point
for Ty, then d(z*,T) + d(y*,7) < 281(%;?) -1, where (Z,7) € CFix(Ty).
Proof. By Theorem 3.3, there exists (z*,y*) € X x X such that

l'* — T1($*,y*)
y* =T (y*, z%).

Let (Z,y) € CFix(T3), i.e. {

Consider the b-metric d : Z x Z — R, defined by

d((l‘, y)’ (U, U)) = d(ajv ’LL) + d(yv ’U)
for (x,y), (u,v) € Z, where Z = X x X.
Consider two operators F; : Z — Z defined by F;(x,y) = (T;(z,v), Ti(y, x)), for
(z,y) € Z,1€{1,2}.
We denote by z = (z*,y*) € Z, which means Fi(z) = z and w = (Z,7) € Z,
which means F»(w) = w. Then,

d(F\(2), Fi(w)) = < d(w, Fll(zi)g[(z +w0)l(z, B .

o dlw Bu(w)) | 5. feyw) < o dw, Fr(w)) + 8- d(zw) < 207+ 8- d(zw)

d(z,w) = d(F1(2), Fa(w)) < s - [d(F1(2), Fi(w)) + d(F1(w), F(w))]

<s-[2a-n+p-d(z,w)]+2s-n,
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we will obtain that (1 — sﬂ) dz,w) < 2s-(1+a)-n.

} < , we get that 1 — s8 > 0. Therefore CA[(Z, w) < 2s(1ta) |

Since max{« T3

L——
and by definition of the metrlc d, we have
_ . 28(1+«)
d(z* dly*,y) < ———=-
(@ 7) +d(y",y) < g "
Definition 4.2. Let (X, d) be a b-metric space with constant s > land T : X x X — X

be an operator. By definition, the coupled fixed point problem (P;) is said to be well-
posed if:

i) CFin(T) = {(=*,y)}
ii) for any sequence (Zn,Yn)nen € X x X for which d(z,, T(zn,yn)) — 0 and
A(Yn, T (Yn,zn)) — 0 as n — oo, we have that (z,)neny — z* and (Yn)neny — y* as
n — oo.
Theorem 4.3. Assume that all the hypotheses of Theorem 3.3. take place. Then the
coupled fixed problem (Py) is well-possed.
Proof. We denote by Z = X x X. By Theorem 3.3. we have CFiz(T ) {(z*,y")}.
Let (zn,Yn)nen be a sequence on Z. We know that d(zp, T(2n,yn)) — 0 and
AYn, T (Yn, Tpn)) = 0 as n — oo.
Consider the b-metric d : Z x Z — Ry, such that d((z,y), (u,v)) = d(z,u) +
d(y,v) for all (z,y), (u,v) € Z.
Let F': Z — Z be an operator defined by F(z,y) = (T(z,y),T(y,x)) for all
(x,y) € Z. We know that F(z*,y*) = (z*,y*), so we have

d((n, yn), (@",y")) = d(@n, %) + d(yn, y")
< s d(@n, T(zn,yn)) + 5 d(T (@, yn), T(z",y"))
+5 - d(Yn, T(Yn, ¥n)) + 5 - d(T(Yn, n), T(y", 27))
=5 [d(@n, T(zn, yn)) + dYn, T (yn, zn))]
+5 - [d(T(zn, yn), T(z",y")) + d(T(yn, ), T(y", z7))]
< s [d(@n, T(Tn,yn)) + d(Yn, T (Yn, Tn))]
a-[da”, T(z",y")) +dy", Ty, 2")][L + d(@n, T(@n, yn)) + d(yn, T (yn, 2n))]
1+ d(zp,2*) + d(Yn, y*)
+s- 01+ d(@n,z*) + d(yn, y")]
< 5 [d(@n, T(@n,yn)) + AWns TG @) + 5+ B+ A0, yn), (27, y7))-
We obtain that
(=080 o) 0")) < 0 0 T+ s Tl

J((xnyyn) ( Y )) = 1-s8

Therefore, (z,,,y,) — (z*,y*) as n — oo.

Definition 4.4. Let (X, d) be a b-metric space with constant s > land T : X x X — X
be an operator. Let d any b-metric on X x X generated by d By definition, the coupled
fixed point problem (Pj) is said to be Ulam-Hyers stable if there exists a function

0

+s -

[ (InaT(Ina yn))+d(yn,T(yn,IEn))] —0 as n— oo
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1 : Ry — Ry increasing, continuous in 0 with ¢(0) = 0, such that for each ¢ > 0 and
for each solution (Z,7) € X x X of the inequality
d((z,9), (T(2,y), T(y, 7)) <,
there exists a solution (z*,y*) € X x X of the coupled fixed point problem (P;) such
that 3
d((@,9), (z7,y")) < ¥(e).
Theorem 4.5. Assume that all the hypotheses of Theorem 3.3. take place. Then the
coupled fixed point problem (P;) is Ulam-Hyers stable.
Proof. Let Z = X x X. By Theorem 3.3., we have CFix(T) =
e > 0 and let (Z,7) € Z such that d(axT(w,y)) +dy,T([Y,7)) <e
Consider the b-metric d : Z x Z — R, given by

