Stud. Univ. Babes-Bolyai Math. 62(2017), No. 3, 395-405
DOLI: 10.24193/subbmath.2017.3.11

Best proximity problems for Cirié type
multivalued operators satisfying a cyclic
condition

Adrian Magdas

Abstract. The aim of this paper is to present some best proximity results for
multivalued cyclic operators satisfying a Ciri¢ type condition. Our results extend
to the multivalued case some recent results in the literature.

Mathematics Subject Classification (2010): 47H04, 47H09, 54H25.
Keywords: Best proximity point, multivalued operator, proximinal set, property

UC, comparison function, multivalued Ciri¢ type cyclic operator, Ulam-Hyers
stability.

1. Introduction and preliminaries

The standard notations and terminologies in nonlinear analysis will be used
throughout this paper.
Let (X, d) be a metric space. We denote:
P(X):={Y Cc X |Y is nonempty}; P,(X) :={Y € P(X) | Y is bounded};
Py(X):={Ye€P(X)|Y is closed}; P.,(X):={Y€P(X)|Y is convex};
P, (X):={YeP(X)|Y is compact}; P co(X) := Pu(X) N Py(X).
IfT:Y C X — P(X) is a multivalued operator, then

Graph(T) :=={(z,y) e Y x X |y € T(x)}

denotes the graph of T.
Let us define the following (generalized) functionals used in this paper:
e the diameter functional

§:P(X)x P(X)— Ry, §(A,B) =sup{d(a,b) |a € A, b€ B};

~— —

e the gap functional

D:P(X)x P(X) =Ry, D(A,B) =inf{d(a,b) |a € A, be B};
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e the generalized excess functional
p: P(X)x P(X)— Ry U{+o0}, p(4,B) =sup{D(a,B) | a € A};
e the generalized Pompeiu-Hausdorff functional
H:P(X)x P(X)— Ry U{+o0}, H(A, B) = max{p(A, B),p(B, A)}.

In 2003, Kirk, Srinivasan and Veeramani generalized Banach’s contraction prin-
ciple introducing the concept of cyclic contraction.

Theorem 1.1. [3] Let A and B be non-empty closed subsets of a complete metric space
(X, d). Suppose that T : AU B — AU B is an operator satisfying:

(i) T(A) C B, T(B) C 4

(i) there exists k € (0,1) such that for any x € A and y € B,

d(T(z), T(y)) < kd(z,y).
Then, T has a unique fized point in AN B.

The best proximity problem for a cyclic multivalued operator is as follows:

If (X,d) is a metric space, A,B € P(X), T: AUB — P(X) is a multivalued
operator satisfying the cyclic condition T(A) C B,T(B) C A, then we are interested
to find

x* € AU B such that D(z*,Tz") = D(A, B). (1.1)
is said to be a best proximity point of T'.

Eldred and Veeramani proved in 2006 a theorem (see [1]) which ensures the
existence of a best proximity point of cyclic contractions in the framework of uniformly
convex Banach spaces.

In 2009, Suzuki, Kikkawa and Vetro introduced the property UC and extended
Eldred and Veeramani theorem to metric spaces with the property UC.

x*

Theorem 1.2. [12] Let (X, d) be a metric space and let A and B be nonempty subsets
of X such that (A, B) satisfies the property UC. Assume that A is complete. Let
T:AUB — X be a cyclic mapping, that is T(A) C B and T'(B) C A. Assume that
there exists k € (0,1) such that

d(T(l‘),T(y)) < kmax {d(.%‘,y), d(, T(‘T))a d(yaT(y))} +(1— k)‘D(Av B)

for allx € A and y € B. Then the following hold:

(i) T has a unique best proximity point z € A.

(ii) z is a unique fized point of T%in A.

(iti) (T*"(z)) converges to z for every x € A.

(iv) T has at least one best proximity point in B.

(v) If (B, A) satisfies the property UC, then T(z) is a unique best proximity point
in B and (TQ”(y)) converges to T(z) for everyy € B.

The purpose of this paper is to extend Suzuki, Kikkawa and Vetro theorem to
multivalued Ciri¢ type cyclic operator in the framework of metric spaces with the
property UC.

We recall now the following notions and results.
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Lemma 1.3. Let (X,d) be a metric space, A, B € P(X). Then for any € > 0 and for
any a € A there exists b € B such that

d(a,b) < H(A,B) +e.
Definition 1.4. Let (X, d) be a metric space, Y € P(X). We denote
Py (z) ={y €Y |d(z,y) = D(z,Y)} forz € X.

