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Abstract. In this paper, we study the common solution problem of split general-
ized equilibrium problem, monotone inclusion problem and common fixed point
problem for a countable family of strict pseudo-contractive multivalued mappings.
We propose a modified shrinking projection algorithm of inertial form with self-
adaptive step sizes for finding a common solution of the aforementioned problem.
The self-adaptive step size eliminates the difficulty of computing the operator
norm while the inertial term accelerates the rate of convergence of the proposed
algorithm. Moreover, unlike several of the existing results in the literature, the
monotone inclusion problem considered is a more general problem involving the
sum of Lipschitz continuous monotone operators and maximal monotone opera-
tors, and knowledge of the Lipschitz constant is not required to implement our
algorithm. Under some mild conditions, we establish strong convergence result
for the proposed method. Finally, we present some applications and numerical
experiments to illustrate the usefulness and applicability of our algorithm as well
as comparing it with some related methods. Our results improve and extend
corresponding results in the literature.
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1. Introduction

Let H be a real Hilbert space with induced norm || - || and inner product (-,-). Let C
be a nonempty closed convex subset of a real Hilbert space and let F': C' x C' — R
be A bifunction. The equilibrium problem (shortly, (EP)) in the sense of Blum and
Oettli [8] is to find & € C such that

F(i,y) >0, YyeC. (1.1)

The set of all solutions of EP (1.1) is denoted by EP(F'). The EP attracts consider-
able research efforts and serves as a unifying framework for studying many well-known
problems, such as the Nonlinear Complementarity Problems (NCPs), Optimization
Problems (OPs), Variational Inequality Problems (VIPs), Saddle Point Problems
(SPPs), the Fixed Point Problem (FPP), the Nash equilibria and many others, and
has many applications in physics and economics, (see, for example [1, 11, 12, 34, 33, 48]
and the references therein).
On the other hand, the generalized equilibrium problem (GEP) is defined as finding a
point & € C such that

F(z,y) + é(z,y) = 0,Vy € C, (1.2)
where F, ¢ : C x C' — R are bifunctions. We denote the solution set of GEP (1.2) by
GEP(F, ). If ¢ =0, then the GEP (1.2) reduces to the equilibrium problem (1.1).
Let C C H; and Q C Hs where H; and H, are real Hilbert spaces. Let Fiy, ¢ :
C xC — Rand F3, ¢ : Q x Q — R be nonlinear bifunctions, and A : Hy — Hy be a
bounded linear operator. The split generalized equilibrium problem (SGEP) introduced
by Kazmi and Rizvi [23] is defined as follows: Find z € C such that

Fi(z,z) + $1(%,x) > 0,Vz € C, (1.3)
and such that
g = AZ € Q solves F5(§,y) + ¢2(4,y) > 0, Vy € Q. (1.4)
The solution set of the split generalized equilibrium problem is denoted by
SGEP(Fy,p1,Fs,¢2) ={7 € C: T € GEP(Fy,$1) and AT € GEP(F,¢2)}. (1.5)

If ¢1 = 0 and ¢ = 0, we obtain a special case of the split generalized equilibrium
problem (1.3)-(1.4) called the split equilibrium problem (SEP) which is defined as
follows:
Fi(z,z) > 0,Vz € C, (1.6)

and such that

J = AT € Q solves Fy(j,y) >0, Vy € Q. (1.7)
We denote the solution set of the SEP (1.6)-(1.7) by  := {z € EP(F) : AT €
EP(F,)}. The split generalized equilibrium problem has been studied by numerous
authors and several iterative algorithms have been proposed by many authors for
solving the problem (see, [39, 42]).
Another important problem that we consider is the monotone inclusion problem
(MIP), which is defined as finding a point z € H such that

0€(B+ D)z, (1.8)
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where B : H — H is a nonlinear operator and D : H — 2 is a set-valued operator.
We denote the set of solutions of (1.8) by (B + D)~1(0). The MIP (1.8) and related
optimization problems have been studied by several authors with various iterative
algorithms proposed for approximating their solutions in Hilbert spaces and Banach
spaces (see, for instance [3, 31, 32, 47, 50, 49]). One of the most efficient methods for
solving the MIP is the forward-backward splitting method (see [6, 9, 14, 17, 18, 26]).
Martinez [29] first introduced the Proximal Point Algorithm (PPA) for finding the
zero point of a maximal monotone operator B. The sequence generated by PPA is
defined as follows:
T+l = Jr[i Tn,

where 0 < r, < o0, J2 = (I +7,D)7" is the resolvent operator of D and I is the
identity mapping. This algorithm was eventually modified by Rockafellar [40] to the
following PPA with errors:

D
Tyl = Jp Tn + €n,

where {e,} is an error sequence. It was proved that if e, — 0 such that

[eS)
> llenll < +oe,
n=1

and the solution set D71(0) # 0 and lim inf r,, > 0, then the sequence {x,,} converges
n—o0

weakly to a zero point of D.
Also, Moudafi and Théra [31] introduced the following iterative algorithm for solving

MIP (1.8):

_ 71D

o = I n, (1.9)
Uny1 = top + (1 = t)xn, — p(l — t) By,

where t € (0,1), » > 0, B is Lipschitz continuous and strongly monotone and D is
maximal monotone. They proved that the sequence {z,} generated by the iterative
algorithm converges weakly to an element in (B + D)~1(0).

Alvarez and Attouch [5] proposed the following modified PPA of inertial form:

Yn = Tn +D//4n(xn - xn—l)a (110)
Tp41 = J)\nyvu n>1,
where {u,} C [0,1), {\,} is non-decreasing and
— 1
ZMonn — 2 1]|? <00, Y, < 3 (1.11)

n=1
It was proved that Algorithm (1.10) converges weakly to a zero of D.

Recently, Moudafi and Oliny [30] introduced the following inertial PPA for approxi-
mating the zero point problem of the sum of two monotone operators:

{yn =Ty + Nn(xn - $n—l)a (1 12)

Tnyl = J)l\::l (yn - )\ann)an > 1,
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where D : H — 2 is maximal monotone and B is Lipschitz continuous. They proved
that the sequence generated by Algorithm (1.12) converges weakly if A, < %, where
L is the Lipschitz constant of B.

Moreover, the following inertial forward-backward algorithm was introduced by
Lorenz and Pock [26]:

Tn41 = J)\Dn(yn - )\nByn)7n Z 1;

where {\,,} is a positive real sequence. Algorithm (1.13) differs from Algorithm (1.12)
since the operator B is evaluated as the inertial extrapolate y,. The proposed algo-
rithm was also proved to converge weakly to a solution of the MIP (1.8).

