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Abstract. The main objective of this paper is to obtain some new fractional
estimates of Hermite-Hadamard type inequalities via h-convex functions. A new
fractional integral identity for three times differentiable function is established.
This result plays an important role in the development of new results. Several
new special cases are also discussed. Some applications to means of real numbers
are also discussed.
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1. Introduction and preliminaries

Throughout the sequel of the paper, let set of real numbers be denoted by R,
I = [a,b] C R be the real interval and I° be the interior of I unless otherwise specified.

Definition 1.1. A function f : I — R is said to be classical convex function, if
F((L =D +ty) < (1 - 0f@) +tf(y), Veyeltela. (1)

In recent years numerous generalizations of classical convex functions have been pro-
posed, see [1, 2, 3, 4, 5, 6, 11, 19]. Varosanec [19] investigated a new class of convex
functions which she named as h-convex functions. This class is unifying one and it
includes some other classes of convex functions, such as, s-Breckner convex functions
[1], s-Godunova-Levin-Dragomir convex functions [3], Godunova-Levin functions [6]
and P-functions [5].

The h-convexity is defined as:

Definition 1.2. [19] Let h : [0,1] — R be a non-negative function. A non-negative
function f: I — R is said to be h-convex function, if

f((1 =tz +ty) <hQ—t)f(x)+ht)f(y), Va,yel,telol]. (1.2)
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For different suitable choices of function h(.) one can have other classes of convex
functions.

Every one is familiar with the fact that theory of convex functions has a close re-
lation with theory of inequalities. In fact many classical inequalities are derived
using convexity property. Thus these facts inspired a number of researchers to in-
vestigate both theories. Consequently several new generalizations of classical in-
equalities have been obtained via different generalizations of convex functions, see
[3, 4, 5, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24].

Nowadays fractional calculus is a vibrant area of research in mathematics. The history
of fractional calculus started with the letter of L’Hospital to Leibniz on 30th Septem-
ber 1695 in which he enquired Leibniz about the notation he used in his publications
for n-th order derivative of the linear function f(x) = z, D 2. L’Hospital asked a ques-
tion to Leibniz that what would happen if n = % Leibniz’s replied: ”An apparent
paradox, from which one day useful consequences will be drawn.” With this the study
of fractional calculus had begun. Several applications of fractional calculus have been
found till now. For some useful information on fractional calculus and its applications,
see [7, 8, 9]. A recent approach of obtaining fractional version of classical integral in-
equalities has also attracted researchers. For example, see [11, 12, 15, 19, 22]. The
motivation of this article is to establish some new fractional estimates of Hermite-
Hadamard type inequalities via h-convex functions. Some special cases which can be
derived from our main results are also discussed. In the end some application to spe-
cial means of real numbers are also discussed.

We now recall some preliminary concepts which are widely used throughout the paper.

Definition 1.3. [9] Let f € Li[a,b]. Then Riemann-Liouville integrals J&. f and J* f
of order a > 0 with a > 0 are defined by

x

T fe) = g [@= 0 0 2>

a

and
b
Jef —F / elf)dt, = <b,

where -
I(a) = / e tx® e,
0

is the Gamma function.

1
B(z,y) = / M1 -ty dt =
0
The integral form of the hypergeometric function is

1

1
o (x,y;¢; 2 :7/ TN — )Y — 2t) TR
( ) B(y,c—v) Jo -9 ( )

for |z2| < 1,e>y > 0.
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Recall that
h—
1. For arbitrary a,b € R\ {0} and a # b, L(b,a) = m7 is the logarithmic
mean.
. a+
2. For arbitrary a,b € R and a # b, A(a,b) = 5
3. The extended logarithmic mean L,, of two positive numbers a, b is given for a = b

by L,(a,a) = a and for a # b by

b
, is the arithmetic mean.

|:bp+1_ap+1 i|% , D 7é _1u07

(p+1)(b—a)

Lp(a,b) = { Togpiogas p=-L
1 (b e _
; ((T) » =0

2. Main results

To prove our main results, we need following auxiliary result.