The set Y is called proximinal if for any x € X, Py (x) is nonempty. If for any = € X,
Py (z) is singleton, then Y is called Chebyshev set.

Obviously, any Chebysev set is proximinal.
We denote Pyrop(X) ={Y € P(X) | Y is proximinal}.

Remark 1.5. Let (X, d) be a metric space. Then
P.,(X) C Pyrox(X) C Py(X).

Remark 1.6. [2] Every closed convex subset of a uniformly convex Banach space is a
Chebyshev set.

For details concerning the above notions see [7], [9] and [11].
Several types of comparison functions have been considered in literature. In this
paper we shall refer only to the following one:

Definition 1.7. [10] A function ¢ : Ry — R, is called a comparison function if it
satisfies:
(i) o is increasing;
(ii) (©™(t))nen converges to 0 as n — oo, for all t € R..
If the condition (ii) is replaced by:
(o)

(iii) Z ©"(t) < oo, for any t > 0,
k=0
then ¢ is called a strong comparison function.

It is evident that a strong comparison function is comparison function.

Lemma 1.8. [9] If ¢ : Ry — Ry is a comparison function, then ¢(t) < t, for any
t >0, p(0) =0 and ¢ is continuous at 0.

Example 1.9. The following functions ¢ : R — Ry are comparison functions:
(1) p(t) = at, where a € [0, 1[.

@) o(t) = %t, for ¢t € [0, 1]

1
t—l ok fort>1
(3) ¢(t) = at + §[t]’ where a €]0, 3.

@ o) = .

The first three examples are strong comparison functions, and the forth example
is a comparison function which is not a strong comparison function. For more examples
and considerations on comparison functions see [8], [9].
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Definition 1.10. [12]. Let A and B be nonempty subsets of a metric space (X, d). Then
(A, B) is said to satisfy the property UC if for (z,,)nen and (z,)nen sequences in A
and (yn)nen asequence in B such that d(z,,, yn) = D(A, B) and d(z,, yn) — D(A4, B)
as n — oo, then d(z,, z,) = 0 as n — 0.

The following are examples of pairs of nonempty subsets of a metric space sat-
isfying the property UC.

Proposition 1.11. Any pair of nonempty subsets (A, B) of a metric space (X, d) with
D(A, B) =0 enjoy the property UC.

Proposition 1.12. [1]. Any pair of nonempty subsets (A, B) of a uniformly convex
Banach space with A convex enjoy the property UC.

2. Main results

We start this section by presenting the concept of multivalued Ciri¢ type cyclic
operator.

Definition 2.1. Let (X, d) be a metric space, A,B € P(X),and T: AUB — P(X) a
multivalued operator. If:
(i) T(A) C B,T(B) C 4;
(ii) there exists a comparison function ¢ : Ry — Ry such that for any = € A,
y € B,
H(T(x),T(y)) < ¢(M(z,y) — D(A, B)) + D(4, B),

where
M (z,y) = max {d(% y), D(z,T(x)), D(y, T(y)), %[D(% T(y)) + D(y, T(w))}} ,

then 7 is called a multivalued Ciri¢ type cyclic operator.

Example 2.2. The following operators are multivalued Ciri¢ type cyclic operators:
(1) A multivalued cyclic contraction (see [5]) i.e. a multivalued cyclic operator
T: AU B — P(X) satisfying the condition:
there exists k €]0, 1[ such that for any z € A, y € B,

H(T(z),T(y)) < kd(z,y) + (1 — k)D(A, B).
(2) A multivalued cyclic operator T': AU B — P(X) satisfying a Chatterjea

type condition:
there exists k €0, %[ such that for any z € A, y € B,

H(T(z),T(y)) < k(D(z,T(y)) + D(y, T(2))) + (1 = 2k) D(A, B).

(3) A multivalued cyclic operator T : AU B — P(X) satisfying a Reich type
condition:
there exists a,b,c € Ry, s =a+ b+ c < 1, such that for any x € A, y € B,

H(T(x), T(y)) < ad(x,y) +bD(z,T(x)) + cD(y,T(y)) + (1 — s)D(A, B).
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Our first main result extends the following theorem to the case of multivalued
Ciri¢ type cyclic operator in the setting of proximinal values.

Theorem 2.3. [5] Let A and B be nonempty subsets of a metric space (X,d) such
that (A, B) satisfies the property UC and A is complete. Let T : AUB — P(X) be a
multivalued cyclic contraction with closed bounded valued. Then T has a best proximity
point in A.

The following lemma will be used in the proof of our results.

