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Some new estimates for Fejér type inequalities
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Abstract. In this paper we derive some new quantum estimates of Fejér type
inequalities which involve Riemann type of quantum integrals via some classes of
convex functions. We also discuss some special cases which can be deduced from
the main results of this paper.
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1. Introduction

A function f: I CR — R, I is an interval, is said to be a convex function on I if

flte+ (1 —t)y) <tf(z)+ (1 —1)f(y) (L.1)
holds for all 2,y € I and ¢ € [0, 1]. If the reversed inequality in (1.1) holds, then f is

said to be concave. Let f : I C R — R be a convex function defined on the interval I
and a,b € I with a < b. Then the following double inequality holds:

f<a+b>/ dx</ f(z x < f(a);_f(b)/abp(m)dx, (1.2)

where p : [a,b] — R is non-negative, integrable, and symmetric about x = “T'H’. This
inequality is known as the Fejér inequality for convex functions (see [2, 3, 16, 17]).

Theory of convexity plays an important role in different fields of pure and applied
sciences. Due to its importance in recent years several new generalizations of classical
convexity have been proposed in the literature. Breckner [1] introduced the notion of
s-convex function, as

Definition 1.1 ([1]). Let s € (0,1]. A function f : [0,00) — [0, 00) is said to be s-convex
in the second sense if

flz+ (1 =t)y) <t°f(x)+ (1 -1)°f(y) (1.3)
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for all z,y € [0,00) and t € [0, 1]. This class of s-convex functions is usually denoted
by K2.

For more information on s-convex functions, see [4].

In 2007, Varosanec [15] introduced the notion of h-convex functions, which not
only generalizes the class of convex functions but also some other classes of convex
functions, see [15]. Thus it was noticed that the class of h-convex functions is quite
unifying one. This class is defined as:

Definition 1.2 ([15]). Let h: J C R — R be a positive function and [0, 1] C J. We say
that f: I CR — R is h-convex function, or that f belong to the class SX(h,I), if f
is nonnegative and for all z,y € I and ¢ € (0,1) we have

[tz + (1 —1t)y) < h(t)f(x) +h(1 —)f(y). (1.4)

If inequality (1.4) is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Obviously, if h(t) = t, then all nonnegative convex functions belong to SX (h,I) and
all nonnegative concave functions belong to SV (h, I);and if h(t) = t°, where s € (0, 1),
then SX (h,I) D K2.

n [13], G. H. Toader defined the concept of m-convexity as the following:

Definition 1.3. The function f : [0,b] — R is said to be m-convex, where m € [0, 1], if
for every z,y € [0,b] and ¢ € [0, 1] we have:

fltz +m(1—t)y) <tf(x) +m(l—1)f(y). (1.5)
Denote by K,,(b) the set of the m-convex functions on [0, b].
In [6], V. G. Mihesgan introduced the class of (s, m)-convex functions as the following:
Definition 1.4. The function f : [0,b] — R is said to be (s, m)-convex, where (s,m) €
(0,1]?, if for every z,y € [0,b] and ¢ € [0, 1] we have
Ft 4+ m(1 — 1)) < £ F(@) + m(1 - ) F (). (16)

Denote by KZ,(b) the set of the (s, m)-convex functions on [0, b].
In [17], Yang and Tseng established the following theorem

Theorem 1.5 (see [17], Remark 6). Let f : [a,b] — R be a conver function and
p: [a,b] = R be a nonnegative, integrable and symmetric about x = QTH’ If H and F
are defined on [0,1] by

b
H(t):/ f(tx+(1—t)a+b) p(x)de,
and
PI[, (14t 11—t z+a L+t —t z+b
Fy=[ =|f(tar 22
o [ el (e ) (550) e (e 5o (07 oo
then H, F are convex and increasing on [0,1] and for all t € [0,1]

f(“;b)/a pla)ds = H(0) < H(1) /f
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and

b a b
[ s = o) < Py < £y = LD pgan,

In [12] , M. Z. Sarikaya, E. Set and M. E. Ozdemir established the following inequality:

Theorem 1.6. Let f € SX(h,I), a,b€ I witha <b, f € Li([a,b]) and p : [a,b] = R
is nonnegative, integrable and symmetric about a—"‘b. Then, for h(%) # 0, we have

gy (50) e d“/ &
"

_ fla) + f(b)
- 2

b
(h(t) + h(1 — t))/ p(z)dz. (1.7)

In [14], the following inequalities of Fejér type via s-convex function was derived:

Theorem 1.7. Let f € K2, a,b € [0,00[ with a < b and p : [a,b] — R is nonnegative,
integrable and symmetric about “—H’. Then

(51 [ 1o
b (e (28 o

(1.8)

Again, in [14], the authors proved the following theorems:

Theorem 1.8 ([14]). Let f : [0,00[— R be an m-convex function with m €]0, 1].
If0<a<b< oo and f € L1]0,b], then

/ f(z)p(x)dz < min { J(a) +m] (%) fo) +mf (%) } /bp(x)da:.

