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Approximation with an arbitrary order
by generalized Kantorovich-type and
Durrmeyer-type operators on [0, +00)

Sorin Trifa

Abstract. Given an arbitrary sequence A\, > 0, n € N, with the property that
limp oo An = 0 as fast we want, in this note we introduce modified/ gene-
ralized Szédsz-Kantorovich, Baskakov-Kantorovich, Szasz-Durrmeyer-Stancu and
Baskakov-Szédsz-Durrmeyer-Stancu operators in such a way that on each compact
subinterval in [0, +00) the order of uniform approximation is w1 (f;v/As). These
modified operators uniformly approximate a Lipschitz 1 function, on each com-
pact subinterval of [0, 00) with the arbitrary good order of approximation v/A,.
The results obtained are of a definitive character (that is are the best possible)
and also have a strong unifying character, in the sense that for various choices
of the nodes \,,, one can recapture previous approximation results obtained for
these operators by other authors.
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1. Introduction

It is known that the classical Baskakov operators are given by the formula (see,
e.g., [2])
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In the recent paper [9], this operator was modified by replacing n with )\i,

lim;, 00 A, = 0 as fast we want, and the approximation properties (of arbitrziry good
order depending on A,,) of the new obtained Baskakov operator defined by the formula

where

(e}

. z \’
Valfia) = (o)™ 3 o (15 ) - (i1 50 ) ($5) £6a o0,

=0

were obtained. Above by convention,

11l 1) = 1forj=0
I N ) 7 N )T or g =0.

The complex variable case for V,,(f; A,) was studied in [10]. Also, in [6], the above idea
was applied to the Jakimovski-Leviatan-Ismail kind generalization of Szdsz-Mirakjan
operators.

The goal of the present paper is that based on the above idea, to introduce modi-
fied/generalized Szész-Kantorovich, Baskakov-Kantorovich, Szdsz-Durrmeyer-Stancu
and Baskakov-Szasz-Durrmeyer-Stancu operators in such a way that on each compact
subinterval in [0, +00) the order of uniform approximation is wy (f; v/A,). These mod-
ified operators can uniformly approximate a Lipschitz 1 function, on each compact
subinterval of [0,00) with the arbitrary good order of approximation /), given at
the beginning.

In conclusion, it is worth mentioning for these generalized operators that since
An ca be chosen with A, N\, 0 arbitrary fast, in fact it follows that the order of
convergence wi(f;v/A,) is arbitrary good. For this reason, the results obtained by
this paper have a definitive character (that is they are the best possible). In the same
time, the results also have a strong unifying character, in the sense that for various
choices of the nodes A, one can recapture previous approximation results obtained
by other authors.

2. Generalized Baskakov-Kantorovich operators

In this section we deal with the Baskakov-Kantorovich operators.
It is known that the classical Baskakov-Kantorovich operators are defined by

(see, e.g., [3])
SN o (G+1)/n
K@ =3 (") [ s

j=0 J /n
o= nn41) . (ntj—1) /(j+1)/n
= (4o : dv.
e ;J 7! TEE f(v)dv

If we replace n with )\i, then we obtain the generalized Baskakov-Kantorovich oper-

ators, defined by the formula

L 11 1 1 w1 DA
=(1+z) Wy =—(1+—=})... (j-1+—=]) —=— :
(1+z) Zjun ( + An> (y + Aﬂ) EesThw /jA f(v)dv
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Denote everywhere in the paper ey(x) = 2%, k =0,1,2,...