In 2016, Deepho [16] introduced the general Ceséro mean iterative method for approxi-
mating a common solution of split generalized equilibrium, fixed point of nonexpansive
mappings T and variational inequality problems:

_ T(F1;¢l)(x + A (T (F27¢2) DAz,),
Tnt1 = o f(xn) + Ban + (1 — By) — oan)n%r1 Z?:o Tjup, Yn >0,
where {a,}, {6} C (0,1), {\n} € [a,b] C (0,25) and {r,} C (0,a) and v € (0, %),
L is the spectral radius of the operator A*A and A* is the adjoint of A. Under the
following conditions:
(C1) ILm an =0, Y07 o, = o0;

(C2) 0< hm 1nf Bn < limsup B, < 1;

n—oo

(C3) n11_>rr010 [Ant1 — An] =0;

(C4) liminfr, >0, lim |rn,41 — 7] = 0.
n—00 n—oo

the authors proved that the sequence {z, } converges strongly to an element ¢ in the
solution set 2, where ¢ = Po(I — K + v f)(g¢) is the unique solution of the variational
inequality problem
(K=7f)g;x—q) 20, Yz € Q.

Also, in 2017, Sitthithakerngkiet [42] proposed and studied the following iterative
method for approximating a common solution of split generalized equilibrium, varia-
tional inequality for an inverse-strongly monotone mapping and fixed point problems
of nonexpansive mappings in Hilbert spaces:

{Z"_T(F“Wx £ AT - ) Ar,),

(1.15)
Tp+1 = anf(xn) + ﬂnxn + én [Unv + (1 - Un)PC(Zn, - )\nGZn)]

where v € C' is a fixed point, , € (0,00),u € (O, L) L is the spectral radius of the
operator A*A, A* is the adjoint of A, sequences {a,},{Bn},{&n} and {o,} are in
(0,1) and satisty ap + Bn + & = 1, Ay € [a, b] for some a,b with 0 < a < b < 283, and
{vn} C [e,1] for some ¢ € (0,1). Assume that the following conditions are satisfied:
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(C1) nhﬂn;(} an =0, Y07 o, = 00;

(C2) lim o, = 0;

n—oo

(C3) 0< lirginf Brn <limsupf, < 1;

n—oo
(C4) lim |Apy1 — A =0
n—oo
(C5) liminfr, >0, lim |r,11 —7r,| =0,
n—oo n—oo
the authors proved that the sequence {z,,} converges strongly to z € 2, where

Z = PQf(Z).

Recently, Phuengrattana and Lerkchaiyaphum [39] introduced the following shrinking
projection method for solving SGEP and FPP for a countable family of nonexpansive
multivalued mappings: For z; € C' and C; = C, then

2, = T1Eflv¢1)([ — AT - T7§527¢2))A)zm

Yn = 5n,0xn + Z?:l 5n,jun>j7 Un,j € szn’ (1.16)
Cny1={p € Cn: lyn — plI* < llzn — plI?},
Tny1 = Pe,,, 71, n €N

They proved that if
(i) liminf r, >0,
n—oo
(ii) The limits lim 6, ; € (0,1) exist for all j > 0,
n—roo

then the sequence {x,} generated by (1.16) converges strongly to Prx;, where
I'= m F(PJ)HSGEP(F17¢1>F27¢2) 7& (Z)u
j=1

F(Pj) is the set of fixed points of P; and P; is a countable family of nonexpansive
multivalued mappings.

In 2021, Olona et al. [37] proposed an inertial shrinking projection defined as follows
for split generalized equilibrium and fixed point problems for a countable family of
nonexpansive multivalued mappings : for xg,z; € C' with C; = C, then

Wy, = Ty, + en(xn - xnfl)y

un = TP = 7, A1 = T %) Ay,
Zn = 0n,0Un + 2211 OnjYn.js Yn,j € Pjtn,
Cot1=1{p € Cp:|lza —p|? < [lz0 — pl?
_29n<mn — Dy Tp—-1 — xn> =+ 97%”33”—1 - xn”Q}?

(1.17)

Tpt1 = Pcn+1:cl, n €N,
"'n|\(1—T,<»,1:2’¢2))Awn|\2
Yo = { NATU=T2 %) Aw, |12
vy otherwise (v being any nonnegative real number),

if Aw, £ T2 Aw,,,
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where A : Hi — Hj is a bounded linear operator, 0 < a < 7, < b < 1,{6,} C R,
{0n,5} € (0,1), such that 378, ; = 1, and {r,} C (0,00). {P;} is a countable family
of nonexpansive multivalued mappings, F1,¢1 : C x C — R, Fp,¢9 : Q@ x Q — R
are bifunctions. Under some appropriate conditions, it was proved that the sequence
{25} converges strongly to Pox1, where Q = ([, F(P))NSGEP(F1, ¢1, Fa, ¢2) # 0.
Motivated by the above results and the current research interest in this direction, in
this paper, we propose a new iterative algorithm of inertial type with self-adaptive step
size for approximating the common solution of SGEP (1.3)-(1.4), MIP (1.8) and FPP
of strictly pseudo-contractive multivalued mappings. We prove that the sequence gen-
erated by our algorithm converges strongly to a solution of the investigated problem.
Finally, we present some applications and numerical examples to illustrate the useful-
ness and efficiency of the proposed method in comparison with some related methods.
Our proposed method uses self-adaptive step size and employs inertial technique to
accelerate the rate of convergence of the proposed method. The implementation of our
proposed algorithm does not require a prior knowledge of the norm of the bounded
linear operator.

Subsequent sections of this paper are organised as follows: In Section 2, we recall
some basic definitions and lemmas that are relevant in establishing our main results.
In Section 3, we present our proposed algorithm and highlight some of its features. In
Section 4, we prove some lemmas that are useful in establishing the strong convergence
of our proposed algorithm and also prove the strong convergence theorem for the
algorithm. In Section 5, we apply our result to study some optimization problems while
in Section 6, we present some numerical experiments to illustrate the performance of
our method and compare it with some related methods in the literature. Finally, in
Section 7 we give a concluding remark.

2. Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H with inner
product (-,-) and norm || - ||. We denote x,, — z to mean that sequence {z,,} converges
strongly to x and x,, — x to indicate that the sequence {z,} converges weakly to x.
We write w,,(z,) to denote set of weak limits of {x,,}, that is,

Wy (2n) = {x € H : 2,, — x for some subsequence {x,,} of {z,}}.

The nearest point projection of H onto C' denoted by P¢ is defined for each z € H,
as the unique element Pox € C such that

l — Poz|| < |lz —yll, Vy el (2.1)

It is well known that Pe is nonexpansive and has the following characteristics (see
[4, 21]:

| Pox — Pey||* < (x — vy, Pox — Pey), ¥ x,y € Hy, (2.2)

(¥ — Pox,y — Pexz) <0, (2.3)

lz = yl* < |z — Pez|® + ||y — Poz||*, Yo € H,y € C, (2.4)

Iz —y) — (Pox — Pey)|* 2 ||lz — yII” — | Pex — Poy|?, =,y € H. (2.5)
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A mapping B : C' — H is said to be monotone if
(Bu — Bv,u —v) >0, Yu,v € C. (2.6)
Moreover, if B satisfies
(Bu — Bv,u —v) > a||Bu — Bv|*, Yu,v € C, (2.7)

for some positive real number «. Then, B is called an a-inverse-strongly monotone
mapping. It is clear that every inverse-strongly monotone mapping is monotone.

Lemma 2.1. [37, 28] Let H be a real Hilbert space, A\ € R, then Vx,y € H, we have

() [lz+yll* = ll=]* + 2(z, ) + |y ]I/

(i) [lz = yl* = l|l=[* = 2(z, ) + lly[I?;

(iif) [lo+yl? < ll=l* + 2{y, = +y);

(iv) Az + (1= Nyl = AMz]* + (1 = Myl = A1 = Nllz - y]*.