2 2

Theorem 1.9 ([14]). Let f : [0,00[— R be an m-convex function with m €]0, 1].
If0<a<b< oo and f € L1]0,b], then

f (a ;r b) /abp(x)dx < /ab wp(l")dz
< (@ s om(r(2) + 1(2)) ome(1() + (1)) [ plorae

The aim of this work is to establish the g-analogue of Fejér inequalities for some
convex type functions. For this we recall some basic concepts of quantum calculus.
Let 0 < g < 1, the ¢g-Jackson integral from 0 to b is defined by [5] as

/0 F@)dgz = (1— )b f(ba™)g" (1.9)

provided the sum converge absolutely.
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The g-Jackson integral in a generic interval [a, ] is given by [5]

/f d:cf/f dx—/f (1.10)

n [10], the authors presented a Riemann-type g-integral by:
(oo}
Ry(fia,b) = (b—a)(1—q) Y fla+ (b—a)d")q". (1.11)
k=0

We can get another definition from the Riemman-type g-integral:

=R
—(lq);<f<a;b+q’“ <b2a)>+f<a;bqk<b2a>)>q’“

From the ¢-Jackson integral we can write:

b
bfa/ f(x)dqu—/lf<1;t +1+tb)d
:/ f(l—;t +1b>d (1.12)
—1

Contrary to the g-Jackson integral, if
f(z) <g(z), x€la,]

then

b b
/f(x)dfxg/ g(x)dfm. (1.13)

In [11], the authors established the g-analogue of Hermite-Hadamard inequalities
for convex function

Theorem 1.10. Let f : [a,b] — R be a convex function. Then one has the inequalities:

(o) < _ @+ 1)

2
For some recent studies on quantum integral inequalities, see [7, 8, 9].

2. Main results

In this section, we discuss main results of the paper. For this we need the fol-
lowing Lemma:

Lemma 2.1. If f : [a,b] — R is a convex function. Then the following inequality holds
for all s,t,u,v € [0,1] withs <t<u<vandt+u=s+v

@)+ f(u) < f(s) + f(v) (2.1)
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Proof. Since f is convex function, for all s,¢,u,v € [0,1] with s < ¢ < u < v and
t 4+ u = s + v, we obtain

F)— fu)  Flw) — 7(5) _ f0) —f(s) _ 1)~ £(s)
V—Uu - u—t - t—s V—Uu
then, we have
f) = fu) = f(t) = f(s).
The proof is completed. O

Theorem 2.2. Let f : [a,b] — R be a convex function and p : [a,b] — R be a non-
negative, integrable and symmetric about r = %“’. If H and F are defined on [0,1]

by

H(t) = /abf (m e b) p(z)dz,

and

b
o= (L5 () (L (3

then H, F are convex and increasing on [0,1] and for all t € [0,1]
a+b\ [°
f ( 5 ) /a p(z)dffz = H(0) < H(t / f(z (2.2)

b
/ fa Fo) < Fo) < F) = ZOHIO [opare. 2

Proof. For all t1, ta2, A € [0,1] and = € [a,b], by convexity of f , we have

(004 0= e+ (1= 0+ (1= 22 50

:f</\ <t1x+(l—t1)a;—b> (1= (t2x+(1—t2)a-2i-b>>
a+b

an

gAf(tlir(ltl) >+(1)\)f<t2;z:+(1t2)a;b). (2.4)

Utilizing the inequality (1.13) and by p(-) a nonnegative function, we get
H (Mt + (1= MNtz)

b
= / f ((/\tl + (1= Nta)z 4+ (1 — (A1 4+ (1 = N)ta)) a —21_ b) p(z)diz
< )\/bf <t1:v +(1 tl)a;b) p(x)dfx

b
ca-n [ (t2m+<1—t2>”§”)p<x>d§x
= AH() + (1 - N (L),
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which shows that H is convex on [0, 1].
Now, let 0 < s <t <1 and w € [0, 1], we have

1- 1
t(a+b—( 2w ++wb)>+(1—t)a;b

1-— 1
a+b—( 2w ++wb)) (1—3)“;”