This section deals with the approximation properties of the operator
K, (f; A\n)(x). For our purpose, firstly we need the following auxiliary result.
Lemma 2.1. We have:

(i) Kn(eo; An)(x) = 1; Ky(er; Ap)(z) =+ % “An;
1
Kn(ea; M) (x) = 22 + 202 + A\pz® + 3 A2

(i) Kul(t = 2% M)(@) = M (22 + 2+ 1 - A0).
Proof. By using the formulas in Corollary 2.1 in [9],
Vileo; A\n) () =1, Vyler; An)(x) =2
and
Vi(ea; M) () = 22 + Apz(1 4 ),
we will calculate K,,(eo; A\ ) (), Kn(e1; An)(1), Kn(ea; M) (), Kn((t — 2)% M) (2).
(i) Therefore,

R ) 1 s \J 1 DA
—(l+z) Wy ——(1+—) ... (j-1+— — d
et S () () ()
111 1 1 z V1, i
j=0J° " " " "
N I | 1 1 v\
e jz—:ojun< +An> ’ +An> 1+x> (o))

Also,
=(1+z) > -——1+— ... |{j—-1+— —/ vdv
( ) ‘E::OJ!/\n An) (J An) <1+$> An JAn

+ .
> -!1An (1+;n)...<j_1+;n (lix)JQ;WL(jQAi+>\i+2j>\i—j2>\i)
~.<j—1+;n> (1;)];” (;AZH‘AZ)
>"'(j1+A1n) <1im>j;n;ﬁ
1+)\1n>...<j—1+)\1n) <1j_x>j;nm

1 i X111 1 . 1 r Y
= Valer; M)(@) + (14 2) 3 D0 o <1+M>“'(3‘1+An) <1+w>
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1 1
= Valeri An)(@) + 5 AnVa(eos An) (2) = 2+ SAn.
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+(1+2) jz_:ojun( +)\n) (J +>\n) <1+x> P
oo j
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1 T -1 4+—)...(J—-14+— —
t1+) jz_:oj!An< +>\n> (9 +>\n> <1+x> A3

=22 + 20z + Aa? + %AEL.
(ii) Finally, we get
Ko((t— )% 0\, (1) = K (12 — 2tx + 2% 0,) ()
= K, (t*; M) (2) — K (2tz; M) () + Ko (25 M) (2)
= K, (ea; M) () — 22K, (e1; M) (x) + 22K, (e0; A\ ) ()

1 1
=22 4+ 2\ + Mz + EA?L —22% —xh, + 2% = N\ (z 2%+ 5)‘”)' O

The main result of this section is the following.
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Theorem 2.2. Let A\, \, 0 (with n — o) as fast we want and suppose that f :
[0,4+00) — R is uniformly continuous on [0, +00). For all x € [0,400) and n € N, we

have

K (3 2a)(@) = F@)] < 201(f5 VA0 - Va2 2+ 20 /3),
where wi(f;0) = sup{|f(z) — f(y);z,y € R, |z —y| < §} denotes the modulus of
continuity of f with the step 6.
Proof. By the classical theory (see, e.g., Shisha-Mond [14] or, e.g., [1], Proposition
1.6.3) (where although the result is proved for continuous functions on compact inter-
vals, the reasonings are similar for uniformly continuous functions on [0, +00)), for any
positive and linear operator L defined on the set of uniformly continuous functions
UCI0,+00), we obtain

IL(f)(x) = f(2)] < (140 L(p2)(x))w(f;0)
for all f € UC[0,+00),x € [0,400),0 > 0, where () = |t — z|.
Replacing above L by K,, and taking into account that by Lemma 2.1, (ii) we have

VEL((t— )25\ (@ ):\/)\n(x+a:2+ ) = VA 422+ /\n,
this implies
K (3 0n) (@) = f(2)] < (L4 67V A -V + a2 + N /3w (f6).
Choosing now here § = /X, - /22 + 2 + \,, /3 we get
K (3 M) (@) = F(@)] < 201(f; VAN T+ 2% + X0 /3),

which proves the estimate in the statement. O
As an immediate consequence of Theorem 2.2 we get the following.

Corollary 2.3. Let A, \( 0 as fast we want and suppose that f is a Lipschitz function,

that is there exists M > 0 such that |f(z) — f(y)| < M|z —y|, for all x,y € [0,00).