Lemma 2.2. [32] Let C be a nonempty closed convex subset of a real Hilbert space H,
and let Pc : H — C' be the metric projection. Then

ly = Peall® + |z — Pea||* < |lo — y|?, Vo € Hy € C.

Lemma 2.3. [?] Let x; € H,(1 <i<m),Y ;" a; =1, where {a;} C (0,1). Then
m 2 m

S| =Y aillzlP = Y iyl — )

i=1 i=1

1<i<j<m
Lemma 2.4. [24] Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Givenz,y,2 € H anda € (R), the set D = {v € C : |ly—v|]® < |[z—v|*+(z,v) +a}
s convez and closed.

Assumption 2.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let
Fi:CxC —=Rand ¢;1 : C xC — R be two bifunctions that satisfy the following
conditions:

(Al) Fy(z,z) =0 for all x € C,
(A2) F is monotone, that is, Fy(x,y) + F1(y,z) <0 for all x,y € C,
(A3) F is upper hemicontinuous, that is, for all x,y,z € C,
ltlf(glF(tZ + (1 =t)z,y) < F(z,y),
A4) for each x € C,y — Fi(x,y) is convex and lower semicontinuous,
A5) ¢1(z,x) >0, for allz € C,
A6) for each y € C,x — ¢1(x,y) is upper semicontinuous,
AT) for each x € C,y — ¢1(x,y) is conver and lower semicontinuous,

and assume that for fired r > 0 and z € C, there exists a nonempty compact conver
subset K of Hy and x € C N K such that

1
Fl(y,x)+¢1(y,x)+;<yfx,x—z> <0a Vyec \K
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Lemma 2.6. [27] Let C' be a nonempty closed convex subset of a Hilbert space H. Let
F:CxC—=Rand ¢ :C xC — R be two bifunctions that satisfy Assumption 2.5.

Assume that ¢ is monotone. For r > 0 and and x € H. Define mapping TT(F’¢) H —
C as follows:

1
T (2) = {2 € C: F(2,y) + ¢(2,y) + ;(y*Z,Z*@ >0, VyeC}

for all x € Hy. Then

(1) for each x € Hy, TE® # 0,
(2) T s single-valued,
(3) T s firmly nonexpansive, that is, for any x,y € Hy,

Tz — TEy (> < (TFDw — Ty, x —y),

(4) F(T:"”) = GEP(F,0),
(5) GEP(F,¢) is closed and convet.

Lemma 2.7. [44] Let X be a Banach space space satisfying Opial’s condition and let
{zn} be a sequence in X. Let u,v € X be such that

lim ||z, —u|| and lm |z, —v| ezist.
n—oo n—oo

If {xn,} and {xm,} are subsequences of {x,} which converge weakly to u and v,
respectively, then u = v.

Lemma 2.8. [10] Let B : H — 27 be a mazimal monotone mapping and A : H — H
be a Lipschitz continuous and monotone mapping. Then, the mapping A + B is a
mazximal monotone mapping.

Lemma 2.9. [20] Let B : H — 2 be a mazimal monotone operator and A : H — H
be a mapping on H. Define Ty := (I + AB)~Y(I — AA), A > 0. Then, we have the
following

Fiz(Ty) = (A+ B)~0), VA > 0. (2.8)

Let D be a nonempty subset of H. D is said to be proximal if there exists y € D such
that

|z —y|| = d(z, D), z € H.
Let CC(C),CB(C) and P(C) be the family of nonempty closed convex subset of H,
nonempty closed bounded subsets of H and nonempty proximal bounded subsets of
H respectively. The Hausdorff metric on CB(C) is defined as follows:

H(A,B) := max{sup d(z,B),supd(y,A), VA, B € CB(C’)}.
z€A yeB

Let S : C — 2¢ be a multivalued mapping. An element z € H is said to be a fixed

point of S if z € Sx. We say that S satisfies the endpoint condition if Sp = {p} for all

p € F(9). For multivalued mappings S; : H — 2 (i € N) with N2, F(S;) # 0, we say

S; satisfies the common endpoint condition if S;(p) = {p} for alli € N, p € N2, F(S;).

Definition 2.10. Let A: H — H be a nonlinear operator. Then A is called
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(i) Lipschitz continuous if for all L > 0
[Az — Ay|| < Lz —yl, Yo,y € H;

if 0 < L <1, then A is a contraction mapping,
(ii) B—strongly monotone if for all 8 > 0

(Az — Ay, x —y) > Bllz —y|?, Yo,y € H.
Definition 2.11. Let S : C' — CB(C) be a multivalued mapping. S is said to be
(i) nonexpansive if
H(Sz,Sy) < |lz —yl, Yo,y € C,
(ii) quasi-nonexpansive if F'(S) # @ such that
H(Sz,Sp) < |z —pl, Vo e Cp e F(S),
(iii) k- strictly pseudo-contractive if there exists a constant k € [0,1) such that
(H(Sz,59))* < | = yl* + kll(z — u) — (y — v)|I*, Yu € Sz,v € Sy (2.9)
If k=1 in (2.9), then the mapping S is said to be pseudo-contractive.

Clearly, the class of k-strict pseudo-contractive mappings properly contains the class of
nonexpansive mappings. That is, S is nonexpansive if and only if S is O-strict pseudo-
contractive. It is known that if S is a k-strict pseudo-contraction and F(S) # 0,
then F(S) is a closed convex subset of H (see [51]). Strict pseudo-contractions have
many applications, due to their ties with inverse strongly monotone operators. It is
known that, if B is a strongly monotone operator, then S = I — B is a strict pseudo-
contraction, and so we can recast a problem of zeros for B as a fixed point problem
for S, and vice versa (see e.g. [13, 41]).

Let S : H— CB(H) be a multivalued mapping. The multivalued mapping I — S is
said to be demiclosed at zero if for any sequence {x,,} C H which converges weakly
to p and the sequence {||z, — u,|} converges strongly to 0, where u,, € Sz,, then
p € F(S).

3. Proposed method

In this section, we present our proposed algorithm.

Let C and @ be nonempty closed convex subsets of real Hilbert spaces Hy and Ho,
respectively. Let A : H;y — Hjy be a bounded linear operator, and let {S;}, be
a countable family of k;-strictly pseudo-contractive multivalued mappings of C' into
CB(C) such that I — S; is demiclosed at zero for each ¢ = 1,2,...,m, S;p = {p}
for each p € N2, F(S;) and k = max{k;}. Let F1,¢1 : C x C — R, Fy,¢2 : Q X
@ — be bifunctions satisfying Assumptions 2.5. Let ¢1, ¢2 be monotone, ¢ be upper
hemicontinuous, and F5 and ¢ be upper semicontinuous in the first argument. Let
B : H; — H; be L-Lipschitz continuous and monotone and D : H; — 21 be a
maximal monotone operator such that I' = SGEP(Fy, ¢1, Fa, o) NN, F(S;) N (B +
D)71(0) # 0. We establish the convergence of our algorithm under the following
conditions on the control parameters:

(Cl) 0<a<m, <b<2/{r,} C(0,00),liminfr, >0,
n—oo
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(C2) liminf o, ;(ano —k) >0 and lim a,,; € (0,1) exists for all ¢ > 0.
n n—oo

Now, we present our proposed algorithm as follows:

Algorithm 3.1.