J((x,yL (u,v)) = d(xvu) + d(y,v), V(x,y), (’LL,’U) €7

and F': Z — Z an operator defined by F(x,y) = (T(z,y),T(y,x)) for all (z,y) € Z.
We have

d(@,7), (%, y")) = d(@,2*) + d(F,y*) = A&, T(2",y")) + dF T(y",2"))
<s-[d@T(z7) +dT(77), T, y")] +s-[dy T(? 7)) +d(T(y,2), T(y",2"))]

{( *,y*)}. Let any

< s-[d@T(.7)) + d7.7(.7)]
L 0@ T y) + ' Tl o)+ d@ T@.5) + dE, 77.7)]
14+ d(z,z*) + d(7, y*)
+s- 0 d(T,27) + d(7,y7)].
Thus
A7), (@ 97) < =5 @ T@ )+ dF TG < =5

Therefore the coupled fixed point problem (P;) is Ulam-Hyers stable, with a mapping
YRy — Ry, ¥(t) := ct, where ¢ = =5 >0
Definition 4.6. Let (X,d) be a b-metric space with constant s > 1 and T :
X x X — X be an operator. By definition, the coupled fixed point problem (P;)
has the limit shadowing property, if for any sequence (Z,,Yn)nen € X x X for
which d(2,41,T(Tn,yn)) — 0 and respectively d(yni1,T(Yn,2n)) — 0 as n — oo,
there exists a sequence (T™(z,y),T™(y,x))nen such that d(x,,T"(x,y)) — 0 and
A(Yn, T"(y,x)) = 0 as n — oo.
Theorem 4.7. Assume that the hypotheses from Theorem 3.3. take place. Then the
coupled fixed point problem (P;) for T has the limit shadowing property.
Proof. By Theorem 3.3, we have CFix(T) = {(z*,y*)} and for any initial point
(z,y) € X x X the sequence z,+1 = (T"(x,y), T"(y,x)) € X x X converge to (z*,y*)
as n — 0o.

Let (Zn, Yn)nen be a sequence on Z = X x X such that d(xnq1,T (2, yn)) = 0
and d(Yn+1,T(Yn, xn)) — 0 as n — co.

We consider the b-metric d : Z x Z — R, defined by

d((z,y), (u,v)) = d(z,u) + d(y,v) for all (z,y), (u,v) € Z.
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Let F': Z — Z be an operator defined by F(u,v) = (T'(u,v),T(v,u)) for all
(u,v) € Z. We know that F'(z*,y*) = (z*,y*). Then for every (x,y) € Z we have:

67((ajn+17 yn+1)> (Tn+1 (!L‘7 y)7 Tn+1 (ya Q?)))

< s [d((@nr1,ynr), (@, y) +d((2, %), (T (2,), T (y, 2)))))
But

A(Tnt1; Yn41); (27,y7)) < s+ [d((@ng1, Yns1), F(@n, yn)) + d(F (@0, yn), F(2",y7))]

g7 a-d((z",y"), F(z*, y*)[L + d((zn; Yn), F(zn, yn))]
< s-d(xpi1,Yna1), F(Tn, yn s- —
= s e T d(n, ), (7))
+56 ' d((xnayn)a(m*vy*)) _
= s [d(@n+1, T(@n,Yn)) + dYn+1, T(Yn, T0))] + 5 - B+ d((Tn, yn), (27, y7))-
This yields to

d((‘rn+17yn+1)a (x*vy*)) <s- [d(‘rnJrlvT(xnvyn)) + d(ynJrlvT(yn»xn))]

+36{5 [d(l'»,“ T(xnfh ynfl))""_d(yna T(ynfh xnfl))]"i_s'ﬁ'g((mnflv yn71>7 (.’IJ*, y*)>}
Therefore,

d((‘rn-i-lvyn-‘rl)a (m*,y*)) <s- [d(‘rn-i-lvT(‘rnvyn)) + d(yn-l-l’T(yn)mn))]
+5'(5'B)'[d(xan(xn—layn—1)>+d(yn7T(yn—17xn—l))}+(5'ﬂ)2'g(($n—lvyn—l)v (z*,y))

<< (s B)" T d((wo, wo), (2%, y)) H s | D (s B dl(wpr, Ypr), Fp, 9p))
p=0

From Cauchy’s Lemma we have d((p+1, Ynt1), (z*,4*)) — 0 as n — oo.
Thus d((®n+1, Yni1), (T (2, y), T (y, z))) — 0 as n — oo, so there exists a
sequence (T™(x,y), T"(y,z)) € Z with

d((@n, yn), (T" (2, ), T"(y, x))) = d(@n, T" (2, y))+d(yn, T"(y,2)) = 0 as n — occ.
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