Then, for all z € [0,+00) and n € N we have

K (3 00) (@) = ()] < 2M /N - /o + 2% + X0 /3.

Proof. Since by hypothesis f is a Lipschitz function, we easily get wi(f;0d) < M4, for
all § > 0. Choosing now § = /A, - v/ + 22 + \,,/3 and applying Theorem 2.2, we
get the desired estimate. d
Remarks. 1) Since f € UCI0, 4+00), it is well-known that we get lims o w1 (f;6) = 0.
Therefore, since A\, \ 0, passing to limit with n — oo in the estimate in Theorem 2.2,
it follows that K, (f;\,)(x) = f(x), pointwise for any z € [0, +00). Now, in order to
get uniform convergence in the above results, the expression /x + z2 4+ A,,/3 must
be bounded, fact which holds when x belongs to a compact subinterval of [0, +00).

2)If f e UC0, +00), then K, (f; \n)(x) is well defined (that is | K, (f; An)(z)] <
+oo for all x € [0, +00) and n € N). Indeed, if f is uniformly continuous on [0, +00)
then it is well known that its growth on [0, 400) is linear, i.e. there exist a, 5 > 0
such that |f(z)| < ax + 8, for all z € [0, +00) (see e.g. [4], p. 48, Probleme 4, or [5]).
This immediately implies

G (f5 An) (@) < K (£ An)(2) < - Ky(en; An)(2) + B = ez + A\n/2) + B,
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for all z € [0, +00), n € N.

3) The optimality of the estimates in Theorem 2.2 and Corollary 2.3 consists
in the fact that given an arbitrary sequence of strictly positive numbers (v, )n, with
lim,,_, o v» = 0, we always can find a sequence \, satisfying

20.}1(f; \/)\n : \/$+$2+)\n/3> S%
for all n € N and x belonging to a compact subinterval of [0,+00) in the case of

Theorem 2.2 and /A, - vz + 22+ X,/3) < v, for all n € N and = in a compact
subinterval of [0, +00), in the case of Corollary 2.3.

3. Generalized Szasz-Kantorovich operators

The formula for the classic, linear and positive Szasz-Kantorovich operators is
given by (see, e.g., [16])

[e'e] ( )j Jt1 00 t +
. nw z o (nz)? j
Sulf)(@) = ¢ Z Lo [ s > / )t
j:O n J
Replacing above n with - -, we obtain the generalized Szész-Kantorovich operators,

defined by the formula

3=0 At An S,
0o )
=z !
=e ) = [ fOult+7))dt
‘]70 )\TLJ' 0

In this section we study the approximation properties of the operator S, (f; \,)(z).
Firstly we need the following lemma.
Lemma 3.1. We have:

(i) Sn(eo; An)(x) = 1; Sn(er; An)(2) =+ - N\y;

1
Sp(ez; An)(x) = 22 + 2\ + = 3 A2

(it) Sp((t — 2)% M) (@) = An (z+ 5 - An).
Proof. (i) We have
e J
Sn(eO;)\n)(‘r) = e_x/kn 'mj = 17
Jj= =0 IAn
for all z > 0 and n € N. Then,
. - —r/)\n s JZJ 1 1 . 2 2
Saferile) =e " 3 {0+ D - 07)
o~z — 2 1 2 2
=e¢ Z /\j2>\ (2/\j+/\)

10‘7
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2 ey R
— e=/Mn A e/ A NS
Z u)\J 2 An jgojl)\%

— An —x/A _ An —z/An =z _ An
27 z:: AJ1_2+$6 kzzomg_2+x'
Also,
Spe2; An) () = e~/ 21 A )
(e2; =e JZOJW 53 UG H DAL = (G2)*)
= ¢ %/ An i 2 1 {(Bi*+3j+1)A2}
R P2 "
_ 2y i T Z i,
3 = ]'A% = ]l)\]
A2 27 (5 — 1N TIGA2 A2
=210 4 em2/An A A P =22 4+ 22\, + 2.
3 ; 31An ; I, 3

(ii) Concluding, we get
Sn((- =) M) () = Kn(Ane2)(x) — 22 - K,y( A e1) () + 2

=2 +A2/3 = \o(2 4+ Mo /3). O
The main result of this section is the following.