2

(1—11) 14w a+b
2

a—i—Tb +(1—-s)

1—w 1+ a+b

t<2a+b>+(1—t) 5

1-— w 1+ a+b
—) 1-—

( . )+< )

for all w € [—1, 1], we get
(s(a+b— > a
1—w 1+w
(( 5 5 b)—l—(l—s
1—w 14w a+b
(t<2a+>+(1t) 5 )
1- 1 b
+<t(a+b—< 2 ++wb>)+(1—t)‘”r >
2 2
By Lemma 2.1, we have

f(s(a+b— (1_2wa+1;wb>)+(1—s)a;b)
+ s
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Then,

sz+ (11— s)a ;_ b) p(x)dffx

b— ! 1— 1 b
gt (s (e ) o -a3)

1- 1
X D <2wa + —;wb> dqw

b— ! 1— 1 b
g [ (s (e ) o -a3?)

1- 1
X D (zwa + —;wb> dqw

b—a (! 1—w 14+w a+b
+— /1f<s<2a+2b>+(1—s) 2)

1- 1
X p (2wa + —;wb> dqw.

=
©
|
>
—~
7N

Since p(-) is nonnegative, integrable and symmetric about = = %2, we get

b—a [! 1—w 1+w a+b
1 /_1f<s(2 ot —5— b>+(1—s) 5 )
1-— 1

><p<2wa+—;wb>dqw
b—a [! 1—w 1+w a+b

= _— —b 1-—

7 [ (e ) ra-0t)

1
Xp(a+b—(2a+ wa)> dqw

b—a [! 1—w 1+w a+b
= /1f<s<2 a+72 b>+(1—s) 5 )
b—a [! 1+w 1—w a+b
= - = -~ 7 1—
7 [ (o (e ) a0t
1

63
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then, we obtain

H(s)b4a/11f<s (a+b (121”a+1+2wb>>+(15)a;b)

Thus, H is increasing on [0, 1] and the inequality (2.2) holds for all ¢ € [0, 1].
For all 1, to, A € [0,1] and x € [a, b], by convexity of f , we get

f(1+At1+(1—A)t2 N l—Atl—(l—A)t2x>

2 “ 2
o (A t) (=N (T +t) AL =)+ (1= M) (1 —1)
f( 5 a—+ 5 x>
o (e B3 ) va-wr (B52ar B52a) . ey

Similarly, we have

; <1 + A\t +2(1 — Ntz 1= —2(1 N x)

<Af <(1+2t1)b+ a 2“)3;) +(1=Nf ((1+2t2)b+ u 2@)33) ; (2.6)
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then, using (2.5), (2.6), (1.13) and the fact that p(-) is nonnegative function, we obtain

F(At1 + (1 — A)te)
1+t1 17t1 era R
</\/ < 5 x)p( > )dq:c
1 1-—
+(1—)\)/f< —;ha—&- 2t2x)p(m;—a>dfx
b1+t 1-t T4+b\ g
+>\/af( 5 b+ 5 :c)p( 5 )dqx

—s—(l—)\)/abf(l—;tgb-l-1;t2$)p(x;b)d§x
= AF(t1) + (1 = N\ F(ts).

Thus, F is convex on [0, 1].

For all w € [-1,1], and 0 < s <t < 0, we have

Lt 1t (1w 1tw,

2 4Ty 9 T
1+s 1—s/1—w 1+w
=" 2 ( 7 ‘T b)

IA
_
_|_
V)
S
—
I
V)
7~
S
_|_
>
I
R
—_
|
g
—_
_|_
g
S
~
~

where
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Using Lemma 2.1, and the fact that p(-) is nonnegative function, we have

1+s l—-s/1—w 1+w
f<2a+2<2a+ 2b>)

Integrating with respect to w on [—1,1], we have

1
1+s l—-s/1—w 1+w
b
[ (et (e )
1 1—w 1+w
2<a+2(l+2b>)dqw
1
1+s 1—s 1—w 1+w
b b— | —— —b
(e (- (e )
X 1 +1_7w +1+7wb d
Plg\¢T 227 ¥
1
1+¢ 1—t/1—w 14w
< b
< [ (e (e 1)
o 1 +17w +1+wb d
Plg\*T 94T ¥
1
1+t 1-—t 1—w 14w
—b+ —— b— | —— —b
[ (St (e (e )

1 1-— 1
xpl=|a+ wa—&—ﬂb dqw,
2 2 2 a

xXp
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where, using the fact that p(-) is nonnegative, integrable and symmetric about

__ a+b
T="3

, we get
1
1+s 1—s5 1—w 14w
f( b+ (a+b—<a+b))>
/_1 2 2 2 2
1 1—- 1+
xp(Q(a+2wa+2wb>>dqw
1
1+s 1—s5 1—w 14+w
= f( b+ (a+b—<a+b>)>
/_1 2 2 2 2
1 1-— 1
xp<a+b—2<a+2wa+—;wb)>dqw
1
1+s l—s /14w 1—w
b b
[ (o (e )
1 14 1-
xp(Q(b—i—Qan—i—Qzub))dqw
b

1+s, 1-s b+2\ r
af( 5 b+ 5 x)p( 5 )dqx.