Initialization: Select xg,z1 € Hy, s1 > 0, € (0,1),0,, € [—0,0] for some 8 > 0 and
C, =C.

Iterative Step: Given the current iterate x,, calculate the next iterate as follows:
Step 1 : Compute

Wy, = Ty + Op(Ty, — Tp1).
Step 2 : Compute
2 = T (1 — 4, A% (I = T F292) Ayw,.
Step 3 : Compute

m
Yn = Qn 02n + § Qn,ilni, Unig € SiZn~
=1

Step 4 : Compute
p =+ 8,D) I = 5,B)yn = JP (I — 5,B)yn

Sn

tn, = v — S (Bv, — Byy)

2
Crost = (P € C: lltw — plI2 < [[wn — pll? - (1 s )|yn Y

5i+1
‘T’ﬂ+1 = PC,"+1:L'()7
Step 5 : Compute
: MHyn_UnH y _
. B mm{lBynanll , Sn, if By, — Bv, # 0.
n+1 —

Sn otherwise,

(3.1)

Set n:=n+1 and return to Step 1,

where
I(T=T( 2 %2)) Awn||®
Yo = n||A*(I—Tr(,I:2’¢2))A’LUn||2
y otherwise (v being any non-negative real number).

If Aw, # T A,

Remark 3.2. We observe that

(i) The implementation of our proposed algorithm does not require prior knowledge
of the operator norm. Hence, this makes our method easily implementable.

(ii) We employ the inertial technique to accelerate the rate of convergence.

(iii) The underlying single-valued operator B : H; — H; for most of the results
on monotone inclusion problem in the literature are either strongly monotone
or inverse strongly monotone while the single-valued operator in our proposed
algorithm is only required to be monotone and Lipschitz continuous. Moreover,
knowledge of the Lipschitz constant of the operator is not required to implement
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our proposed algorithm. Thus, our method is more applicable than several of the
existing methods in the literature.

(iv) Our result extends and improves on the results of Deepho et al. [16], Sitthithak-
erngkiet et al. [42], Phuengrattana and Lerkchaiyaphum [39], Olona et al. [37]
and several other results in the current literature in this direction.

4. Convergence analysis

In this section, we analyze the convergence of our proposed algorithm.

Lemma 4.1. Let {s,} be a sequence generated by (3.1). Then, {s,} is a nonincreasing
sequence and
lim s, = s> ming s; 2 (4.1)
n—oo - "L
Proof.

From (3.1), it is clear that {s,} is a nonincreasing sequence. Moreover, observe that
if By,, — Bv,, # 0, then

fllyn —vnll o p
e > (4.2)
[Byn — Buall — L
Hence, the sequence {s,} has the lower bound min{sl, Z} O

Lemma 4.2. [20] Let {z,} be a sequence generated by Algorithm 3.1. Then the follow-
ing inequality holds for allp € T :

52
[tn = plI* < llyn — plI* — (1 — u22”) [yn —vnl?, p €T, (4.3)
Sn+1
and
s
||tn - Un” < p z llym — Un” (4-4)
Sn+1

Proof. By the definition of s,,, we have

| By, — By, | < |lyn —vnll ¥V neN. (4.5)

Sn+1

Clearly, if By,, = Buv,, then (4.5) holds. Otherwise , we have

s +1=min{u”y"_vn|| s }<“”y”_v"”
’ 1By, = Buall"*"J = By, — Bu,]|
This implies that
1Bya = Boall < L llyn = val.

Sn+1
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Thus, (4.5) holds when By, = Bv,, and By, # Bv,. Let p € T, then by Lemma 2.1,

we have
[tn = pl1* = l[on = $0(Bvn — Byn) — pl|®
= [lvn = plI* + 571 By — Byall* — 284 (vs — p, Bun — Byn)
= llyn = pI” + lyn — vall® +2(v0 = Yo, yn — p)
+ 52||Bv,, — Bynl|? — 25, (vy, — p, Bu, — By,,)
= llyn = pI” + lyn — vnll® = 2(vn = Yo, v — yn) + 2(vn — Yo, v — p)
+ 52||Bv,, — Bynl|? — 25, (vy, — p, Bu, — By,,)
= llym = pII* = lyn — vnll® + 2(vn = Yo, yn — p)
+ 52||Bv,, — Bynl|? — 25, (vy, — p, Bu, — By,,)
=y = pI* = lyn = vall® = 2(yn — 00 — 50(Byn — Bvn), v — )
+ 8[| Bun — Byn|*. (4.6)
By applying (4.5) in (4.6), we obtain

sn
th _p||2 < ||yn _p||2 - (1 _/1*232> ||yn _Un||2 _2<yn —Un _Sn(Byn _an)7 Un _p>~
n+1
(4.7)
We now prove that (y, — vp, — $p(Byn — Bu,), v, — p) > 0. Since
v, = (I + snD)*l(I — $nB)yn,

then we have (I — $,B)yn € (I + $,D)v,. Recall that D is maximal monotone. Then
there exists u,, € Dy, such that

(I - SnB)yn = Up + SpUn,

from which we obtain .

= :(yn — Un — SnByn)- (48)
Moreover, we have 0 € (B+ D)p and Bv,, + u,, € (B + D)v,. Since B+ D is maximal
monotone, we get

Un

<an + Up, Up — p> > 0. (49)
By substituting (4.8) into (4.9), we obtain
1
7<yn — Up — SnByn + SnBUn7Un - 10> > 0.
Sn
This implies that
(Yn — Vn, — Sn(Byn — Boy), v, — p) > 0. (4.10)
By applying (4.10) in (4.7), we have
2
e =l < o = 217 = (1= 42 532 Yl — w0 (4.11)
n+1

On the other hand, one can see that (4.4) follows from (4.5). O
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Remark 4.3. By Lemma 4.1 and p € (0,1), there exists ng € N such that

2

1—pu >e>0

n+1

for all n > ng. Consequently, it follows from (4.3) that for all p € T" and n > nyg
tn = 2I* < llyn — plI* = €llyn — vall*.

Theorem 4.4. Let C' and @ be nonempty closed convexr subsets of real Hilbert spaces
Hy and Hs, respectively. Let A : Hy — Hy be a bounded linear operator, and let {S;}
be a countable family of k;-strictly pseudo-contractive multivalued mappings of C' into
CB(C). Let F1,¢1 : OxC = R, Fy, ¢ : Q@ xQ — R be bifunctions satisfying Assump-
tions 2.5. Suppose @1, p2 are monotone, ¢1 is upper hemicontinuous, and Fy and ¢o
are upper semicontinuous in the first argument. Let B : Hi — Hy be an L— Lipschitz
continuous monotone mapping and D : H — 211 be o mazimal monotone operator
such that T = SGEP(Fy, ¢1, Fa, ¢2) NNty F(S;) N Q # 0, where Q@ = (B + D)~*(0)
and S;p = {p} for each p € NI F(S;). Let {x,} be a sequence generated by Algo-
rithm 3.1 such that conditions (CZ) and (C2) hold. Then, the sequence {x,} converges
strongly to ¢ = Prxg.

