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Abstract. Let P : C*°(M;E) — C>(M;F) be an order p differential operator
with coefficients a and Py := P : H*TF(M; E) — H*T*(M; F). We prove
polynomial norm estimates for the solution Poflf of the form

k
125 Fllsoinarsmy < C D NP 1T Nl g 11 | prso+i—a,
q=0
(thus in higher order Sobolev spaces, which amounts also to a parametric regu-
larity result). The assumptions are that E, F — M are Hermitian vector bundles
and that M is a complete manifold satisfying the Fréchet Finiteness Condition
(FFC), which was introduced in (Kohr and Nistor, Annals of Global Analysis
and Geometry, 2022). These estimates are useful for uncertainty quantification,
since the coefficient a can be regarded as a vector valued random variable. We
use these results to prove integrability of the norm ||P; " f|| of the solution of
Pru = f with respect to suitable Gaussian measures.
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1. Introduction

1.1. A short summary

Let M be a Riemannian manifold and E, F — M be Hermitian vector bundles.
We let V denote a generic connection on vector bundles. On E and F, V is given,
whereas on T'M we consider the Levi-Civita connection. Let

Vi=VoVo...oV:C®M;E) = C®M;T** M ® E)

Received 27 April 2022; Accepted 2 May 2022.



370 Mirela Kohr, Simon Labrunie, Hassan Mohsen and Victor Nistor

be the j-times composition of the covariant derivative on F, namely the composition
of the maps V : C®(M; T**'M @ E) — C®(M; T** VM @ E).
In this paper, we study an order p > 1 differential operator

n
P = a -V = Za[ﬂvj (1.1)
§=0
acting on sections of F and with values sections of F'. This setting allows us to consider
systems of partial differential operators (PDEs). Let sg € Z (fixed throughout the
paper) and k € Z4 and let

Py = a- V" HOTN(M;E) — HTFHH(M; F) (1.2)

denote the operator induced by P on the indicated Sobolev spaces (which is defined
and continuous provided that a is smooth enough, see Lemma 2.2). Our main result
is to prove polynomial bounds for ||P, ! f|| gso+s+s in terms of ||[Py || and the norm
of the coefficient a under suitable hypotheses on M, E, and F (Theorem 1.3).

We apply these estimates to the integrability of the norm of P, ! (in
L(H*tF(M; F), H*T*+1#(M; E))) with respect to suitable Gaussian measures. This
type of estimate is useful for uncertainty quantification, see [3, 7, 11, 13, 15, 16, 20].

Our results apply to complete manifolds M that satisfy the Fréchet Finiteness
Condition (FFC), a condition that was introduced in [14] and will be recalled shortly.
It was proved in Lemma 3.1 of [9] that manifolds with bounded geometry satisfy
(FFC). Consequently, every open subset of a manifold with bounded geometry satisfies
(FFC). In particular, all compact manifolds and all euclidean spaces satisfy (FFC).

1.2. Basic concepts

To formulate our result more precisely, we need to introduce some notation and
terminology and to remind some basic definitions. If £ — M is a vector bundle, then
M(M; E) denotes the set of measurable sections of E. We shall use in the following
V-differential operators [14]. To define them, let the truncated Fock space F,"(E) be
defined by

M L *® 7
FlE) = & T**"MQE. (1.3)
Definition 1.1. Let E, F' — M be vector bundles, with £ endowed with a connection
and let a = (al,al", ..., al*) be a measurable section of Hom(fljy(E); F), V° :=id.
A V-differential operator (on E with values in F') is a map (see Equation (1.1))

P =aqa -V = ia[ﬂw‘ :C®(M;E) = M(M;F).
j=0
The order of P, denoted ord(P), is the least p for which such a writing exists.
If F is Hermitian, we let
WE(M; E) := {u€ M(M;E)| Viu e LP(M; E),0 < j < k}

be the space of sections of E whose first k covariant derivatives are bounded, as in
[2, 12, 14]. For k < 0 and k ¢ Z, we proceed by duality and interpolation (see [14], for
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instance). We let H*(M; E) := WS (M; E) and W™ (M; E) := N> Wer™ (M; E).
Recall the Fréchet Finiteness Conditions (FFC), see [14, Definition 5.8].