Lemma 2.1. Let f : I — R be three times differentiable function on the interior I° of
I.If f"" € La,b], then

e — (b_a)g
Ly (a,b;n;a) = (n+ 1) a+ 1)(a+2)

1

+t 1t 1-t¢ n+t
l_ta+2 g n b " b dt
x/( ) {f <n—|—1a+n—|—1 +f n+1a+n+1 ’
0

where

@ Ty SO

1
(n+1 at i

(n+1)*'T(a+ 1) [
L ,b;m; = J 1
f (a n a) (b—a) (727a+370)

O 1)§?a_—f)12)(a+2) {fﬁ (nil“+ n-1|-1b>

(
1 1 n b—a , n 1
o o+ i) |+ e (et o)

n+1 n+1
1 n 1 n 1
! b)| — b
+ <n+1a+n+1)} n—i—l{f(n—l—la—’_n—l—l)
1 n
b)|.
+f<n+1a+n+1 ﬂ
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Proof. Let
1
72 a+2 /// n+t 1_tb [ 1—=1 n—‘rtb a
/ [ <n+1 * n+1 + n+1a+n+1
0
1 . 1
+t 1—t n+t
- _ 1 pat2em n /1_ o g
/( T f ( 1 at— b)dt+ (1-t)*f n—|—1a+n—|—1b dt
0 0
=—h+l (2.1)

Integrating I3 on [0, 1] yields
1
+t 1
1— a+2 g/ n
/( £yt g ( Tl —|—+1b>dt
0
n+l,,( n 1 n+12%(a+2), [ n 1
b—af <n+1a+n+1b (b—a)? / n+1a+n+1b
(n+13(a+1)(a+2) n 1
+ (b—a)3 ! n+1a+n+1b
_(n+ 1) (a + 3)
(b—a)ot3 (FAratsiat)”

Similarly, integrating I on [0, 1], we have

1>

I

fla). (2.2)

1
1—t¢ n+t
L2 [(1—pet2pm | — b dt
2 /( ) ! n—|—1a+n—|—1
0

_n—‘rlf,,< 1 at n b)_(n—|—1)2(a+2)f,< 1 at n b)

b—a n+1 n+1 (b—a)? n+1 n+1
1)3 1 1
USRSV R P S
(b—a)? n+1 n+1
(n+1)**T(a +3)

(b—a)ot3 (%ﬂ“nilbﬁf(b)' (2.3)

Summation of (2.2), (2.3) and (2.1) and then multiplying both sides by
(b—a)’
(n+1D*a+1)(a+2)

completes the proof. O

Note that for n =1 and a = 1 in Lemma 2.1, we have previously Lemma [24].
If n =1 in Lemma 2.1, then, we have Lemma 3.1 [14].

Theorem 2.2. Let f : I — R be three times differentiable function on the interior I°
of I. If f" € Lla,b] and |f"| is h-convex function, then

(b — a)3 7. " "
T s 1 @]+ 0,

|Ls(a,b;n;a)| <
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where

1
U(h;n;t) / t)o+? p(2EEY g L=V g,
n-+1 n-+1
0

Proof. Using Lemma 2.1 and the given hypothesis, we have

|Ls (a,b;n; o)
B (b—a)3

IA

(b= a)*
g

(n+ DA a+ 1) (a+2)
1
+1 1-t¢ 1—-1 n+t
1— a+2 | _ e n " t
X/( R [f ( +1 ot +1b)+f <n+1a+n+1b>}d
0
(n+1D)*Ha+1)(a+2)
1
+t 1-t¢
1— a+2 pl n
/( pot2y <n+1 ++1b>dt
0
1-1¢ n+t
l_ta+2 I b t
/( ) (n+1a+n+1)d
0
P2y G S TR Y
n+1 n+1

+

(b—a)®
“(n+1)*Ha+1)(a+2)

(1—t)*+2

(b—a)®

/
T D et Da+2) 0/(1_t)a+2 1" (rlz;i“*:iib)‘dt
S 0/1<1 =0 [ (25 ) i+ (25 ) 1o a
f e / -0 [ (228 1@+ v (254 1ol a
0
(b - o)’

C(n+DAHa+1)(a+2)

)
( o [ (1) + (;j)}dt) 17 @) + £ B)].

This completes the proof.
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Theorem 2.3. Let f: I — R be three times differentiable function on the interior I°
of I. If f"" € Lla,b] and |f"'|? is h-convex function where % + % =1, p,g>1, then

1

. 0 :
[Ls (@, bim; )] < nt1)iat)(a+t2) (P(Oé+2)+1>

X _ O/lh(Zit)dt |f" ()] + O/lh<i+_i> o\
+ {thL:LD dt}fn/(a)u{o/lh(;lﬂ)dt}f”’(b)q)é

0

Proof. Using given hypothesis, Lemma 2.1 and the Hoélder’s inequality, we have

|Ls (a,b;n; o)
B (b—a)3
(n+1)*a+1)(a+2)
1
a+2 /// n+t 1- tb " 1-t nthb dt
x/ [ <+1 o) Tt e
0
(b_a)3 +2 g1 n+t 1-t1
1—¢)* —_ ——b|dt
( ) ! n—|—1a+n—|—1