Theorem 3.2. Let A\, \, 0 (with n — o) as fast we want and suppose that f :
[0, +00) — R is uniformly continuous on [0, +00). For all x € [0,+00) and n € N, we

have
1S (f: M) (@) = F(@)] < 201(f5 v/ A0 - VT + A /3),

where wi(f;0) = sup{|f(z) — f(y);z,y € R, |z —y| < §} denotes the modulus of
continuity of f with the step §.
Proof. Reasoning exactly as in the proof of Theorem 2.2, we can write

[Su(f; An) (@) = f(2)] < (14 071/ Sn(92; An) (2))wi(f30).

Choosing here § = /S, (¢2; \n)(x) an using Lemma 3.1, (ii), we obtain

1S (5 M) (@) — f(2)] < 2wy <f;\/x- x+;)\n> < 2w, (f VAT + >\ )

which proves the theorem. O
As an immediate consequence of Theorem 3.2 we get the following.

Corollary 3.3. Let A\, \, 0 as fast we want and suppose that f is a Lipschitz function,

that is there exists M > 0 such that |f(x) — f(y)| < M|x —y|, for all x,y € [0, 00).

Then, for all z € [0,+00) and n € N we have

[Sa(f3 Mn)(@) = f(@)] < 2M /- Vo + A/
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Proof. Since by hypothesis f is a Lipschitz function, we easily get wy(f;0d) < M4, for
all § > 0. Choosing now § = /A, - /= + \,,/3 and applying Theorem 3.2, we get the
desired estimate. 0
Remark. All the Remarks 1)-3) made at the end of the previous section remain valid
for the generalized Szész-Kantorovich operators too.

4. Generalized Szasz-Durrmeyer-type operators

Let us recall that the classical Szasz-Durrmeyer operators are given by the for-
mula (see, e.g., [13])

SDA(N) @) = 1Y $n () / " s (0 f (1),
3=0

—nz (nx)?

Jgtoe

If we replace n with )\i, then we obtain the generalized Szdsz-Durrmeyer oper-
ators, defined by the formula

where s, j(x) =e

Dalfid)w) = =3 e 2 [T e 2 par
An pry Mgl Jo Mg
In the first part of this section we study the approximation properties of the operator
D, (f; An)(z). Firstly we need the following lemma.
Lemma 4.1. We have:
(i) SDy(eo; An)(x) = 1; SDy(e1; M) (x) = 2 + Ay;

SDy(e2;Mn)(2) = 2% + 4hpx + 202,

(ii) SD,((t — )% M) (x) = A\ (27 + 2),).
Proof. (i) Denoting

we can write

1 & . % '
Dalfihn)(@) = 5= ™% =25 ().
7=0 '
Now, taking f(t) = ¥ and making the change of variable v = ﬁ it follows

e o] Uj )\p+1 [e%e] ]
Ii(ep) = )\n/ e - - AP wPdy = ”,' . / e~ uP T do
0 J- 7! 0
Aptl )\p+1
= ; Tlp+j+1-1)=

-(p+ )N

where T' is the Euler’s gamma function.
So, for p =0, we have I;(ey) = ’}—?j! = \,,, which implies
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Now, for p =1 we have I;(e;) = )‘ ) (+1)!'= (j + 1)A2, which implies
1 e (55) )
SD,(e1, A\n)(z) = o™ e *n ]’?' (F+ 1A
=0

1S L () Lo e ()
WO I Al D DU e TR R

§=0 3=0
Finally, for p = 2, we have I;(e2) = (Aj’”i)g (5 +2)!=(5+1)(j5 +2)\2, which implies
SDa(en d)(@) = =3 e B 2 g 2)N%
n(e2, n><x>—;;e TP+ 3 +2)
IOO_L(;) )i 100_7(1 ;
= EZB An 1 /\n+x An 3 )\

n =
(i) Cojncluding, we get
SD,((t — )% M) () = SD, (12, M) (2) — SDy (2tx, \p) () 4+ SDy (22, \) ()
= 2% + 4\ + 202 = 2x(z + \,) + 2% = 20, + 2)02,
which proves the lemma. O
The first main result of this section is the following.