Definition 1.2. Let M be a Riemannian manifold with a metric g. We say that (M, g)
satisfies the Fréchet finiteness condition (FFC) if there exist N € N and an isometric
(vector bundle) embedding ® : TM — M x RN | & € W (M;Hom(TM;RYN)),
where, in order to define the Sobolev space Wo™* (M; Hom (T M;RY)), we consider
the trivial connection on the vector bundle M x RN — M.

1.3. Statement of the main result

It is known that the operator Py, := a-V*! : Hsotk+tu()M: E) — H+E(M; F) of
Equation (1.2) is well-defined and continuous if a € WIVSOHC"OO(M; Hom(F) (E); F))
(see Lemma 2.2). A vector bundle E is said to have totally bounded curvature if its
curvature tensor is in W (M; A>T* M ® End(E)). We are ready to state our main
result. Recall that, throughout this paper, we have fixed sg € Z.

Theorem 1.3. Let us assume that M is a complete manifold satisfying (FFC) and that
E and F have totally bounded curvature. Let a € WIVSOHk’OO(M;Hom(}'fLW(E);F))
and Py, := a - V' : HotEtu (M E) — HE(M; F), k € Z,. Let us assume that
Py is invertible. Then € := || Py || |lallyicoi+x > 1. Let f € HOMF(M;F), so Py ' f €
HotH(M; E) is defined, then, in fact, Po_lf € HSoTF+1(M; E), and

k
1P Fllzzeoere S NG €N llzzeosa - (Ix)
q=0

k

Consequently, Py is an isomorphism with |[Py || < [Py *[|*+! lall¥yiso 45 -

For operators in divergence form, we obtain a slightly better result in that we may
allow lower regularity for a, as in [18]. A consequence of our results is the integrability
of || P, f zrw+s for operators of divergence form of order 2m with respect to certain
measures of Gaussian type on the set of coefficients a, see Theorem 5.3. We stress
that a particular, but important, special case of our results is when M is compact
without boundary. The case of bounded domains is discussed in [19].

1.4. Contents of the paper

The main result is stated in the Introduction states, where we also recall some
needed concepts. Section 2 contains some preliminary material, including a version
of Nirenberg’s trick following [6, 18]. The third section is devoted to proving that
a totally bounded vector field (i.e. one in Wg ™ (M;TM)) integrates to a global
one-parameter groups of diffeomorphisms of M and of automorphisms of our Sobolev
spaces. The forth section is devoted to the proof of the main result (Theorem 1.3)
following the method from [18]. The integrability of || P, ' f|| zso+#+x With respect to
suitable Gaussian measures on the space of coefficients is proved in the last section.
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2. Operators and Nirenberg’s trick

Here we describe the ingredients needed to formulate our main result in more
detail. We also recall some needed results, including an extension of Nirenberg’s trick.
See [4, 5, 8, 17, 21] for concepts and results that are not discussed in this article.

2.1. Operators and their norms

The following notation will be used throughout the paper. It was already used
in the statement of the main result. We fix p € N = {1,2,...}, which will be the
order of the operator P := a - V! that we study. We also fix throughout this paper
so € Z, which will be the order of the minimal regularity Sobolev spaces where we
assume the invertibility of P. We let ¢ := s¢ + k, to simplify the notation. We shall
usually write ||ullyx (or even |lall) instead of [[ullyyx.ec(ar;py and [Jul|gs instead of
|lw|| s (a1;E)- Recall that if X and Y are two normed spaces, then £(X,Y) denotes
the space of linear, continuous operators X — Y. Let Z, := NU {0}.