(n+1)*a+1)(a+2)

N (b0
(n+ D% a+1)(a+2)

(1 _ t)a+2f///

Ot~ Ot~

(b_a)3 a+2 | e n+t 1-
< _
“n+ D4 a4+ D) (a+2 (1-1) ! n+1a+n+1b dt
( )4( ) )
(b— 1 1
—t n+t
a+2 "
+(n+1) (04+1 a+2/ / <n+1a+n+1b>’dt
0
1 1
( 1 P 1 +t 1 : q q
(a+2)dt / m [T - b d+
~ (n+1)* (a+1 )+ 2) / / (n+1 n+1
0 0
1 1
( 1 P 1 1 . +t q q
p(a+2)dt " n b dt
+(n+1)( )a+2) / /f <n+1a+ 1
0 0
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(b—a)?® 1
S(n+1)4(04+1)(oz+2 < a+2) +1

(e vl
+ {O/h(;;i) }f "+{0/1h<n+t>dt}f”’(b)q>;

This completes the proof. O

X

Theorem 2.4. Let f : I — R be three times differentiable function on the interior I°
of I. If f" € Lla,b] and |f"'|? is h-convex function where ¢ > 1, then

|Ls (a,b;n; )]

(b—a) 1\
= (n+1)4(a+1)(a+2) <a+3>

1
1 g
) n+t
x (/ o {n (2ED) @i n (g ) 10 fa )
0
1
1 q
1-t¢ n—+t
a+2 " q h "
| famom {n (G ) i@ e (25 ) e} a
0
Proof. Using given hypothesis, Lemma 2.1 and power mean inequality, we have
|Ls (a,b;n; o)
B (b—a)3
(n+ 14 a+1)(a+2)
1
a+2 Yz n+t 1-— t m1—1 nthb d
- - t
X/ [ (n+1 o) Tt e
0
(b—a)’

(1 _ t)oz+2f/// <n + 3 a+ Hb) dt

(n+ D*a+ )(a+2) Tt T

(- a)?
o Diatr Da+2)

o\»—‘ O\»—-

1-1t n+t
-2 [ —a+ ——b ) dt
( ) (n+1a+n+1)
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1 -3
(b—a)3 / +2
< —H)*T=dt
T (n+D*Ha+1)(a+2) (
0
1 1 q q
+t —t
1_ta+2 " n 71) dt
/( ) f <n+1a+n+1
0
-
(b_a)g / 2
1—¢t)*T2de
T orietrnEery | /Y
0
1 q q
« / pectz g (120 DA TAT G,
n+1 n+1
0

1

= (n+ 1)‘1(?&_—5)13;(04—1—2) (0/(1 _t)a+2dt)

i e n+t " q 1-—-1 "
(O/a o {n (250) ) +h(1 SIECHT )
+ (n+ 1)4(?a—if1)13;(a+2) (0/(1 t)a+2dt)

x (Oj(l o (A )@ e (25 ) e a )
(b—a) 1\
(n+ 1o+ 1) +2) (a—|—3>

1
)e 2 n+t meo\iq "
x / (25 ) 1@ (225 ) 1ol
=i fn (Ao ) @ (250 o) t) |

This completes the proof.

Q=

X

IN

Q=

+
O\H

We now discuss some special cases of the results proved in previous section.
I If h(t) = t° in Theorem 2.2, then, we have result for s-Breckner convex function.
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Corollary 2.5. Under the assumptions of Theorem 2.2, if |f""'| is s-Breckner convex
function, then

(b—a)®
(n+ 1) 4 (a+1)(a+2)

|Lg (a,b;m; )] < U(nss;t) (| (@)l + [f7 O],

where
1
W(ns sit) = /(1 2 (4 6)° + (1 — )] dt
0
n® 1 1
- Al —satd——|+—— .
+3? 1[’ sats n]+a+s+3

II. If h(t) = t—° in Theorem 2.2, then, we have result for s-Godunova-Levin-Dragomir
function.

Corollary 2.6. Under the assumptions of Theorem 2.2, if | f"'| is s-Godunova-Levin-
Dragomir function, then

(b—a)®
(n+1)4s(a+1)(a+2)

Ly (ab5m50)] < U(n; —s:t) [|f" (@) + [F7 (D]

where
1
U (n; —s;t) / - ‘”2 n+t)*5+(1—t)*s]dt
0
1 1 1
= L F |Lsjat+d—— |+ —.
n*(a+3) > 1[,s,a+ ’ n}+a—s+3

III. If A(t) = 1 in Theorem 2.2, then, we have result for P-function.
Corollary 2.7. Under the assumptions of Theorem 2.2, if |f"'| is P-function, then

