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Abstract. The aim of this paper is to present some best proximity results for

multivalued cyclic operators satisfying a Ćirić type condition. Our results extend
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1. Introduction and preliminaries

The standard notations and terminologies in nonlinear analysis will be used
throughout this paper.

Let (X, d) be a metric space. We denote:
P (X) := {Y ⊂ X | Y is nonempty}; Pb(X) := {Y ∈ P (X) | Y is bounded};
Pcl(X) := {Y ∈P (X) | Y is closed}; Pcv(X) := {Y ∈P (X) | Y is convex};
Pcp(X) := {Y ∈P (X) | Y is compact}; Pcl,cv(X) := Pcl(X) ∩ Pcv(X).

If T : Y ⊂ X → P (X) is a multivalued operator, then

Graph(T ) := {(x, y) ∈ Y ×X | y ∈ T (x)}

denotes the graph of T .
Let us define the following (generalized) functionals used in this paper:
• the diameter functional

δ : P (X)× P (X)→ R+, δ(A,B) = sup{d(a, b) | a ∈ A, b ∈ B};

• the gap functional

D : P (X)× P (X)→ R+, D(A,B) = inf{d(a, b) | a ∈ A, b ∈ B};
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• the generalized excess functional

ρ : P (X)× P (X)→ R+ ∪ {+∞}, ρ(A,B) = sup{D(a,B) | a ∈ A};

• the generalized Pompeiu-Hausdorff functional

H : P (X)× P (X)→ R+ ∪ {+∞}, H(A,B) = max{ρ(A,B), ρ(B,A)}.

In 2003, Kirk, Srinivasan and Veeramani generalized Banach’s contraction prin-
ciple introducing the concept of cyclic contraction.

Theorem 1.1. [3] Let A and B be non-empty closed subsets of a complete metric space
(X, d). Suppose that T : A ∪B → A ∪B is an operator satisfying:

(i) T (A) ⊂ B, T (B) ⊂ A;
(ii) there exists k ∈ (0, 1) such that for any x ∈ A and y ∈ B,

d(T (x), T (y)) ≤ kd(x, y).

Then, T has a unique fixed point in A ∩B.

The best proximity problem for a cyclic multivalued operator is as follows:
If (X, d) is a metric space, A,B ∈ P (X), T : A ∪ B → P (X) is a multivalued

operator satisfying the cyclic condition T (A) ⊂ B, T (B) ⊂ A, then we are interested
to find

x∗ ∈ A ∪B such that D(x∗, Tx∗) = D(A,B). (1.1)

x∗ is said to be a best proximity point of T .
Eldred and Veeramani proved in 2006 a theorem (see [1]) which ensures the

existence of a best proximity point of cyclic contractions in the framework of uniformly
convex Banach spaces.

In 2009, Suzuki, Kikkawa and Vetro introduced the property UC and extended
Eldred and Veeramani theorem to metric spaces with the property UC.

Theorem 1.2. [12] Let (X, d) be a metric space and let A and B be nonempty subsets
of X such that (A,B) satisfies the property UC. Assume that A is complete. Let
T : A ∪ B → X be a cyclic mapping, that is T (A) ⊂ B and T (B) ⊂ A. Assume that
there exists k ∈ (0, 1) such that

d(T (x), T (y)) ≤ kmax {d(x, y), d(x, T (x)), d(y, T (y))}+ (1− k)D(A,B)

for all x ∈ A and y ∈ B. Then the following hold:
(i) T has a unique best proximity point z ∈ A.
(ii) z is a unique fixed point of T 2in A.
(iii)

(
T 2n(x)

)
converges to z for every x ∈ A.

(iv) T has at least one best proximity point in B.
(v) If (B,A) satisfies the property UC, then T (z) is a unique best proximity point

in B and
(
T 2n(y)

)
converges to T (z) for every y ∈ B.

The purpose of this paper is to extend Suzuki, Kikkawa and Vetro theorem to
multivalued Ćirić type cyclic operator in the framework of metric spaces with the
property UC.

We recall now the following notions and results.
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Lemma 1.3. Let (X, d) be a metric space, A,B ∈ P (X). Then for any ε > 0 and for
any a ∈ A there exists b ∈ B such that

d(a, b) ≤ H(A,B) + ε.