Proof. We divide the proof of the strong convergence Theorem 4.4 into various steps
as follows:

Step 1: We show that sequence {z,} generated by Algorithm 3.1 is bounded and well
defined.

Let p € T, then we have p = T,Efl’(bl)p and Ap = T7(f1’¢l)Ap, Sip = p, for all
i=1,2,...m

Since T#f 191 g nonexpansive, then by Lemma 2.1 we have

20 = plI* = [T (wn =y AT = TF%2)) Aw,) — p|®
< Jlwn = ya A" (1 = T{%) Aw,, — p|?
= [lwn = plI* + 72| A"(I = T{F>%2)) Aw, ||
— 279, (w, — p, A*(I — T7§527¢2))Awn>. (4.12)

(F2,92)

By the firmly nonexpansivity of I — T} , we get

(wy, — p, A (I = TF92)) Aw,,) = (Aw,, — Ap, (I — T F292) Aw,)
= (Aw, — Ap, (I — T\*?)) Aw,
— (I - T>%)) Ap)
> ||(I = T F92)) Aw, |2 (4.13)
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By substituting (4.13) in (4.12) and applying the condition on 7,,, we have

120 = pII* < llwn = pl* + 72| A*(1 = T{F=92)) Aw, |2

= 29l|(1 = T{F>%2) Auw, |

= [lwn = plI> =y [20(I = T1>%)) Aw, |

— Yl AT = T{[9) Aw, |°]

= [lwn = plI* = (2 = T) (I = TF>%2)) Aw, |

< [lwn — pII*.

By Lemma 2.3 and applying the fact that S;, ¢« = 1,2,...,

contractive together with condition (C2), we get

m
Hyn 7p||2 = Han,ozn + Zan,iun,i 7p||2
i=1

m
anollzn = plI* + D anllun: — pl?
i=1

m
= a0t illung = zal* = D amiomjllun — un )
=1

1<i<j<m

" 2
< an,OHZn - p||2 + Z Qg (H(Szzna Szp))

i=1

m
= a0t illun — zal? = D amiomjllun — un)?
i=1

1<i<j<m

m
< an,OHZn - p||2 + Z O‘n,i(”'zn - pH2 + ki”“n,i - Zn||2)

i=1

m
- Zan,oan,i”un,i - anz

i=1

- > anianlun —unl?

1<i<j<m

m
< Hzn _p||2 - Zan,i(an,o - kz)Hun,z -

< llzn — I,
which implies that
Iyn = oIl < ll2n = pll.
By applying (4.17) and (4.15) into (4.11), we get

52
ltn = pl2 < lfwn — pl* (1 . u) ™
sn+1

Zn||2

— v, |%,Vp eT.

(4.14)
(4.15)

m is strictly pseudo-

(4.16)

(4.17)

(4.18)

(4.19)
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By Lemma 2.4, we have that C),41 is closed and convex. Furthermore, from (4.19) it
follows that p € Cy11. Hence, we have I' C C,, 11 C C, for all n and thus z,1; =
Pg, . xo is well defined. Therefore, {z,} is well defined.

We now show that {x,} is bounded. It is known that I' is a nonempty closed convex
subset of Hy, then there exists a unique ¢ € I' such that ¢ = Prxg. From z, = Pe, 2o
and x,41 € Cpyq for all n € N we obtain

& — @oll < Iens1 — zoll, ¥ n € N,
On the other hand, since I' C C},, we get
[n — 20|l < llg — 20|, V n €N.

This implies that {||x, — zo||} is bounded. Hence, {z,} is bounded. Consequently
{wn}, {tn}, {zn} and {y,} are bounded. Thus, lim ||z, — x| exists.
n—oo

Step 2: We claim that lim z, = ¢, for some q € C.
— n—oo
It is clear from the definition of C,, that z,, = Pc,, 20 € Cy, C Cp, m > n > 1. By
Lemma 2.2, we obtain

12 = @nll® < ll@m — ol = ll2n — zo|*. (4.20)
Since lim ||z, —xo|| exists, then it follows from (4.20) that ||, —2,| — 0 as n — oo.

n—roo

Thus, {z,} is a Cauchy sequence. Since H; is complete and C' is closed, there exists
q € C such that z,, —» ¢ as n — oo.

Step 3: We now show that ¢ € T

From (4.20), we obtain

nILrI;O |Xnt1 — zn] = 0. (4.21)

From the definition of w,, and by applying (4.21), we get

lwn — zn|l = |OnlllTn — Tn-1]] < 0||Xn — Zn-1]| = 0, n — oco. (4.22)
From (4.21) and (4.22), we obtain
lwn — Zpya|| = 0, n— oco. (4.23)

We known that x,11 € Cp, 1. Then, from the definition of C,,;1 we obtain
ltn — xn+1||2 < |lwn — xn+1||2~

Combining this with (4.23) gives

lim ||ty — Zpy1|| = 0. (4.24)
n—oo
From (4.21) and (4.24), we obtain
nh_}rrgo ltn — xn|| = 0. (4.25)

From (4.22) and (4.25), we obtain
nh_}rrgo It — wy] = 0. (4.26)
By applying (4.17) and (4.15) into Remark 4.3, we have

It = pII* < lwn = pl* = ellyn — vall*.
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From which we get
elyn — vall® < llwn = plI* = [Itn — 2l
< lwn = tall(lwn = pll + [Itn = pl),

which together with (4.26) implies that

lyn — vn|| = 0, n — co.
Applying Lemma 4.1 together with (4.27) to (4.4), we have

ltn — vnll =0, n — oo.
From (4.26)-(4.28), we obtain

|y — wn|| = 0, n — oco.

From (4.15) and (4.16), we obtain
lyn = 2> < lwn = pI? = an,i(ano = ki)lluni — 2]
i=1

From this we have

m
an,i(an,o - k’L)”u’ﬂ,Z - Zn||2 S Zan,i(an,o - kz)Hun,z - Zn||2
=1

< Jlwn = plI* = llyn — 2l

< (lwn = yn ) (lwn =l + llyn = pl)-

By applying Condition (C2) and (4.29), we get
[tni — 20l = 0, n — oco.
From the definition of y,, and by applying (4.30), we get

m

v — 2l € @nollzn = zall + Y nillns = 2l = 0, 7 - o0,
i=1
Also, by applying (4.22), (4.29) and (4.31), we obtain
lim ||w, — 2, =0; lm |z, —x,| =0.
n—oo n—oo
From (4.14), we have
120 = pII* < llwn = pII* = 4 (2 = ) II(T = TF292) Aw, |2,
which implies that
Y (2 = ) I(1 — T7S52’¢2))Awn”2 < wn —pH2 — |lzn —p||2

< Hlwn = znl[(llwn = pll + 20 = pl)).-

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

Using the definition of v, the condition on 7,, and applying (4.32), it follows that

F27 2
(2 — T)|(I = T %) Aw, ||*

|A*(1 — Tr(f2’¢2)Aw"')Awn||2 —0 asn— oo.
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From which we get
I = T3> %)) Aw, |

— 0 asn — oo.
1A(I = T %) Aw, |

Since ||A*(I — TT(fQ’@))AwnH is bounded, then it follows that
(I — T F292)) Aw,, || — 0, n — oo. (4.33)
Consequently, we have
JA*(1 = T2 A )| < AT = T>9) Aw,) |
= |A|I(T = TF=%2)) Aw,)|| = 0 as n — co.  (4.34)

Tn

Since t,, = vy, — $p(Bvy, — Byy,) and B is Lipschitz continuous, then by applying (4.27)
we have

It — vnll = llvn — $n(Bvn — Byn) — vn|| = $p||Byn — Bup|| = 0, n — oo.