Notation 2.1. Let £ € Z, and sg, ¢, and o := sg + k as above. We shall write
Tk = [T1llcornanmymenryy and |12l = |T2llccme (vsryme+m (0 E)) -
We shall write D1 S Dy if there is Co g a,p,r > 0 such that Dy < Cs i v, 5,7 D2,

~

where Cg v, g, r depends only on ®, k, M, FE, and F, where ® is as in the Defini-
tion 1.2, k some other parameter, usually related to the order of the Sobolev spaces
involved, M is our manifold and E, FF — M are the vector bundle involved. The next
result follows from [14, Proposition 3.7].
Lemma 2.2. Let E, F, E; be Hermitian vector bundles, j = 1,2, 3.
Let bj € W& (M;Hom(E;, Ejy1)), 7 = 1,2, and f € H*(M; Ey).
(i) [b2blws < o2l 1 e
(1) o1 fllme S oallwellFllae, if |s| < k.
(iii) Let Py := a- V™" : HtW(M;E) — H?(M;F). Then Py is continuous with
norm || Pl < llallwreors, if a € W ™% (M; Hom(F) (E); F)).
Here k,p € Zy, s,s0 € Z, and 0 := sy + k.
As in [18], we obtain the following simple lemma.
Lemma 2.3. We use the notation of Lemma 2.2 and assume Py is invertible. Then
LS Bk Nallwisors -
2.2. Nirenberg’s trick
In this section we recall a version of Nirenberg’s trick, as it is formalized in [6, 18].
We write t \(0 if t — 0 and ¢t > 0. Let X and Y be two Banach spaces, recall that a
family (T):>0 in £(X,Y) converges strongly to T" for t ™\, 0 if limy o || Tyu—Tully = 0,
for all u € X. We shall need also the following basic concept.
Definition 2.4. A family of operators (S(t))i>0 of L(X) := L(X,X) is a strongly
continuous semigroup on X if the following conditions are satisfied: S(0) = idx, for
allt >0and r >0, S(t+7r) = S()S(r), and, for all x € X, lim; ¢ ||S(t)z — x| x = 0.
Then the infinitesimal generator of (S(t))i>o is the operator (Lg, D(Lg)) defined by

L 1 -1 . . .
D(Ls) = {ze€ X | Lsz := tlgr(l)t (S(t)z — x) exists in X}.
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The following lemma [6, 18] will play an essential role in what follows. The
version here is a simplified one compared to the ones in the aforementioned articles.

Proposition 2.5. Let T : X — Y be an invertible bounded operator between two Banach
spaces and let Sx (t) € L(X) and Sy (t) € L(Y) be two strongly continuous semigroups
of operators. We assume that, for each t € R, there exists Ty € L(X,Y) such that
Ty Sx(t) = Sy (t)T. Suppose that t—1 (T, — T') converges strongly to Q € L(X,Y) for
t \( 0. Then, for all v in D(Ly), we have

T 'veD(Ls,) and Ls, T 'v=T"'Lg,v—T'QT 'v.
In our case, at least one of the assumptions of this result will be easy to check.

Remark 2.6. In our applications, both Sx and Sy will extend to groups of operators.
Thus, Sx (t) and Sy (t) are defined for ¢t € R with the usual group laws:

Sx(t)Sx(t') = Sx(t+t") and Sy (¢)Sy (t') = Sy (t + t').

Therefore, the existence of T; satisfying T;Sx (t) = Sy (t)T is guaranteed simply by
taking T} := Sy (t)T'Sx (—t).

3. Groups of diffeomorphisms and Sobolev spaces

In this section, we systematically use vector fields to define our Sobolev spaces.

3.1. Vector fields and Sobolev spaces

Assume M satisfies (FFC). Let ® : TM — M x RY be as in Definition 1.2 and
ej, j = 1,..., N, be the canonical basis of RN. Then Zy,Zs,...,Zny € Wy(M) :=
Wo ™ (M; TM) will continue to denote a Fréchet system of generators of Wy, (M) as
Coo-module, as in [14], that is,

Zj = ®'(ey), (3.1)
We shall need the following proposition from [14].

Proposition 3.1. Let us assume that M satisfies (FFC) and let {Z;} be a Fréchet
system of generators of Wy(M), as in Equation (3.1). Let £ € N and 1 < p < 0.
Then

WP (MG E) = {u| V5, V5 ..V ue’(M;E), j<{ 1<k <N}
We shall need the following standard consequence. (See also [18].)

Lemma 3.2. Let Zyu := u and Zyu := V gz, (u), for simplicity, with Z; as in Equation
(3.1). Let s € Zy and

N
lull” =N Zuulae
=0

Then ||lu||" defines an equivalent norm on H*TY(M; E).