Definition 1.4. Let (X, d) be a metric space, Y ∈ P (X). We denote

PY (x) = {y ∈ Y | d(x, y) = D(x, Y )} for x ∈ X.
The set Y is called proximinal if for any x ∈ X, PY (x) is nonempty. If for any x ∈ X,
PY (x) is singleton, then Y is called Chebyshev set.

Obviously, any Chebysev set is proximinal.
We denote Pprox(X) = {Y ∈ P (X) | Y is proximinal}.

Remark 1.5. Let (X, d) be a metric space. Then

Pcp(X) ⊂ Pprox(X) ⊂ Pcl(X).

Remark 1.6. [2] Every closed convex subset of a uniformly convex Banach space is a
Chebyshev set.

For details concerning the above notions see [7], [9] and [11].
Several types of comparison functions have been considered in literature. In this

paper we shall refer only to the following one:

Definition 1.7. [10] A function ϕ : R+ → R+ is called a comparison function if it
satisfies:

(i) ϕ is increasing;
(ii) (ϕn(t))n∈N converges to 0 as n→∞, for all t ∈ R+.
If the condition (ii) is replaced by:

(iii)

∞∑
k=0

ϕk(t) <∞, for any t > 0,

then ϕ is called a strong comparison function.

It is evident that a strong comparison function is comparison function.

Lemma 1.8. [9] If ϕ : R+ → R+ is a comparison function, then ϕ(t) < t, for any
t > 0, ϕ(0) = 0 and ϕ is continuous at 0.

Example 1.9. The following functions ϕ : R+ → R+ are comparison functions:
(1) ϕ(t) = at, where a ∈ [0, 1[.

(2) ϕ(t) =


1

2
t, for t ∈ [0, 1]

t− 1

2
, for t > 1

.

(3) ϕ(t) = at+
1

2
[t], where a ∈]0, 12 [.

(4) ϕ(t) =
t

1 + t
.

The first three examples are strong comparison functions, and the forth example
is a comparison function which is not a strong comparison function. For more examples
and considerations on comparison functions see [8], [9].
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Definition 1.10. [12]. Let A and B be nonempty subsets of a metric space (X, d). Then
(A,B) is said to satisfy the property UC if for (xn)n∈N and (zn)n∈N sequences in A
and (yn)n∈N a sequence in B such that d(xn, yn)→ D(A,B) and d(zn, yn)→ D(A,B)
as n→∞, then d(xn, zn)→ 0 as n→∞.

The following are examples of pairs of nonempty subsets of a metric space sat-
isfying the property UC.

Proposition 1.11. Any pair of nonempty subsets (A,B) of a metric space (X, d) with
D(A,B) = 0 enjoy the property UC.

Proposition 1.12. [1]. Any pair of nonempty subsets (A,B) of a uniformly convex
Banach space with A convex enjoy the property UC.

2. Main results

We start this section by presenting the concept of multivalued Ćirić type cyclic
operator.

Definition 2.1. Let (X, d) be a metric space, A,B ∈ P (X), and T : A ∪B → P (X) a
multivalued operator. If:

(i) T (A) ⊂ B, T (B) ⊂ A;
(ii) there exists a comparison function ϕ : R+ → R+ such that for any x ∈ A,

y ∈ B,
H(T (x), T (y)) ≤ ϕ(M(x, y)−D(A,B)) +D(A,B),

where

M(x, y) = max

{
d(x, y), D(x, T (x)), D(y, T (y)),

1

2
[D(x, T (y)) +D(y, T (x))]

}
,

then T is called a multivalued Ćirić type cyclic operator.

Example 2.2. The following operators are multivalued Ćirić type cyclic operators:
(1) A multivalued cyclic contraction (see [5]) i.e. a multivalued cyclic operator

T : A ∪B → P (X) satisfying the condition:
there exists k ∈]0, 1[ such that for any x ∈ A, y ∈ B,

H(T (x), T (y)) ≤ kd(x, y) + (1− k)D(A,B).

(2) A multivalued cyclic operator T : A ∪ B → P (X) satisfying a Chatterjea
type condition:

there exists k ∈]0, 12 [ such that for any x ∈ A, y ∈ B,

H(T (x), T (y)) ≤ k(D(x, T (y)) +D(y, T (x))) + (1− 2k)D(A,B).