Since {z,} is bounded, then wy(x,) is nonempty. Let ¢ € w,(z,) be an arbitrary
element. Then there exists a subsequence {z,, } of {2, } such that z,,, — g as k — oc.
Let z € wy(2y,) and {z,;} C {z,} be such that x,, — z as j — oo. From (4.32), we
get z,, — q and z,; — 2. Since I — S; is demiclosed at zero for each i = 1,2,...,m,
then it follows from (4.30) that ¢,z € F(S;) for all § = 1,2, ..., m, which implies that
q,z € N, F(S;).

Next, let (g, h) € Graph(B + D), that is h — Bg € Dg. Since

= (I+ SnkD)_l(I_ SnkB)ynkv

we have
(I = $p, B)yn,, € (I + $p, D)vy,,
which implies that
1
7(ynk — Uny, — SnkBynk) c Dvnk.

Sny,
Since D is maximal monotone, we get

1
<g — Upy, b — Bg — ?(ynk = Uny, — SnkBynk)> > 0.

nk
From this we obtain

1
<g - vnk7h> > <g - Untg"_ ?(ynk — Uny, — SnkBynk)>

s

1
— Up,, Bg — Bynk> <g = Unys s (ynk - vnk)>
e

U’"lmBg ank> <gfvnkavnk 7Bynk>

=g

=g

<g vnk,fynk vnk)>

> (g 1

Unk7ank Bynk>+<g_vnk7s

Nk

_|_

(e = 1))
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Since B is Lipschitz continuous and lim ||v, — yn|| = 0, we have
n—oo

lim ||Bvyn, — Byn, | =0.

n—oo

Applying this together with lim s, = s> min{sl, g}, we get

n—oo
(9 —q,h) = lim (g — vy, ,h) > 0. (4.35)
k—o0
Following similar argument, we obtain
(9 —2,h) = lim (g —vy,,,h) >0. (4.36)
j—oo

By the maximal monotonicity of (B + D), it follows from (4.35) and (4.36) that
¢,z € (B+ D)~0).

Next, since z,, = Tr(il’(b”(l—'ynk A*(1 —Tf:fk’@)A)wn,c7 then by applying Lemma 2.6,
we get

Fl(an7y) + ¢1(znkay)

1
+ 7<y — Pngs Zng, — Wny, T PynkA*(I - T£$’¢2))Awnk>
ni,
>0, VyeC,
which implies that

Fl(znmy) + ¢1(ana y)

+ <y*2nk7znk 7w7lk>
Tng
1
= —(y = 2y T AT = T2 Aw,)
Tny "k )
>0, VyeC.
From the monotonicity of F and ¢1, it follows that
1
7<y - anwznk - w’I’Lk>
T

1

<y — Zngy Tng A (I - ngff’¢2))Awnk>

Tng

> Fi(y, zn,) + 01(y, 20y, ), Yy € C.

By (4.32) and z,, — ¢, we obtain z,, — ¢. Applying condition (C1), (4.32), (4.34)
and Assumption 2.5 (A1)-(A7), we obtain

0> Fi(y,q) + ¢1(y,q), Yy € C.

Suppose y; =ty + (1 —t)g,Vt € (0,1] and y € C.
Then, y; € C and Fy(yt,q) + é1(yz,q) < 0. Therefore, by Assumption 2.5 (A1)-(AT),
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we get

0 < Fi(ye,ye) + d1(ye, ye)

<

<t(Fi(ye,y) + o1(ye,y)) + (1 — ) (Fi(ye, @) + d1(we.q))
< t(Fi(y,y) + o1(ye,v))-

Thus, we have

Fl(ytay) +¢1(ytay) 2 07 Vy eC.

Letting ¢t — 0, and applying condition (A3) together with the upper hemicontinuity
of ¢1, we have

Fi(g,y) + ¢1(q.y) 20, Vy € C. (4.37)
By similar argument, we have

It follows from (4.37) and (4.38) that ¢,z € GEP(F}, ¢1).
Next, we show that Aq, Az € GEP(F3, ¢2). Since A is a bounded linear operator,
then by (4.22) we have Aw,, — Aq. Hence, from (4.33), we obtain

T12%) Aw,, — Ag, k= oo (4.39)
By the definition of Tﬁf’%)Awnk, we have
F (T(F2’¢2)Awnk,y)

Ty

+ (1252 (Tr(fj:’(bZ)Awnk ) y)

1
+ —{(y— Tﬁf,tﬁz)Awnk,Tqﬂ(f@z)Awnk — Aw,,)

Nk

>0, Yy € Q.

Since F» and ¢ are upper semicontinuous in the first argument, then by (4.33), (4.39)
and liminf r,, > 0, we have

k—o0
F3(Aq,y) + ¢2(Aq,y) 2 0, Vy € Q. (4.40)
Following similar argument, we have
Fy(Az,y) + ¢2(Az,y) >0, Yy € Q. (4.41)

From (4.40) and (4.41), it follows that Aq, Az € GEP(Fy, ¢3).

Therefore q, 2 € SGEP(Fy, ¢1, F, ¢2). By Invoking Lemma 2.7, we get ¢ = 2. Hence,
we have that ¢ € T'.

Step 4. Lastly, we show that ¢ = Prxy.

Since z,, = Pe,xg and I' C C,, we have (xg — 2, x, —p) > 0 for all p € I'. By taking
limit as n — oo, we have {xo — ¢,q — p) > 0 for all p € T. This shows that ¢ = Pray.
Therefore, we can conclude by the steps above that {x,} converges strongly to ¢ =
Przq. This completes the proof. O

If ¢1 = ¢2 = 0 in (1.3)-(1.4), then the split generalized equilibrium problem reduces
to split equilibrium problem. Hence from Theorem 3.1 , we obtain the following con-
sequent result.
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Corollary 4.5. Let C' and Q) be nonempty closed convez subsets of real Hilbert spaces Hy
and Ha, respectively. Let A : Hy — Hy be a bounded linear operator, and let {S;}™,
be a countable family of k;-strictly pseudo-contractive multivalued mappings of C into
CB(C) such that I — S; is demiclosed at zero for each i = 1,2,...,m, S;p = {p}
for each p € N F(S;) and k = max{k;}. Let I} : C xC - R F, : @ xQ — R
be bifunctions satisfying Assumptions 2.5 such that Fy is upper semicontinuous in
the first arqgument. Let B : Hy — Hy be L-Lipschitz continuous and monotone and
D : Hy — 21 be a mazimal monotone operator such that T = SGEP(Fy, Fy) NI,
F(S)N(B+ D)=1(0) # 0. Let {z,} be a sequence generated as follows:

Algorithm 4.6.