Proof. This follows right away from Proposition 3.1. O
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3.2. Diffeomorphism groups

We shall need the fact that vector fields X € Wg™™ (M; T M) integrate to global
diffeomorphisms groups and then that these diffeomorphism groups lift to automor-
phism groups of vector bundles.

Proposition 3.3. Let X € W™ (M;TM) (that is, X is a totally bounded smooth
vector field on M ). Assume that M is complete, then X generales a one-parameter
group of diffeomorphisms ¢y : M — M, t € R.

A one-parameter group of diffeomorphisms (of M) will also be called a “flow (on M).”

Proof. The proof is almost the same as the one of the existence of global geodesics
on complete Riemannian manifolds. First, the existence of a local family ¢; is a
classical result in ordinary differential equations and differential geometry. Then, for
each © € M, the curve ¢;(x) is an integral curve of the vector field X and is defined
at least on some interval (—e, €), where € > 0 may depend on . We need to show that
this curve extends indefinitely for each x under the assumption that our manifold
M is complete. We shall proceed by contradiction. For any given «x € M, let I C R
be a maximal interval on which the integral curve ¢:(z), t € I, is defined. Let us
assume I # R and let @ € I~ I. Let also t,, € I, t,, — a. As X is bounded, we have
dist(ds, (x), e, (x)) < || X| Lo |tn — tm|, for all n,m € N. Hence, the sequence ¢, ()
is a Cauchy sequence. Since we have assumed that M is complete, this sequence has
a limit y € M. Therefore lim; 4 tc1 ¢1(a) = y exists. Then the local existence of the
flow generated by X in a neighborhood of y will allow us to extend the flow ¢;(x) for
t past a by setting ¢qi¢(z) = ¢¢(y) for |t| small. This is a contradiction and hence
our result is proved. O

Lemma 3.4. We use the notation and the assumptions of Proposition 3.3, in particular,
X e WS (M;TM) generates the flow ¢ : M — M, t € R. For any vector bundle
E endowed with a connection, the parallel transport 7 along the integral curves of X
generates a one-parameter group of automorphisms of C°(M; E).

Proof. This is a classical result. Indeed, the definition of the parallel transport 7;
amounts to solving a linear system of ordinary differential equations (ODEs) along
each of the integral curves ¢.(x) of ¢. We know by Proposition 3.3 that the integral
curves of X extend indefinitely, so ¢.(z) is defined for all ¢t € R and © € M. Hence
we have global solutions for the system of ODEs defining the parallel transport (since
the integral curves of ¢ extend indefinitely and the ODE system is linear). O

In what follows, one should distinguish between the parallel transport 7, and
the map ¢, : C°(M;T) — C>®°(M;T), where T is a tensor bundle on M (tensor
product of TM and T*M or canonical subbundles) and ¢y, is the map induced by
the diffeomorphism ¢, : M — M. We shall use this construction for T' = T M and
T =R (plain functions). Of course, if « is a function, then 7(a) = ¢p ().

Theorem 3.5. We use the notation and the assumptions of Proposition 3.3 and Lemma
3.4. Letk € Z,. Let us assume also that E — M is a Hermitian vector bundle endowed
with a metric-preserving connection with totally bounded curvature. Then the parallel
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transport T = (77 )icr defines a one-parameter group of continuous operators on all
spaces W@’p(M;E), 1 <p<oo, such that, if k > 1 and Z € Wé_l’oo(M;TM), then

AWt X,2) = (Z) = $ra(Z) € WEV™(M; TM),
b is bounded on WF1(M;TM) and (3.2)
B(t;X,Z) = 7Vz7_¢ — Vi (z) € We "> (M;End(E)),

with C*°-dependence for A and B ont € R if Z € Wg™(M;TM). If p < oo, the
resulting group (7¢)iecr is strongly continuous. The infinitesimal generator L. of T

acting on WFTLP(M:; E) satisfies L& = Vx& for € € WETLP(M: E).

Proof. We shall prove our result by induction on k. Let us assume £ = 0. Since
the connection on E is metric-preserving, the parallel transport will be isometric
between the fibers of E. To obtain the desired result on the boundedness of the
induced operator, it is enough to notice that the volume form is increased by at most
a bounded factor since div(X) is bounded (i.e. in L*°), by the results of [14]. (For
k = 0 there is nothing to check about ¢, or the functions A and B of Equation (3.2).)