(3) A multivalued cyclic operator T : A ∪ B → P (X) satisfying a Reich type
condition:

there exists a, b, c ∈ R+, s = a+ b+ c < 1, such that for any x ∈ A, y ∈ B,

H(T (x), T (y)) ≤ ad(x, y) + bD(x, T (x)) + cD(y, T (y)) + (1− s)D(A,B).
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Our first main result extends the following theorem to the case of multivalued
Ćirić type cyclic operator in the setting of proximinal values.

Theorem 2.3. [5] Let A and B be nonempty subsets of a metric space (X, d) such
that (A,B) satisfies the property UC and A is complete. Let T : A ∪B → P (X) be a
multivalued cyclic contraction with closed bounded valued. Then T has a best proximity
point in A.

The following lemma will be used in the proof of our results.

Lemma 2.4. [5]. Let be (A,B) a pair of nonempty subsets of a metric space (X, d),
satisfying the property UC, and let be a sequence (xn)n∈N in A. If there exists a
sequence (yn)n∈N in B such that d(xn, yn) → D(A,B) and d(xn+1, yn) → D(A,B),
then (xn)n∈N is a Cauchy sequence.

The first main result of this paper is the following

Theorem 2.5. (X, d) be a complete metric space, A ∈ Pcl(X), B ∈ P (X), such that

(A,B) satisfies the property UC. If T : A∪B → Pprox(X) is a multivalued Ćirić type
cyclic operator, then the following statements hold:

(i) T has a best proximity point x∗A ∈ A;
(ii) there exists a sequence (xn)n∈N with x0 ∈ A and xn+1 ∈ T (xn), such that

(x2n)n∈N converges to x∗A.

Proof. (i)+(ii) We construct a sequence of successive approximations of T starting
from an arbitrary x ∈ A in the following way:

x0 = x ∈ A;

xn+1 ∈ T (xn) such that d(xn, xn+1) = D(xn, T (xn)), for n ≥ 0,

the existence of xn+1 being assured by the proximinality of T (xn).
Then, for n ≥ 1,

d(xn, xn+1) = D(xn, T (xn)) ≤ H(T (xn−1), T (xn))

≤ ϕ(M(xn−1, xn)−D(A,B)) +D(A,B), (2.1)

where

M(xn−1, xn) = max
{
d(xn−1, xn), D(xn−1, T (xn−1)), D(xn, T (xn)),

1

2
[D(xn−1, T (xn)) +D(xn, T (xn−1))]

})
.

Notice that

D(xn−1, T (xn−1)) = d(xn−1, xn) and D(xn, T (xn−1)) = 0.

Using the triangle inequality,

D(xn−1, T (xn)) ≤ d(xn−1, xn) +D(xn, T (xn))

= d(xn−1, xn) + d(xn, xn+1), n ≥ 1.

So
1

2
[D(xn−1, T (xn)) +D(xn, T (xn−1))] ≤ 1

2
[d(xn−1, xn) + d(xn, xn+1)],
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and

M(xn−1, xn) ≤ max{d(xn−1, xn), d(xn, xn+1)}, n ≥ 1.

Denoting zn = d(xn, xn+1)−D(A,B) and using the monotonicity of ϕ, (2.1) becomes

zn ≤ ϕ(max{zn−1, zn}), for n ≥ 1.

Because ϕ(t) < t, for any t > 0, we get

zn ≤ ϕ(zn−1), for any n ≥ 1.