Initialization: Select z9, 21 € Hy, p € (0,1),6,, € [—0,0] for some § >0 and C; = C.
Iterative Step: Given the current iterate x,,, calculate the next iterate as follows:
Step 1 : Compute

Wy = Ty + O (T — Tp_1).
Step 2 : Compute
zn = TH (I — 7, A*(I = TF?) A)w,,.

Step 3 : Compute

m

Yn = Qn 02n + E O iUng, Unpg € Szzn
i=1

Step 4 : Compute
Uy = (I +5,D) I — 8,B)yn
ty, = vp — Sn(BUn - Byn)
CnJrl = {p S Cn : ||tn _p”2 S ||xn _pH2 - 29n<xn — Py Tn—1— xn>
+972LHxn—1 - mn”Q}

x'fb-’rl = Pcn+1I07

Step 5 : Compute

: wllyn—vn |l y
mln{ 1By —Bun]* 51 if By, — Bv, # 0.
Sp+1 =

(4.42)
Sn otherwise,
Set n:=n+ 1 and return to Step 1. where
(=T 52) Awn || (F»
o = 3 TG e AW 7 Tr Awn
¥ otherwise (y being any non-negative real number.)

Suppose other conditions of Theorem 3.1 hold. Then, the sequence {x,} converges
strongly to ¢ = Prxy.
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5. Applications

5.1. Split minimization problem

Let Hy, Hs be two real Hilbert spaces, and let C' C H; and Q C Hs be nonempty,
closed, and convex subsets. Let f : C — R, g : @ — R be two operators and
A : Hy — Hj be a bounded linear operator. The split minimization problem (SMP)
is formulated as finding

z* € C such that f(z*) < f(x), Vo € C, (5.1)

and
y* = Az" such that ¢(y") <g(y), y € Q. (5.2)

Let © denote the set of solution of SMP (5.1)-(5.2), and we assume  # . Let
1= ¢2 =0, and

Fi(z,y) = f(y) — f(z) forallz,yeC;
and

Fy(u,v) :==g(v) —g(u) for all u,v € Q.
Suppose f and g are convex and lower semi-continuous on C and @, respectively. Then,
Fy, Fy, ¢1 and ¢ satisfy all the conditions of Assumption 2.5. Consequently, from
Theorem 3.1 we obtain a strong convergence theorem for approximating a common
solution of split minimization problem, monotone variational inclusion problem and

fixed point problem for a countable family of strict pseudo-contractive multivalued
mappings in Hilbert spaces.

5.2. Split variational inequality problem

Let C be a nonempty closed convex subset of a real Hilbert space H, and f: H - H
be a single-valued mapping. The variational inequality problem (VIP) introduced
independently by Fichera [19] and Stampacchia [43] is formulated as follows:

find 2™ € C such that (y — a2, fz*) > 0, vVyeC. (5.3)

The VIP can be modelled to solve several optimization problems and has vast ap-
plications in different fields, such as in physics, engineering, economics, etc, (see
[3, 8, 12, 16, 34, 36, 42]).

The split variational inequality problem (SVIP), which was first introduced by Censor
et al. [12] is defined as finding a point:

x* € C such that (z —z*, f(z¥)) >0 Vaoedl, (5.4)

and
y* = Ax* € Q solves (y — y*,g(y*)) >0 VyeQ, (5.5)

where C' and @) are nonempty, closed, convex subsets of real Hilbert spaces H; and
H,, respectively, f : Hi — H; and g : Ho — H> are monotone mappings, and
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A : Hy — Hy is a bounded linear operator, see [25]. Let © # () denote the set of
solution of SVIP (5.4)-(5.5). By setting ¢1 = ¢2 = 0, and

Fi(z,y) = (y—x, f(z)) forallz,yed;
and
Fy(u,v) := (v —u,g(u)) forall u,v € Q.

Then, Fi, F5,¢1 and ¢9 satisfy all the conditions of Assumption 2.5. Hence, from
Theorem 3.1, we obtain a strong convergence theorem for approximating a com-
mon solution of split variational inequality problem, monotone variational inclusion
problem and fixed point problem for a countable family of strict pseudo-contractive
multivalued mappings in Hilbert spaces.

6. Numerical examples

In this section, we present a numerical experiments to illustrate the performance of
our Algorithm 3.1 as well as comparing it with Algorithm (1.14), Algorithm (1.15),
Algorithm (1.16) and Algorithm (1.17) in the literature.

In our computation, we choose ;o = ﬁ,am = 5(#—21)7 i =1,2,....,5, 7, =
1.5,0, = 1.9,r, = 2.0,s9 = 0.1 and p = 0.7 in our Algorithm 3.1. Gx = %J’J,fl‘ =
2 _ 2 _ 2n _ 2 _ n+41 _ 2 _ _ 2
0, Ke = 2,0, = 529,00 = 505,00 = 5o5,n = 2,7 = 02, Tjz = s
in Algorithm (1.14),8, = &, = (1 — ay,), 0 = TQH in Algorithm (1.15) while in
Algorithm (1.16) and Algorithm (1.17). Let the sequences {J,, ;} be defined as follows
for each j e NU{0} and n € N :

e () n> j,
6n;j = 1- #(Zz:l b%)’ n= ja (61)
0, n < j,

where b > 1.

Example 6.1. Let H; = H, = R and C = Q = [0,10]. Let A : H; — Hs be
defined by Az = £ for all x € Hy. Then, we have that A*y = £ for all y € Hs. For
zeC,jeNandi=1,2,...,5 let P;,S; : C — CB(C) be multivalued mappings
defined as follows:

P = o5 ] st = o] (6.2
One can easily verify that P; and S; are nonexpansive and strictly pseudo-contractive,
respectively. Define mappings B : Hy — Hy by Be =2z, D : Hy — H; by Dz = 3,
and let the bifunctions Fy, ¢; : O x C — R be defined by Fy(z,y) = y?+3zy—4z? and
1 (x,y) =y? —a? for z,y € C, and Fy, g2 : Q x Q@ — R by Fy(w,v) = 20 +wv — 3w?
and ¢o(w,v) = w — v for w,v € Q. It is easy to verify that all the conditions of
Theorem 4.4 are satisfied. Next, we compute T7SF1’¢1)(:1:). We find v € C' such that for
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all z e C
1
0< Fl(u,z)+¢1(u,z)+;<z—u,u—m>

= 22% + 3uz — 5u® + %(z—u,u—x}
54
0 < 2rz% + 3ruz — 5ru® + (2 — u)(u — x)
= 2r2% + 3ruz — 5ru’® + uz — xz — u® + ux
=2r22 + Bru+u — )z + (=5ru? — u® + ux).