Let us assume now that the result is true for k—1 > 0 and let us prove it for k. We
will first prove the result for A, then the boundedness of ¢, on the Wéfl’oo(M ;TM)
spaces, then the result for B and, finally, we will check the boundedness of 7y on the
W@’p spaces.

Let us prove the result for A(t; X, Z). If, furthermore, Z € WH,P(M;TM)
(slightly better regularity than in the statement), then

QA X, Z) = 0y(1i(2) — ¢uu(2))

(Vx(2)) — ¢u([X, Z])

(X, Z]) = ¢ee([X, Z]) + 1(V 2(X))
(

t; X, (X, Z]) + (Vz(X)).

Il
3

I
= 3

We shall use this relation for all Z = Z;, j = 1,...,N, where {Z,} is a Fréchet
system of generators of W™ (M;TM), as in Equation (3.1). We have X,Z; €
W (M;TM), and hence Vz, (X) € W™ (M;TM) [14]. The induction hypothe-
sis tells us that 74 is bounded on the space Wé_l’oo(M ; TM), which gives then that
7(Vz,(X)) € W@fl’oo(M;TM). We then express each [X,Z;] = ., Cj;Z;, with
Cj; € W™ (M), as in [14]. This yields an inhomogeneouse linear system of ODEs
in W*=1P(M; TM) for A(t; X, Z;) with free term 7,(Vz,(X)) € W > (M;TM).
Since A(0; X, Z) = 0 and since 7 preserves W@fl’oo(M; TM), we obtain the desired
result that A(t; X, Z;) € Wé_l’w(M;TM) for Z = Z;. Next, we use use the linear-
ity of A(; X,Z) in Z € W*=LP(M; TM) (same regularity now as in the statement)
and express Z = Z;yzl a;Z; as a linear combination of the Fréchet system of gen-
erators {Z;}, j = 1,..., N with coefficients «; € W@_l’oo(M). We also notice that
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Alt; X, aZ) = 7(a)A(t; X, aZ) for « a function, by the definition of A. This gives
N N
A6 X, Z) = Y AL X a;25) = mlay) Y At X, Z;) € Wy " (M;TM),

j=1 j=1

where we have used again the induction hypothesis for 7, acting on Wk L (M.
Let us check next that ¢ is bounded on the spaces Wé L (M; TM). Let
Z € W@_l’oo(M ; TM). The result we have just proved for A gives

Gi(Z) = (Z) — A(t; X, Z) € We™b(M; TM)

Hence ¢, maps W@fl’oo(M ;TM) to itself. Since ¢4, is continuous in the sense of
distributions (by Lemma 3.4) it has closed graph, and hence it is continuous.

Let us now turn to the study of the term B(t; X, Z), which will be similar. Let
be the curvature of F. Our assumption that F has totally bounded curvature amounts
to Q € W™ (M; A°T*M ® End(E)). Again for Z with a little bit more regularity,
we have

OB(t; X,Z) = 0[NV 271 — Vy,. (2]
(VxVz = VzVx)Tt — V. (x.2)
= 7(Vix,z + QX, Z)) 7 — V,.(x.2))
(X

= B [ ])+TtQ(X, Z)T_t.

|
i

We know by the induction hypothesis (boundedness of 74 on Wé_l’oo and F with
totally bounded curvature) that nQ(X, Z)r_, € Wéfl’oo(M;End(E))‘ We complete
the discussion for B as we did for A. That is, we notice first that B(¢; X, Z) is linear
in Z and that B(t; X,aZ) = 7t(a)B(t; X, Z) for a a smooth enough function. We
then use the last displayed equation for Z ranging through the vectors of a Fréchet
system of generators {Z; }. We next express [X, Z;| = >, a;Z;, and we use linearity to
obtain an inhomogeneous linear system of ODEs for B(t; X, Z;). Since B(0, X, Z) =0,
since 7 preserves W§717°°(M; TM), and since QU X, Z)1_; € Wéfl’m(M; End(E)),
we obtain B(t; X, Z;) € Wé_l’m(M;End(E)). By using this relation, the linearity
of B(t; X,Z) in Z, and by expressing Z as a linear combination with Wé_l’oo(M)
coefficients of the Fréchet basis {Z;}, j =1,..., N, we obtain the desired result that
B(t;X,Z) := 7VT—t — V.. (z) € Wo™ " (M; End(E)).