Thus

zn ≤ ϕn−1(z1)→ 0, so d(xn, xn+1)→ D(A,B) when n→∞.
Since

(x2n)n∈N ⊂ A, (x2n+2)n∈N ⊂ A, and (x2n+1)n∈N ⊂ B,
by Lemma 2.4, (x2n)n∈N is a Cauchy sequence in the complete metric space X.
Hence, the Cauchy sequence (x2n)n∈N converges to a point x∗A which lies in A because
(x2n)n≥0 ⊂ A and A is closed.
For n ≥ 1, we have

D(A,B) ≤ d(x∗A, x2n−1) ≤ d(x∗A, x2n) + d(x2n, x2n−1),

so d(x∗A, x2n−1)→ D(A,B) when n→∞.
D(A,B) ≤ D(x2n, T (x∗A))

≤ H(T (x2n−1), T (x∗A))

≤ ϕ(M(x2n−1, x
∗
A)−D(A,B)) +D(A,B)

< M(x2n−1, x
∗
A)

= max
{
d(x2n−1, x

∗
A), D(x2n−1, T (x2n−1)), D(x2n, T (x2n)),

1

2
[D(x2n−1, T (x2n)) +D(x2n, T (x2n−1))]

}
Each term from maximum’s expression tends to D(A,B):

d(x2n−1, x
∗
A)→ D(A,B);

D(x2n−1, T (x2n−1)) = d(x2n−1, x2n)→ D(A,B);

D(x2n, T (x2n)) = d(x2n, x2n+1)→ D(A,B);

D(x2n, T (x2n−1)) = 0;

1

2
[D(x2n−1, T (x2n))] ≤ 1

2
[d(x2n−1, x2n) +D(x2n, T (x2n))]→ D(A,B)

Thus

D(x2n, T (x∗A))→ D(A,B).

Then we have

D(A,B) ≤ D(x∗A, T (x∗A)) ≤ d(x∗A, x2n) +D(x2n, T (x∗A))→ D(A,B).

Therefore

D(x∗A, T (x∗A)) = D(A,B).



Best proximity problems for Ćirić type multivalued operators 401

Remark 2.6. If in Theorem 2.5 D(A,B) = 0, then we obtain a fixed point result, see
Theorem 2.7 in [4].

Theorem 2.7. Let (X, d) be a complete metric space, A,B ∈ Pcl(X), such that the
pairs (A,B) and (B,A) satisfy the property UC. Let T : A ∪ B → Pprox(X) be a
multivalued operator. Then the following statements hold:

(i) If T is a multivalued Ćirić type cyclic operator, then T has at least one best
proximity point in A and at least one best proximity point in B;

(ii) If T satisfies the following stronger condition:
for any x ∈ A, y ∈ B,

δ(T (x), T (y)) ≤ ϕ(M(x, y)−D(A,B)) +D(A,B),

then there exist a best proximity x∗A ∈ A and a best proximity point x∗B ∈ B such that:

d(x∗A, x
∗
B) ≤ sup {t ≥ 0 | t− ϕ(t) ≤ 3D(A,B)} .

Proof. (i) It is a consequence of Theorem 2.5.
(ii) d(x∗A, x

∗
B) ≤ D(x∗A, T (x∗A)) + δ(T (x∗A), T (x∗B)) +D(x∗B , T (x∗B))

= 2D(A,B) + δ(T (x∗A), T (x∗B) ≤
≤ 2D(A,B) + ϕ(max{d(x∗A, x

∗
B), D(x∗A, T (x∗A)), D(x∗B , T (x∗B)),

1

2
[D(x∗A, T (x∗B)) +D(x∗B , T (x∗A))]} −D(A,B)) +D(A,B)

≤ 3D(A,B) + ϕ(max{d(x∗A, x
∗
B), D(A,B), D(A,B),

1

2
[d(x∗A, x

∗
B) +D(A,B) + d(x∗B , x

∗
A) +D(A,B)]} −D(A,B))

= 3D(A,B) + ϕ(d(x∗A, x
∗
B))

Thus, d(x∗A, x
∗
B)− ϕ(d(x∗A, x

∗
B)) ≤ 3D(A,B).

Corollary 2.8. Let X be a uniformly convex Banach space,

A,B ∈ Pcl,cv(X), T : A ∪B → Pcl,cv(X)

be a multivalued operator. Then the following statements hold:
(i) If T is a multivalued Ćirić type cyclic operator, then T has at least one best

proximity point in A and at least one best proximity point in B;
(ii) If T satisfies the following stronger condition:
for any x ∈ A, y ∈ B,

δ(T (x), T (y)) ≤ ϕ(M(x, y)−D(A,B)) +D(A,B),

then there exist a best proximity x∗A ∈ A and a best proximity point x∗B ∈ B such that:

‖x∗A − x∗B‖ ≤ sup{t ≥ 0 | t− ϕ(t) ≤ 3D(A,B)} .