Theorem 4.2. Let A\, \, 0 as fast we want and suppose that f : [0,+00) — R is
uniformly continuous on [0,+00). For all z € [0,4+00) and n € N, we have

1SDu(f3 M) () = F(@)] < 2w1(f3 VAn - V22 4 200).

Proof. Reasoning exactly as in the proof of Theorem 2.2, we can write
|SDn(f7 )\n)(x) - f(.’L‘)‘ < (1 + 6_1 SDn((P?c; )\n)(x))wl(fa 5)
Choosing here § = \/SD,,(¥2; \,)(x) and using Lemma 4.1, (ii), we obtain

190 (f3 ) (@) = F(@)] < 2w1(f3 v A - V22 + 2)),

which proves the theorem. O
As an immediate consequence of Theorem 4.2 we get the following.

Corollary 4.3. Let A\, \, 0 as fast we want and suppose that f is a Lipschitz function,

that is there exists M > 0 such that |f(x) — f(y)| < M|x —y|, for all x,y € [0, 00).

Then, for all z € [0,+00) and n € N we have

1S (3 M) (@) — F(2)] < 2M /A V22 + 20,
Proof. Since by hypothesis f is a Lipschitz function, we easily get wi(f;0d) < M4, for
all § > 0. Choosing now § = v/, - v/2x + 2),, and applying Theorem 4.2, we get the
desired estimate. d
Remark. All the Remarks 1)-3) made at the end of Section 2 remain valid for the
generalized Szdsz-Durrmeyer, SD,(f;\,), operators too.



488 Sorin Trifa

In what follows we will introduce and study the generalized Szész-Durrmeyer-
Stancu operators. Thus it is well-known that the classical Szdsz-Durrmeyer-Stancu
operators are given by the formula (see, e.g., [8])

SDED (@) = s (2) / Y. (”t - O‘) d,
5=0

n+p

where 0 < o < 8 and s, j(z) = e‘”“’("Tm!)j.

If we replace n with %7 we obtain:

1 L (&)Y e (2 [LE+a
SDEAF A ) = o 3 ) | o ) f( )dt'
0 J:

Firstly we prove the following lemma.
Lemma 4.4. Wg have:
. a, «, An(a+1
(i) SDSP (e0; An) (@) = 1; SDEP (e1; An) () = 555 + 25t
x? /\,,L(20¢~G—3)QIj A (a® 4200 +2)
T+ Mp)? - (14 M) L+xp8)% 7
(i) SDI7) (£ = 2)% An) (@)
A2 32 2 An(1—28(a+ 1)/\”)9{: A2 (a? +2a+2)
(14 AnB)? (14 X8)2 (14 Anp)?
Proof. (i) Firstly, we calculate T(’O‘k’B)(m) = S’Dglo“ﬁ)(ek)(az?)7 k =0,1,2. For this pur-

n

SDSLQ’B)(BQ; An)(x) =

pose, we will use the following formula in Lemma 2.1 in [§]

e g (R) et 4
B) _ (), 1
Sl () st -y
where T}, x(z) = SDy(ex)(x).