Lemma 2.4. [5]. Let be (A, B) a pair of nonempty subsets of a metric space (X,d),
satisfying the property UC, and let be a sequence (xn)neN in A. If there exists a
sequence (Yn)neN in B such that d(z,,y,) — D(A, B) and d(xn+1,yn) — D(A, B),
then (,)nen s a Cauchy sequence.

The first main result of this paper is the following

Theorem 2.5. (X,d) be a complete metric space, A € Py(X),B € P(X), such that
(A, B) satisfies the property UC. If T : AUB — Pproz(X) is a multivalued Ciri¢ type
cyclic operator, then the following statements hold:

(i) T has a best prozimity point z¥ € A;

(i) there exists a sequence (Tp)nen with xg € A and xp11 € T(xy,), such that
(Ton)neN converges to x’.

Proof. (1)+(ii) We construct a sequence of successive approximations of T' starting
from an arbitrary « € A in the following way:

g =1x € A;

Znt1 € T(x,) such that d(zy, Tpi1) = D(xy, T(zy)), for n >0,

the existence of z,41 being assured by the proximinality of T'(z,,).
Then, forn > 1,

d(Tn, Tpt1) = D(@n, T(2,)) < H(T(2n-1), T (25))
< pM(xp_1,2,) — D(A,B)) + D(A, B), (2.1)
where
M(zp—1,2,) = max {d(:vn,hxn), D(xp—1,T(xn-1)), D(xn, T (zn)),
%[D(xn_l, T(wn)) + D, T(zn-1))]}).
Notice that
D(xp—1,T(xp-1)) = d(xpn-1,2,) and D(x,, T(xm—1)) = 0.
Using the triangle inequality,
D(zp-1,T(xy)) < d(@n-1,2n) + D(zpn, T(zn))
=d(Tn-1,%n) + d(Tpn,Tpy1), n > 1.
So

[D(@n-1,T(2n)) + D(@n, T(2n-1))] £ 5[d(@n-1,2n) + d(Tn, Tns1)],

N —
DN =
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and

M(xnfh wn) S max{d(mn,l, xn)a d((En, xn+1)}7 n Z ]-
Denoting z, = d(xy, Tnt+1) — D(A, B) and using the monotonicity of ¢, (2.1) becomes

zn < p(max{zn—1,2n}), for n > 1.
Because ¢(t) < t, for any ¢t > 0, we get
zn < p(2p—1), for any n > 1.
Thus
2y < 9" H(21) = 0, s0 d(2y, Tny1) — D(A, B) when n — oc.

Since

(xZn)neN C A7 (w2n+2)nEN C A7 and (x2n+1)n€N C B7
by Lemma 2.4, (z2,)nen is a Cauchy sequence in the complete metric space X.
Hence, the Cauchy sequence (2, )nen converges to a point % which lies in A because

(Tan)n>0 C A and A is closed.
For n > 1, we have

D(A, B) < d(z%,xon-1) < d(z%, 22n) + d(z2n, T2n—1),
so d(z%, x2n—1) = D(A, B) when n — oo.
D(A,B) < D(w2n, T(x7))
< H(T(x9n-1), T(x7))
< @(M(z2n-1,2%) — D(A, B)) + D(4, B)
< M(zap-1,2%)
= max {d(xzn,l, 2%), D(@an—1, T(xan—1)), D(x2n, T(x2n)),
1

5 [D(@2n-1, T(@20)) + Dlan, T(20-1))]}

Each term from maximum’s expression tends to D(A, B):
d(al‘gn 1,$*A) — l)(A7 B);
($2n—17 xZn) - D(A7 B);

D(332n—1, (l‘zn 1))
) d(x2n7m2n+l) — D(Aa B)a
) =

D(xZna (xQn)
D<$2n7 (x2n 1)
)

S D201, Tw20))] <

M\»—AO

[ (172n—1ax2n) + D(xZnaT(fEQn))] — D(A,B)
Thus
D(z2,, T(x%)) — D(A, B).
Then we have
D(A, B) < D(x, T(2%)) < d(2, v2n) + D (w20, T(x%)) — D(A, B).

Therefore
D(z%y,T(z%)) = D(A, B).
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Remark 2.6. If in Theorem 2.5 D(A, B) = 0, then we obtain a fixed point result, see
Theorem 2.7 in [4].