2(b—a)3 . »
n Dia+ Diar D@y M @HITON

IV. If h(t) = t* in Theorem 2.3, then, we have result for s-Breckner convex function.

|Ls (a,b;n; )| <

Corollary 2.8. Under the assumptions of Theorem 2.3, if |f"'|? is s-Breckner convex
function, then

|Ls (a,b;n; o)

S =

(b—a) 1
= (n+ 1" (a+1)(a+2) (p(a+2) + 1>

. [({ L2 e+ {2 f’”(b)lq)é

+({s e {0 o) é] .
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V. If h(t) = ¢~*® in Theorem 2.3, then, we have result for s-Godunova-Levin-Dragomir
convex function.

Corollary 2.9. Under the assumptions of Theorem 2.3, if |f"'|? is s-Godunova-Levin-
Dragomir convex function, then

|Ls (a,b;n; o)

| A

(b—a)3 < 1 )P
(n+1)*" (a+1)(a+2) pla+2)+1

[(EEIEC i e R )
<{ } /(@) + {(n(l +n))75(_”:(_11-n) +n(1 +n)s)} f”’(b)|q>;] |

VL. If h(t) = 1 in Theorem 2.3, then, we have result for P-function.

X

Corollary 2.10. Under the assumptions of Theorem 2.3, if | f''|? is P-function, then

o Q(b_a)?) 1 % " q " q%
Ly abma) < e S () I+

VIL. If h(t) = t* in Theorem 2.4, then, we have result for s-Breckner convex function.

Corollary 2.11. Under the assumptions of Theorem 2.4, if h(t) = t°, then, we have
result for s-Breckner convex function.

|Ls (a,b;n;a)]

= (n+1)* (b(a—:l)(a—&-Q) (0413)1_

n’® 2F1 —s;a+4; — } "N 1 - i
({( a3 )'f @+ (i) O }dt>
m q n® ol [17_8;a+4;_%} " q :
<{(a+s+3 7 (@)l +< a+3 )'f (®)] }dt>

VIIL. If h(t) = t=° in Theorem 2.4, then, we have result for s-Godunova-Levin-
Dragomir convex function.
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Corollary 2.12. Under the assumptions of Theorem 2.4, if h(t) = t°, then, we have
result for s-Godunova-Levin-Dragomir convex function.

|Ls (a,b;n; )]

< n+1 4(13)(021)(04%) (ai3>l_q

2F1 172,Oé—|-4 ] m q 1 " q é
" q 21 [172;0[_"4; %] " q %
+<{ 3+3 |/ (a)] +< T >|f ()| }dt>

IX. If h(t) =1 in Theorem 2.4, then, we have result for P-function.

Corollary 2.13. Under the assumptions of Theorem 2.4, if h(t) = t°, then, we have
result for p-function.
Ly (a,b;n; )
2(b—a)3

ST )iat Diat2)(at3) I @l + 177

3. Applications
In this section, we present some applications to means of real numbers.

Proposition 3.1. For some s € (0,1), 0 < a < b, then

—1)(b=20a)3
L(a,p) - = D=0 ;flb U 45-2(a,8) — A%(a,b)
s(s—1)(s—=2)(b—a)’ . -
< 192 [Ja[*= + [b]"7?].
Proof. The assertion directly follows from Theorem 2.2 applying for h(t) = t°,
f:00,1] = [0,1], f(z) =2® and a = 1,n = 1. O
Proposition 3.2. For some s € (0,1), 0 <a <b and % + % =1,1<qg< o0, then
—1)(b=2a)3
‘L(a, b) — WAH(@, b) — As(a,b)‘
s(s—1(s—2)b—a)® [ 1 \*
- 96 3p+1

1 1
3 1 q 1 3 a
21q1a(s=3) 1 Zplals—3) Zlglats=3) o 2plals—3)
X l<4|a| +2|b\ ) + <2a| +4|b| > ]

Proof. The assertion directly follows from Theorem 2.3 applying for h(t) = t°,
f:00,1] = [0,1], f(z) =2* and a = 1,n = 1. O
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Proposition 3.3. For some s € (0,1), 0 <a <b and g > 1, then
s(s—1)(b—a)?

‘L(a,b) - 24 A*"%(a,b) — A%(a, b)‘
<3 1)(33;42)(6 —a)? (:);

1 1
8 l(;aq(ss) N |bq<s3>) Ty <|a|q<83> N 2|b|q<s3>> ] ,

Proof. The assertion directly follows from Theorem 2.4 applying for h(t) = t°,
f:00,1] = [0,1], f(z) =2®* and a = 1,n = 1. O
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