Therefore, before that we need to calculate T, x(x). For the calculation of
T, k(2z), we use the recurrence formula in Lemma 2.2 in [7]

n k+1
) = M) = (4 ) 7,0, (12)

taking into account that T, o(z) = 1.
Thus, taking in (4.2) k = 0 we immediately get

3

0= ;Tml(x) —(n+1/2)T, o(x),

which implies
Toa(z) = (n+1/z) - % =z +1/n.
Taking in (4.2) k = 1, it follows

1== n,z(x)—<n+i> (”111)
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which implies
2 1 3z 2
Tn,z(x)z(nx+3+> <x+> +—+—
ne n

Returning now to the formula (4.1), for kK = 0 we obtain T,S%’ﬂ) () =1, for k=1 we

obtain
1 i 1—j
plB) _ 1\ o T o« n ( 1)
e T () = —— + -
e ;()(Mﬂ)l = e s e

n +a—|—1
'T 77
n+p n+p

while for £k = 1 we get
2 i 2—j
(9 2\ na
1570 =3 () T,.,(2)
=0 (n+B)? J

a2

n? 3x 2
T n+/3 ( > 6)2< +n+n2)
_ 2 (2a+3)x+a +200+2
(n+ﬁ) (n+ B)? (n+ B)?

Now, if we replace n with - we easily obtain

SD,(f"ﬁ)(eo; An)(z) =1,

An(a+1)
DB (e " _ x n
S n (617>‘ )(ZIJ) 1+>\n6 1+)\nﬂ )
z? An(2a0+ 3) A2 (a? 4 200+ 2)

(2.8) (e, -
SDR e dn)e) = Ty T Bt T T (1 )

(ii) We have
SDS A ((t = ) An)(x)
= SD@B) (eg: Ap) () — 225D (e1; M) () + 225D (eg; Ay ) (2)
5 1 2 N ] +x{)\n(2a+3) 2\ (a+1)
1+X.0)2 1+N7 (1+ \p,3)2 1+ A3

M (a? +2a+2) A2 32

" _ 24 An(1—28(a + l)An)x
(14 An5)2 (14 AnfB)? (14 Xn)?
A2 (a? 4+ 2a + 2)
1+ 1,8)2 7
which proves the lemma. O

The second main result of this section is the following.
Theorem 4.5. Let 0 < a < B, A\, \( 0 as fast we want and suppose that f : [0, +00) —
R is uniformly continuous on [0,+00). For all x € [0, +00) and n € N, we have

1SDEA) (f3 M) () — F(@)] < 201 (F; VAn - VB (),
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where
MfB2 5 1=28a+DA,  A(a?+2a+2)

(o, )
B ) = A+ B2 AL+rB2 (14 \,.0)2

Proof. Reasoning exactly as in the proof of Theorem 2.2, we can write

|SDEA (i M) () — fla)| < (1+ 6*% SDS P (02 M) ())wr (£;6).

Choosing here § = \/SD&Q’B)(@?E; An)(z) and using Lemma 4.1, (ii), we obtain

1SDLP) (£ M) (@) = F(2)] < 201 (F; VA - ESP (),

which proves the theorem. O
As an immediate consequence of Theorem 4.5 we get the following.

Corollary 4.6. Let 0 < a < 8, A\, \¢ 0 as fast we want and suppose that f is a

Lipschitz function, that is there exists M > 0 such that |f(z) — f(y)| < M|z —y|, for

all x,y € [0,00). Then, for all x € [0,4+00) and n € N we have

1SDEA) (f; M) () — f(2)] < 2M /A, -\ B ().

Proof. Since by hypothesis f is a Lipschitz function, we easily get wy (f;9) < M4, for

all § > 0. Choosing now ¢ = /A B B)( ) and applying Theorem 4.5, we get the
desired estimate. O
Remark. All the Remarks 1)-3) made at the end of Section 2 remain valid for the

generalized Szasz-Durrmeyer-Stancu, SDes )( f; An), operators too.