Theorem 2.7. Let (X,d) be a complete metric space, A, B € P.y(X), such that the
pairs (A, B) and (B, A) satisfy the property UC. Let T : AU B — Pprop(X) be a
multivalued operator. Then the following statements hold:

(i) If T is a multivalued Ciri¢ type cyclic operator, then T' has at least one best
prozimity point in A and at least one best proximity point in B;

(i) If T satisfies the following stronger condition:

foranyx € A, y € B,

§(T'(2), T(y)) < p(M(z,y) — D(A, B)) + D(A, B),
then there exist a best prozimity x% € A and a best proximity point x; € B such that:
d(al,zg) <sup{t>0]|t—p(t) <3D(A,B)}.
Proof. (i) It is a consequence of Theorem 2.5.
(i) d(zy, 2) < D(ay, T(2})) + 0(T(x%), T(xp)) + D2}, T(ap))
— 2D(4, B) + 8(T(x), T(xh) <
< 2D(A, B) + (max{d(zy, xp), D(x}, T(2})), D(zp, T(2p)),
[D(zy, T(2B)) + D(xp, T'(24))lt — D(A, B)) + D(A, B)
D(A, B) + p(max{d(z, zp), D(A, B), D(4, B),

IN
— W o=

5ld(z4, 25) + D(A, B) +d(zg,2%4) + D(A, B)}} — D(4, B))
= 3D(A,B) + ¢(d(z}y, z))
Thus, d(z%,z%) — ¢(d(z%, z5)) < 3D(A, B).
Corollary 2.8. Let X be a uniformly conver Banach space,
A,B € Py c(X), T: AUB — Py co(X)

be a multivalued operator. Then the following statements hold:

(i) If T is a multivalued Ciri¢ type cyclic operator, then T' has at least one best
prozimity point in A and at least one best proximity point in B;

(i) If T satisfies the following stronger condition:

foranyx € A, y € B,

then there exist a best proximity x% € A and a best proxzimity point 3, € B such that:
4 — 2l < sup{t = 0|t —p(t) <3D(A, B)}.

Proof. (i) By Remark 1.6, any closed and convex set is proximinal.

Since A and B are convex, by Proposition 1.12, the pairs (A4, B) and (B, A)
satisfy the property UC.

Applying Theorem 2.7 we get the existence of a best proximity point z% € A
and a best proximity point 3 € B.

(ii) It is an immediate consequence of Theorem 2.7.
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If, in Theorem 2.7, ¢ is a subadditive strong comparison function, then the
condition that the multivalued operator takes proximinal values can be removed.
More precisely, we obtain the second main result, as follows.

Theorem 2.9. Let (X,d) be a complete metric space, A, B € P, (X), such that (A, B)
satisfies the property UC. If T : AUB — P(X) is a multivalued Cirié type cyclic oper-
ator, with a subadditive strong comparison function o, then the following statements
hold:

(1) T has a best prozimity point z¥ € A;

(i) there exists a sequence (Tp)neN With Tny1 € T(xy) starting from an arbitrary
(x0,21) € Graph(T), such that (xan)nen converges to x¥.

Proof. (1)4(ii) Let (z,y) € Graph(T) be arbitrary. We construct a sequence of suc-
cessive approximations of T starting from (z,y) in the following way:

zo=x€Aandzy =yeT(zr) CT(A) CB.

If d(zg,z1) > D(A, B) then ¢ (29) < z9, where z¢ := d(xo,z1) — D(A, B).
For €1 €]0, z0 — ¢ (20) | there exists x5 € T(x1) C T(B) C A such that

d(fl?l,IEg) S H(T($0),T(JZ1)) +é€1.

If d(x1,22) > D(A, B) then ¢ (z1) < z1, where 2z := d(z1,22) — D(A, B).
For €5 €]0, min{e1,2z1 — ¢ (21)} | there exists x3 € T'(x2) C T(A) C B such that

d((EQ,.’Eg) S H(T(.’El),T((EQ)) + 9.

Following this procedure in the case z,_1 := d(zp—1,2,) — D(A,B) > 0,n > 2, we
choose

en €]0,min{e,—1,2n—1 — @ (2n-1)}[, for n > 2. (2.2)
There exists ©,+1 € T'(x,,) such that

d(@n, Tn1) < H(T(2p-1),T(2n)) +En,n > 1,

the existence of x,,41 being assured by Lemma 1.3.