Proof. (i) By Remark 1.6, any closed and convex set is proximinal.
Since A and B are convex, by Proposition 1.12, the pairs (A,B) and (B,A)

satisfy the property UC.
Applying Theorem 2.7 we get the existence of a best proximity point x∗A ∈ A

and a best proximity point x∗B ∈ B.
(ii) It is an immediate consequence of Theorem 2.7.
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If, in Theorem 2.7, ϕ is a subadditive strong comparison function, then the
condition that the multivalued operator takes proximinal values can be removed.
More precisely, we obtain the second main result, as follows.

Theorem 2.9. Let (X, d) be a complete metric space, A,B ∈ Pcl(X), such that (A,B)

satisfies the property UC. If T : A∪B → P (X) is a multivalued Ćirić type cyclic oper-
ator, with a subadditive strong comparison function ϕ, then the following statements
hold:

(i) T has a best proximity point x∗A ∈ A;

(ii) there exists a sequence (xn)n∈N with xn+1 ∈ T (xn) starting from an arbitrary
(x0, x1) ∈ Graph(T ), such that (x2n)n∈N converges to x∗A.

Proof. (i)+(ii) Let (x, y) ∈ Graph(T ) be arbitrary. We construct a sequence of suc-
cessive approximations of T starting from (x, y) in the following way:

x0 = x ∈ A and x1 = y ∈ T (x) ⊆ T (A) ⊆ B.

If d(x0, x1) > D(A,B) then ϕ (z0) < z0, where z0 := d(x0, x1)−D(A,B).

For ε1 ∈]0, z0 − ϕ (z0) [ there exists x2 ∈ T (x1) ⊆ T (B) ⊆ A such that

d(x1, x2) ≤ H(T (x0), T (x1)) + ε1.

If d(x1, x2) > D(A,B) then ϕ (z1) < z1, where z1 := d(x1, x2)−D(A,B).

For ε2 ∈]0,min {ε1, z1 − ϕ (z1)} [ there exists x3 ∈ T (x2) ⊆ T (A) ⊆ B such that

d(x2, x3) ≤ H(T (x1), T (x2)) + ε2.

Following this procedure in the case zn−1 := d(xn−1, xn) − D(A,B) > 0, n ≥ 2, we
choose

εn ∈]0,min {εn−1, zn−1 − ϕ (zn−1)} [, for n ≥ 2. (2.2)

There exists xn+1 ∈ T (xn) such that

d(xn, xn+1) ≤ H(T (xn−1), T (xn)) + εn, n ≥ 1,

the existence of xn+1 being assured by Lemma 1.3.

Since T is a multivalued Ćirić type cyclic operator, using the same reasoning as in
Theorem 2.5, we have

zn ≤ ϕ(max{zn−1, zn}) + εn, for n ≥ 1. (2.3)

Using (2.2), we obtain

zn < ϕ(max{zn−1, zn}) + zn−1 − ϕ(zn−1), for n ≥ 1. (2.4)

We suppose that zn−1 ≤ zn. Using the subadditivity of ϕ and Lemma 1.8,

ϕ(zn) = ϕ(zn − zn−1 + zn−1) ≤ ϕ(zn − zn−1) + ϕ(zn−1) ≤ zn − zn−1 + ϕ(zn−1),

so zn ≥ ϕ(zn) + zn−1 − ϕ(zn−1) which contradicts (2.4).
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We have zn ≤ zn−1 and (2.3) becomes

zn ≤ ϕ(zn−1) + εn

≤ ϕ (ϕ (zn−2) + εn−1)) + εn

≤ ϕ2(zn−2) + ϕ (εn−1) + εn

. . .

≤ ϕn(z0) +

n−1∑
k=0

ϕk(εn−k)

≤ ϕn(z0) +

n−1∑
k=0

ϕk(ε1)→ 0, when n→∞.