Similarly, we have

then,

1+s 1-s b+x\ g
5 b+ 5 x)p( 5 )dqx

1+t 1—t b+z\ »
> b+ 5 $>p( 5 >dqx

Thus, F' is increasing on [0, 1] and the inequality (2.3) holds for all ¢ € [0, 1].
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Theorem 2.3. Let f : [a,b] — R be a h-convex function and p : [a,b] — R be positive,
integrable, and symmetric about r = %"b. Then the following inequalities hold:

i (52) [ o
b
< [ i)t
<1 [0 (=2) sraza s 10 [ (20 s

Proof. Since f is h-convex function, we have

r(55) =n(3) v@+ s, (2.1

for all z,y € [a,b].
In (2.7), if we choose z = :5%a + H2p and y = 2 + 152b, w € [-1,1] and by p
is positive, we get

a+b 1—w 14+w
1(45)r (e )

g 1 1—w +1+wb +1 1+w +17wb 1—w +1+wb
EEAVAUC 2\ 2 4T Pl %7
1 1—w 1+w 1—w 1+w
< -
_h<2)f( 5 a+ 5 b)p 5 a+ 5 b)
1 1+w 1—w 1—w 1+w
+h(2>f< 5 a+ 5 b)p( 2 a+ 2 b)

Integrating with respect w over [—1, 1], we obtain

a+b ! 1—w 14+w
—5—b)d
1(557) [ (e )

N [t l-w 14w l-w 14w
<h|= b bld
<n(3) [ (e ) (e e

N\ [ L1+ w  1-w l—w 14w
+h<2>/_1f< 5 a+ 5 b)p( 5 a+ 5 b)dqw,

2£b we have

Then, by p is symmetric function about
a+b 2 b R
f( 5 )b /p(w)dqx
2 b a+b a-+bd
R _ R
<)b—a/f d:c—l—h( )b_a/f(z)p< 5 + 5 x)dqx
R 2 ’ R
=0 (3) 52 [ s (3) 20 [ @,

the first inequality is proved.
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The proof of second inequality is given as

Sf(a)h<12w)p<12wa+1J;wb>

14w 1—w 1+w
+f(b)h< : )p( SR b)

we integrate w on [—1, 1], we obtain

! 1+w 1—w 1+w
/1f 5 +b) <2 @t —— b>dqw
1
< fron (5o (5
1 2

2
1
1 1
—|2—w> ( wa+ —;wb> dqw.

+ f(b)h
-1
Then
2 b R 2 b b—x R
<
bfa/a f(m)p(x)dqa?_f(a)bia/a (b )p(x)dqﬂc
b
x—a =
ot [0 (50 ) e
The proof is complete. O

Remark 2.4. If we choose p(x) = 1 and h(t) = t, then Theorem(2.3) reduces to
Theorem(1.10).

Corollary 2.5. Let f € K2, a,b € [0,00[ with a < b and p : [a,b] — R is nonnegative,
integrable and symmetric about a—+b, Then

251f<“+b>/ de</ It
<iw [ (3=2) swag 500 [ (ﬁ‘j)sp(x)dfx

Remark 2.6. If we choose s = 1, h(t) =t and p(z) = 1, then Corollary (2.5) reduces
to Theorem(1.10).

Theorem 2.7. Let f : [0,00[— R be an m-convex function with m €]0,1]. If 0 < a <
b < oo and f € L1]0,b], then

/ £ (@)p(a)de < min { / " Lo, bple)d%a, / "L a)p(g;)dffx} .

with Ly(a,b) = (f(a) (22) +mr(2) (£2)).
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Proof. Since f is m~convex and for all w € [—1, 1], we have
1-—w 14w 1—w 14w
f( 5 a+m o b)p( 5 —|—b)
1—w 1—w 1+w
<[ _= - =
(55 (e 5

(5

f 1—wb+m1+wa 1—wb+1+wa
2 om ¢ )P\ 2 2
1—w 1—w 14w
<[ _= - -z
< (150) row (500 )
1+w a 1—w 14+w
—|—m<2 )f(m)p<2 b+ 5 a).
Then, by integrating both sides with respect w on [—1, 1], we have
2 s < s [ (20
b—a b—a ), \b—a PAr)Gg
b 2 bl —a
- ar
+7”’Lf<m>b—a/a (5=2) ot

2 semteitta < sy 2 [ (G55 ) et
+mf (%) bga /ab (2 — Z) p(z)dliz.

and

and

This completes the proof.