Suppose h(z) = 2rz? + (3ru+u — )z + (=5ru? — u? + uzx). Then, h(z) is a quadratic
function of z with coefficients a = 2r,b = 3ru + u — z, and ¢ = —5ru? — u? + uzx. We
determine the discriminant A of h(z) as follows:

A = (Bru+u—x)? — 4(2r)(=5ru? — u® + ux)

= 49r%u? + 14rv® — 1druz + v? — 2uz + z°

= ((7r + Vu — 2)% (6.3)
By Lemma 2.6, TE#) g single-valued. Thus, it follows that h(z) has at most
one solution in R. Hence, from (6.3), we have that u = %ﬂ This implies that

TT(F1’¢1)(y) = =2 Similarly, we compute TT(F2’¢2)(y)- Find w € @ such that for all
deq

T2 (y) = {w € Qs Falw, )+ Gafw,d) + L (d—w,w—y) 20, Vde Q}.

By following similar procedure as above, we obtain w = Ef’rfl. This implies that
Fy, -
Tr( P! ¢2)(y) _ 5yr-:_71.

In this example, we set the parameter b on {d,;} in (6.1) to be b = 40,v = 3.5 and
we choose different initial values as follows:

Case I: xg = 7,21 = 3;

Case II: xg = 6,11 = 2;

Case III: xog = 8,1 = 4;

Case IV: xg = 9,21 = 5.

We compare the performance of our Algorithm 3.1 with Algorithms (1.14),
(1.15), (1.16) and (1.17). The stopping criterion used for our computation is
|Tnp1 — Tn| < 10~%. We plot the graphs of errors against the number of iterations in
each case. The numerical results are reported in Figure 1 and Table 1.

Example 6.2. Let H; = Hy = Ly([0,1]) with the inner product defined as

(z,5) = / 2()y(O)dt, Va,y € Lo([0,1]).

Let
C:={z € H :{a,x) >d},
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TABLE 1. Numerical results for Example 6.1
Alg. Alg. Alg. Alg. Alg. 3.1
(1.14) (1.15) (1.16) (1.17)
Case I No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0057 | 0.0078 | 1.6693 | 0.3383 | 0.0032
Case II | No. of Iter. 8 20 4 8 2
CPU time (sec) | 0.0051 | 0.0059 | 1.6884 | 0.3124 | 0.0039
Case III | No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0053 | 0.0057 | 1.6625 | 0.3566 | 0.0041
Case IV | No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0054 | 0.0067 | 1.6623 | 0.3449 | 0.0039
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3
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o »
s s
i I
10 10
10° 10
104 . . . 104 . . .
0 5 10 15 20 0 5 10 15 20
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ol -+ Alg. 1.16 0 ——Alg. 1.16]
10 Alg. 1.17, 10 Alg. 1.17,
—Alg. 3.1 —~Alg. 3.1
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» »
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] ]
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10 10
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F1Gure 1. Top left: Case I ; Top right: Case II; Bottom left: Case

IIT ; Bottom right: Case IV.

where a = 2t? and d = 0. Here, we have

Also, let

Po(z) =z +

d— {a,z)
lalf?

Q:={x € Hy:{c,x) <e},
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where ¢ = %, e =1 and we have

Py(z) = x + max {O, e||c<|c|,2x>6}.

Let F; : C xC = Rand Fy : Q x Q — R be defined as Fy(z,y) = (L1x,y — x)
and Fy(x,y) = (Laz,y — x), where Lix(t) = ? and Lox(t) = @. It can easily
be verified that Fy and F; satisfy conditions (A1)-(A4). Also, let ¢1 = ¢ = 0.
Furthermore, define B : Hy — Hy by Bx = 3z, D : Hi — H; by Dx = 7z, and let
A Ly([0,1]) — La([0,1]) be defined by Az(t) = “2 and A*y(t) = X2, Then, A is
a bounded linear operator. We consider the case for which the multivalued mappings
{S;} and {S;} are single-valued. Let S;, S; : L*([0,1]) — L?([0, 1]) be defined by

(S2)(t) = /0 a(s)ds  emd  (S)(0) = /O “fa(s)ds for all £ € 0.1],

Note that S; and S; are nonexpansive for each i, j. Select r, = 25%, 0, =08, 1, =
0.7. It can easily be checked that all the conditions of Theorem 4.4 are satisfied. Now,
we compute TfFl’(bl)(x). We find z € C such that for all y € C

Fie,0) +1(5,0) + 1y — 2,2~ 2) 2 0

1
Sy -2+ y—zz-a) 20

Siy-2+ -2 20

S(y—z)rz+3(z—2)] >0
Sy —2)[(r+3)z —3z] > 0. (6.4)

By Lemma 2.6, we obtain
1
TT(F1,¢1)(1.) = {Z eC: Fl(zay) + d)l(zvy) + ;<y —Z,2 = £L'> Z 07 v ye C} )

(V x € Hy), is single-valued. Thus, from (6.4) we obtain z = % This implies that

TT(F1’¢1)(33) = % Similarly, we compute T1£F2’¢2)(U). We find w € @ such that for
alld € @

TS(F27¢2)(U) = {w €Q: Fy(w,d) + ¢2(w,d) + %(d—w,w —v)>0, Vde Q}.

By using similar approach as above, we obtain w = 5?4' This implies that

7P ) =
Here, we set the parameter b on {8, ;} in (6.1) to be b = 3,v = t? and we choose
different initial values as follows:

Case I ;g = t*, 21 =2 +t* + 16 + 3;

Case II: xg =5, 21 = 12 +t° +2;

Case III: xg = t*, 21 = t3 +1° +t7 + 2;

Case IV: xog =t°, 21 =t +t> + 1.
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F1GURE 2. Top left: Case I; Top right: Case II; Bottom left: Case
IIT; Bottom right: Case IV.

We compare the performance of our Algorithm 3.1 with Algorithms (1.14),
(1.15), (1.16) and (1.17). The stopping criterion used for our computation is
[|Zni1 — 2n|| < 1071 We plot the graphs of errors against the number of iterations
in each case. The numerical results are reported in Figure 2 and Table 2.

TABLE 2. Numerical results for Example 6.2

Alg. Alg. Alg. App. Alg. 3.1
(1.14) | (1.15) | (1.16) | (1.17)
Case I No. of Iter. 10 14 10 6 6
CPU time (sec) | 0.7297 | 0.7237 | 1.2541 | 0.2548 | 0.3256
Case II | No. of Iter. 9 14 9 6 6
CPU time (sec) | 0.6743 | 0.7004 | 1.1791 | 0.2628 | 0.3091
Case III | No. of Iter. 9 14 9 6 6
CPU time (sec) | 0.6507 | 0.6825 | 1.1474 | 0.2599 | 0.3087
Case IV | No. of Iter. 9 13 8 6 6
CPU time (sec) | 0.6353 | 0.6458 | 1.1130 | 0.2631 | 0.3166
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7. Conclusion

In this article, we proposed a new modified inertial shrinking projection algo-
rithm for finding common solution of split generalized equilibrium problem, monotone
inclusion problem and fixed point problems for a countable family of strictly pseudo-
contractive multivalued mappings. We established strong convergence result for the
proposed method. We applied our results to study related optimization problems and
presented some numerical examples to demonstrate the efficiency of our proposed
method in comparison with other existing methods. Our results extend and improve
several existing results in this direction in the current literature.
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