5. Generalized Baskakov-Szasz-Durrmeyer-Stancu operators

For 0 < a < 3, the classical Baskakov- Szasz-Durrmeyer-Stancu operators are
given by the formula (see, e.g., [12])

- i t+
V(@B (f / s (O g,
Z HOH G
where, s, ;(z) = e*m("ji‘”,)' and
n+j—1 7 ann+ ). (n+j—1) a7
bJ(I): . 7714_:(14’1') 5 .
J (1 + z)nt 4! (1+ )/
If we replace n with /\% we obtain the formula:
0 1 1 1 . .
V(a-,ﬁ) )\ I 1 v An N An An ‘
P F ) @) = 5 ; +2) 5 Tiap
oo . Yy 4y
/ e An - (Aﬁl) f( )\177, )dt
0 J! b +4

Firstly we need the following auxiliary result.
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Lemma 5.1. We have:
(i) V™ (e0; An) (@) = 1; V™ (€15 0n) () = kg + Audec
T+A o 4N, +2\a  A2a2+2X2a +2)2
N R (IR W) e A rAB)?
(1) Va™ P (6 = )5 An) ()
An FAZB% 52X, —2X23 —2)\2ap A2a? +2X2a 42202
BETES WP I+ B2 1+ AnB)?
Proof. (i) We will make the calculations in three steps:
Step 1. We calculate Ur(l?;ﬁo) (x) = V,go’o)(ek)(x), k = 1,2 by using the recurrence
formula (see, e.g., Lemma 2 in [11])

VoD (€25 A) (2) =

1 / k+1
UT(LOkO)( ) = x( T;Lx) _ [Ur(LokO)( )] n %US&O)(@’ (5.1)
and by taking into account that ) (x) = 1. Taking k =0 1n (5.1), we obtain
d by taking i hat U’ 1. Taking k = 0 in (5.1 btai
1 1 1 1
U,(loio)(x):x( +;z:).(1),+nz+ o net .. L
’ n n n n

For k =11in (5.1), we get

z(l+z) (nz+1\" nzx+2 nz+1 z(1+z) (nz+2)(nz+1)
. + . — 4
n n n n?

0,0
U () =

n n

nz(l+z) + (nz + 1)(nx + 2) o TP +dx 2
2 =+ 2

n n

Step 2. By direct calculation and based on the results obtained at Step 1, we will

obtain the values for Vn(a’m(ek)(x) = Ué?‘,;ﬁ)(xL k = 0,1,2. Indeed, based on the

formulas

nt + o n o (ag) /°° nt + o
= t = by ( it dt, (5.2
oy i Aty 1L nZ 3@ [ ssOICgdt (5:2)

for k=0 in (5.2) we obtain

o0

U7 (@) = VoD (o) (@) = 1Y bay(x) /:o snj(t)dt = U (z) = 1.

3=0
Then, for k =1 in (5.2) it follows

t+ «
Ul (@) = b, / (Y
nz a] SJ()n‘i’ﬂ

= Z i ( / Sn,j(t) +ﬂtdt+ and / Sn,j(t)dt

7=0

n i > Q 0,0
= nzbn,j(x)/o sp,j(t)tdt | + e 'Ué,o )(m)
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n 0,0 n nx+1 « n a+1
=g U @)+ =

n+f n—i—ﬁzn—i—ﬁ n +n+B_n+ﬁx+n+ﬁ'
Finally, for £ = 2 in (5.2) we obtain
«, o = e nt + «
UL @) = VD ea) @) = n 3o bus(e) [ s
=0

2 o0
= (7117@2 (n;bnd(m) S ( t2dt>

2 oo
+ﬁ (”an,j(fﬂ) $n 5 (t tdt)

7=0
a? >
+m le;obnd‘(I Sn,j
_ n’ -U(O’O)(x) L 2na .00 () + ———— o .U 0)( )
= (n+5)2 n,2 (n+6> n,1 ( +6) n,0
o nz(l+z)+ (na+1)(na +2) 2na nx +1 n a?
- (n+pB)? n? (n+p)? n (n+5)?
~ nz(l+z) + (nz+ 1)(nx + 2) + 2a(nz + 1) + o?
N (n+8)?