Theorem 2.8. Let f : [0,00[— R be a m-convex function with m €]0,1] and p : [a,b] —

R s nonnegative, integrable and symmetric about aT'"b. Then

2f(““’)/a pntte < [ () +ms () piara
< (s mr (9)) [ (1= )

+<mf(m)+m2f(£z)> (Z_Z)
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Proof. According to the definition of m-convex function, for all ¢t € [—1, 1], we have
f(a;b)p(lgta—l- 1;Ltb>
G5 50 (e 3
;f<12 t ot I;tb>p<1;ta+ l—zktb)
T;f<+ :1121))?(1;“* 1—2|—tb>.
Integrating with respect to ¢t on [—1, 1], we have
/11f (a;rb>p<12ta+ 142rtb> dot
gé/llf(lz_taJrl;ﬂfb)p(l;t +1+tb>dqt
+/_117;f(1+ta;; b)p(lgta+1;tb)dqt.

Since p(-) is symmetric function, so, we have

b b
1("57) 72 | g

|
~

IN

2 b om "
<7 R, _ R
< s [ S+ 7 platb—a)dla
/f dRsc—l— mn f i YRz,
bfa m dq

Then

f(“”’) / de</f de+m/ z)dz.

the first inequality is proved.
Now the proof of second inequality is given by

1-1 1+1¢ 1-1¢ 1+1¢
f<2 a—i—me b)p( 2 +72 b)

§f(a)1_tp(1_ta+ 1+tb)

2 2 2

1+1¢ 1-—1t 1+1¢
-t %
gt () (e )
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and

mf 1_ta+1+tmb 1_ta+1+tb
om T am2 )P\ T2 2
1-—1t 1—1¢ 1+1¢
<
mf(m) 2 p( 7 ‘T b)
,1 _
m +tf< ) (1 ta 1+tb>
2
Integrating both sides with respect to ¢ on [—1, 1], we obtain
2 b R 2 bz R
<
b—a/a f(ac)p(m)dqx_f(a)b_a/a (b_a)p(x)dqx
b\ 2m [P[z-a R
+f<m>b—a/a <b_a>p($)dqxa

and
L (e <o ()55 [ ot
"y a “ m r=m b—a J, b_al %"
b 2 br—a
2 R
+mf(m2>b—a/a b_ap(x)dq:z:.
Then, the proof of Theorem (2.8) is completed. O

Theorem 2.9. Let f : [0,00[— R be an (s, m)-convex function with (s,m) €]0,1]> and
p: [a,b] — R is nonnegative, integrable and symmetric about ‘%"b. Then

2 f<“+b>/ de</ F(@)p(x)dRe + m(2® 1)/abf(;;)p(x)dfx
< (f(a) sm(@ - f (£)) / b (ij )5p<x>d§x
(2 - (2t
Proof. Since f is (s, m)-convex function on [, ], we can write
f (; (12ta+12+tb) - (1;% ”b)) (12ta+ 1;%)
SO N
n(1-(3) )7 (i (e 570)) (e 5)
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Integrating with respect to ¢ on [—1, 1], we get

() [ (2) 2 [ o
(1— (;) )bia/abf<;)p(a+b—x)df‘x.

Since p(+) is symmetric function, so, we have

sefath R R b R
Qf( )/ dx</f 2)dPe +m(2* - 1)/Gf(a)p(x)dqx.
Also, we have
1—¢ 14t 1—¢ 14+t
f(2a+2b)p(2a+2b>
1—-t m 1—t 1—¢ 14t
(e i (- () ) (T )
1—¢\° 1—t 1+t
< L S
_( . ) f(a)p( o 12 b)
b 1—t +1+tb
m)P\ 24T )
1ta+1+b)

2 2
1-

AN >3 RERE

and

>

Integrating both sides with respect to ¢t on [—1, 1], we get

o s
<t [ (i_j)smwmf ()52 [ (- (%) ) i

<t () [ (=a) vtoeos ()2 [ (- (55) s

The proof of Theorem (2.9) is completed. 0
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