Then

d(xn, xn+1)→ D (A,B) when n→∞.
Applying Lemma 2.4 for the sequences

(x2n)n∈N ⊂ A, (x2n+2)n∈N ⊂ A, and (x2n+1)n∈N ⊂ B,

results that (x2n)n∈N is a Cauchy sequence. Because the metric space X is complete
and A is closed, the sequence (x2n)n≥0 ⊂ A converges to a point x∗A ∈ A. Using the
same reasoning as in Theorem 2.5,

D(x2n, T (x∗A))→ D(A,B), when n→∞.

Then we have

D(A,B) ≤ D(x∗A, T (x∗A)) ≤ d(x∗A, x2n) +D(x2n, T (x∗A))→ D(A,B).

Therefore

D(x∗A, T (x∗A)) = D(A,B).

If in the above construction, there exists k ≥ 1 such that d(xk−1, xk) = D(A,B), then

D(A,B) ≤ D(xk−1, T (xk−1)) ≤ d(xk−1, xk) = D(A,B)

so xk−1 is a best proximity point of T.
We will show that, in this situation, xk is also a best proximity point of T.

D(xk, T (xk)) ≤ H(T (xk−1), T (xk)) ≤ ϕ(M(xk−1, xk)−D(A,B)) +D(A,B).

where

M(xk−1, xk) = max
{
d(xk−1, xk), D(xk−1, T (xk−1)), D(xk, T (xk)),

1

2
[D(xk−1, T (xk)) +D(xk, T (xk−1))]

})
≤ max

{
D(A,B), D(xk, T (xk)),

1

2
[d(xk−1, xk) +D(xk, T (xk))]

})
≤ D(xk, T (xk)).
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Thus D(xk, T (xk))−D(A,B) ≤ ϕ(D(xk, T (xk))−D(A,B)), which means

D(xk, T (xk)) = D(A,B).

There exists xk+1 ∈ T (xk) such that

d(xk, xk+1) = D(xk, T (xk)) = D(A,B),

From now on, following this procedure we construct the terms of our sequence (xn)n∈N
with xn+1 ∈ T (xn) such that

d(xn, xn+1) = D(xn, T (xn)) = D(A,B), for any n ≥ k.
From this point, the proof runs in the same manner as in the case

d(xn, xn+1) > D(A,B), for any n ≥ 1.

Hereinafter we define and study the generalized Ulam-Hyers stability of the best
proximity problem (1.1) for a cyclic multivalued operator.

Definition 2.10. Let (X, d) be a complete metric space, A,B ∈ P (X). Let T : A∪B →
P (X) be a multivalued operator satisfying the cyclic condition T (A) ⊂ B, T (B) ⊂ A.
The best proximity problem (1.1) is called generalized Ulam-Hyers stable if there
exists ψ : R+ → R+ increasing, continuous at 0, with ψ(0) = 0 and there exists c > 0
such that for any ε > 0 and x ∈ B with

D(x, T (x)) ≤ ε+D(A,B),

there exists a solution x∗A ∈ A of (1.1) such that

d(x, x∗A) ≤ ψ(ε) + c ·D(A,B).

Our stability result is the following.

Theorem 2.11. Let (X, d) be a complete metric space, A ∈ Pcl(X), B ∈ P (X), such
that (A,B) satisfies the property UC and ϕ be a comparison function. Let T : A∪B →
Pprox(X) be a multivalued operator. Assume that:

(i) T (A) ⊂ B, T (B) ⊂ A;
(ii) for any x ∈ A, y ∈ B,

δ(T (x), T (y)) ≤ ϕ(max{D(x, T (x)), D(y, T (y))} −D(A,B)) +D(A,B).

Then the best proximity problem (1.1) is generalized Ulam-Hyers stable.

Proof. T is a multivalued Ćirić type cyclic operator, so the best proximity problem
has at least one solution x∗A ∈ A.

d(x, x∗A) ≤ D(x, T (x)) + δ(T (x), T (x∗A)) +D(x∗A, T (x∗A))

≤ ε+D(A,B) + ϕ(max{D(x, T (x)), D(x∗A, T (x∗A))}
−D(A,B)) + 2D(A,B)

≤ ε+ ϕ(max{ε+D(A,B), D(A,B)} −D(A,B)) + 3D(A,B).

In conclusion,

d(x, x∗A) ≤ ε+ ϕ(ε) + 3D(A,B),

proving that the best proximity problem (1.1) is generalized Ulam-Hyers stable.
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