n+n , 4n+2an a? +2a+2
= 7+ T+

(n+p)? (n+p)? (n+p)?
Step 3. We calculate Ur(f,;ﬁ)(x), k =0,1,2, by replacing at Step 2, n with )%
It immediately follows

VP (e0; An) (@) = UL (5 00) = 1,
1 An + A«
1+ Anﬂ 1+ X387
T+ 5 A+20a  A2a2+2X02a+2)2

Vi ens ) (@) = U5 (i A) =

Vi) (25 An) (2) = US5” (3 M) =

TR R T W) R CE D W) 2
(ii) We have Vyfa’ﬁ)((t —z)% M) (2)
= VP (e2; An) (@) = 22V, (ex; Mn) (@) + 2V, (e0; An ) (@)
R N o + 20 Ma? 4202 4 2)2
(14 Ap)? (1+Anp)? (1+AnB)?
1 An + A 9
—2
g (1+)\nﬁm+ (W, ) e
LA HAZB7 5 20, = 2028 —2X2aB | A2a? 4+ 2X\2a+ 202

— x x 3
(1+Anp)? (1+Anp)? (1+Anp)?
which proves the lemma. O
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The main result of this section is the following.
Theorem 5.2. Let 0 < oo < 3, A\, \( 0 as fast we want and suppose that f : [0, +00) —
R is uniformly continuous on [0,+00). For all x € [0, +00) and n € N, we have

VB (F A (@) — F@)] < 21 (VA -V FD (),

where
142,32 2 2 =2\, — 2)\na5$ Ana? + 22, + 2\,
(1+Anf)? (1+Anf)? (14 Anf)?

Proof. Reasoning exactly as in the proof of Theorem 2.2, we can write

VD (F A (@) — F@)] < (146 VD (620 (@) (/3 6).

9 (@) =

Choosing here § = \/Véa’ﬁ)(@g; An)(2) and using Lemma 5.1, (ii), we obtain

1S (f3 M) () = F(@)] < 201 (f5 vV An -/ ESP (),

which proves the theorem. O
As an immediate consequence of Theorem 5.2 we get the following.

Corollary 5.3. Let 0 < a < B, A\, \¢ 0 as fast we want and suppose that f is a

Lipschitz function, that is there exists M > 0 such that | f(z) — f(y)| < M|z —y|, for

all z,y € [0,00). Then, for all z € [0,400) and n € N we have

VD (f; da) (@) = f(@)] < 2M/ A -\ B ().

Proof. Since by hypothesis f is a Lipschitz function, we easily get wi(f;0) < M4, for

all § > 0. Choosing now § = /A, - F,(La”ﬁ)(:zz) and applying Theorem 5.2 we get the
desired estimate. O
Remarks. 1) All the Remarks 1)-3) made at the end of Section 2 remain valid for the

generalized Baskakov-Szasz-Durrmeyer-Stancu, Vrfa’ﬁ )( f; An), operators too.

2) Note that in Theorems 2.2, 3.2, 4.2 and 5.2, for any § > 0 and f : [0, +0c0) — R
uniformly continuous, the modulus of continuity w(f;0) is finite. For the reader’s
convenience, we present below the proof. Indeed, for a fixed gg, from the definition
of the uniform continuity of f, there exists a dy > 0, such that |f(z) — f(y)| < eo,
for all z,y € [0, +00) with |z — y| < J§p. Passing here to supremum after these z,y,
it immediately follows that wi(f;dp) < €9 < +o0. Let now § > Jy be arbitrary.
Evidently that there exists a sufficiently large p € N, such that § < p- Jy. Using now
the monotonicity and the subadditivity of wy(f;0) as function of d, we get

wi(f;0) <wi(f;pdo) < p-wilf;do) < +oo.

Finally, we may conclude that the approximation results obtained for all the
operators in this paper are of a definitive character, i.e. they furnish arbitrary good
orders of approximation. It is also worth noting that the method in this paper does
not work for the positive and linear operators expressed by finite sums (like Bernstein
polynomials, Kantorovich polynomials, etc).
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