Since T is a multivalued Cirié type cyclic operator, using the same reasoning as in
Theorem 2.5, we have

zn < p(max{z,_1,2n}) + €n, for n > 1. (2.3)
Using (2.2), we obtain
zn < @(max{zn_1,2n}) + 2n-1 — ©(2n-1), for n > 1. (2.4)
We suppose that z,_1 < z,. Using the subadditivity of ¢ and Lemma 1.8,
@(zn) = @(2n — Zn-1 + 2n-1) < @(2n — 2n-1) + ©(2n-1) < 20 — 2Zn—1 + ©(2n-1),

S0 zn > @(2n) + 2n—1 — ©(2n—1) which contradicts (2.4).
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We have z,, < z,—1 and (2.3) becomes
Zn S So(zn—l) + En

< @(p(zn—2) +en-1)) ten

< @H(zn-2) + @ (En-1) +en
n—1

< "z0)+ Y (En—r)
k=0
n—1

< ¢"(20) + Z ©*(e1) = 0, when n — oo.
k=0

Then
d(xp, pn+1) = D (A, B) when n — oo.
Applying Lemma 2.4 for the sequences
(T2n)neN C A, (Tant2)nen C A, and (T2n41)nen C B,

results that (22, )nen is a Cauchy sequence. Because the metric space X is complete
and A is closed, the sequence (22, )n>0 C A converges to a point % € A. Using the
same reasoning as in Theorem 2.5,

D(zxo,,T(x%)) — D(A, B), when n — co.
Then we have
D(A, B) < D(, T(x%)) < d(&'h, 720) + D(wan, T(x})) — D(A, B),
Therefore
D(z%,T(x%)) = D(A, B).
If in the above construction, there exists k > 1 such that d(zp_1,zr) = D(A, B), then
D(A,B) < D(zp—1,T(xk-1)) < d(xp—1,2r) = D(A, B)

SO Tp_1 is a best proximity point of T.
We will show that, in this situation, xj is also a best proximity point of T.

D(wy, T(wx)) < H(T(wy1), T(x)) < o(M(zx_1,24) — D(A, B)) + D(A, B).

where

M(!’,Ck,l,l‘k) = max{d(mk,l,xk),D(mk,l,T(mk,l)),D(xk,T(xk)),
S DGk, () + Dl Tl 1))}
< max{D(A,B),D(xk,T(xk)),
%[d(l‘k—h zy) + D(z, T(ﬂﬁk))]})
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Thus D(zk, T(x)) — D(A, B) < o(D(zy, T(zx)) — D(A, B)), which means
D(zx, T(xx)) = D(A, B).

There exists xy+1 € T'(xy) such that

d(xg, xp+1) = D(zx, T'(zx)) = D(A, B),
From now on, following this procedure we construct the terms of our sequence (z,,)neN
with ©,41 € T(z,) such that

d(xp, Tpt1) = D(xp, T(x,)) = D(A, B), for any n > k.

From this point, the proof runs in the same manner as in the case

Ay, Tnt1) > D(A, B), for any n > 1.
Hereinafter we define and study the generalized Ulam-Hyers stability of the best

proximity problem (1.1) for a cyclic multivalued operator.

Definition 2.10. Let (X, d) be a complete metric space, A, B € P(X).Let T : AUB —
P(X) be a multivalued operator satisfying the cyclic condition T (A) C B,T(B) C A.
The best proximity problem (1.1) is called generalized Ulam-Hyers stable if there
exists ¢ : Ry — R increasing, continuous at 0, with ¢(0) = 0 and there exists ¢ > 0
such that for any € > 0 and = € B with
D(2.T(x)) < = + D(A, B),
there exists a solution z% € A of (1.1) such that
d(z,z%) <¢(e)+c- D(A, B).
Our stability result is the following.

Theorem 2.11. Let (X,d) be a complete metric space, A € Py(X),B € P(X), such
that (A, B) satisfies the property UC and ¢ be a comparison function. Let T : AUB —
Pprow(X) be a multivalued operator. Assume that:

(i) T(A) C B,T(B) C A;

(ii) for any x € A, y € B,

§(T'(x),T(y)) < p(max{D(z, T(x)), D(y,T(y))} — D(A, B)) + D(A, B)
Then the best proximity problem (1.1) is generalized Ulam-Hyers stable.

Proof. T is a multivalued Ciri¢ type cyclic operator, so the best proximity problem
has at least one solution z7% € A.

dl@,z) < D(z,T(x))+0(T(x), T(z}4)) + D(x, T(2}))
< e+ D(A,B) + ¢(max{D(z, T(x)), D(x%,T(x%))}
—D(A, B)) + 2D(A, B)
< e+ o(max{e+ D(A,B),D(A,B)} — D(A,B)) +3D(A, B).

In conclusion,
d(z,2%) < e+ p(e) +3D(A, B),
proving that the best proximity problem (1.1) is generalized Ulam-Hyers stable.
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