It remains to prove that 7; is maps continuously W P(M; E) to itself. Let us
prove this without checking the continuity in ¢. Let & € Wé’p (M; E). By Lemma
3.2, it is enough to check that Vz 7_4(§) € Wéfl’p(M;E) for all j = 1,...,N.
We have just proved that ¢..(Z;) € kal’oo(M'TM) Hence ¢4(Z;) can be ex-
pressed as a linear combination of the vectors Z; with coefficients in Wé Lo (M)
and therefore Vg, (z)§ € Wk 1’p(M,E). The relation we proved for B, namely
B(t;X,Z) € W@‘l’W(M;End(E)) gives also B(t; X, Z)¢ € We&~VP(M; E). Putting
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all this together we obtain

TV 2,746 = V. (2)€ + B(t; X, Z)€ € We "P(M; E).
The desired result follows by multiplying the last equation to the left with 7_; (which
is bounded on Wé_l’p (M; E) by induction). Hence 7 maps W@’M(M ;TM) to itself.
Since 7 is continuous in the sense of distributions (Lemma 3.4) it has closed graph,
and hence 7 : Wé’oo(M; TM) — WE(M;TM) is continuous.

The smoothness of A and B as functions of ¢ follows from the fact that the free
term of the linear equations defining them are smooth functions of ¢ and from the
smoothness of 7(a) if a € W™ ™ (M).

Finally, the continuity of the group 7; follows from the continuity on smooth
sections with compact support and the density of those in the spaces W@’P for p < oo.
The statement on the infinitesimal generator is proved by the same argument. O

The following consequence will allow us to check the hypotheses of Proposition 2.5.

Proposition 3.6. Let a € WQH’OO(M;Hom(.Fy(E);F)) and X € W (M;TM).

We assume E to have totally bounded curvature and we use the notation in Theorem

3.5. Let 7 = (7¢)ter be the one-parameter group defined by parallel transport on any

given Sobolev space H* or W@’OO.

(i) [Vx,a -V =Vx(a) V' +a-[Vx, V| is a differential operator of order

< p with coefficients in W@’W(M;Hom(}'y(E); F)).

(it) [[Vx,a- VN cimenanpycmeonry) < llallyso

(iti) t7'[r(a - V)7, — a - V'] converges strongly to [Vx,a - V' in
LHH(M; E); L(H*(M; F)).

Proof. (i) is a straightforward calculation. To prove (ii), we notice that Vx(a) €

W@’M(M;Hom(}"fy(E);F)) and that [Vx, V'] is a V-differential operator with

W™ coefficients. Therefore (ii) follows right away from (i) and Lemma 2.2. To

prove (iii), let us first notice that the operators 7; are bounded in view of Theorem
3.5. We then compute for ¢ € H*#(M; E):

1 1
jlnla- V)i —a - Ve = Sn(a- V)7 — miar - V!

1 1
+mar_y - V' —a - V' = raT_y n [V — VP')E + n [riar—y — a] - V¢
—a-[Vx, V¢ + Vx(a) - V€.
The proof that lim;_,q % [Ttar_t — a]§ =Vx(a)¢, & € HH(M; E) is as in [18]. O

These results give the action of certain diffeomorphism groups on Sobolev spaces
on manifolds with bounded geometry [1, 2, 9, 10].

Corollary 3.7. We wuse the notation of Proposition 3.6. Suppose that a €
WL (A Hom (FM (E); F)) and that P = a- V' : H7*#(M; E) — H° (M; F)
is an isomorphism. Then, for all f € H°*Y(M; E) we have

Vx(P7'f) = P7{(Vxf) = P7'[Vx,PIPT'f.
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Proof. As in [18], the proof of this result is a direct and immediate consequence
of Propositions 2.5 and 3.6 and of Theorem 3.5. Indeed, let us consider the spaces
HotH(M; E) and H?(M;F) and the operator T := P = a - V" and the groups of
automorphisms 7 = (7¢)+cr generated by the parallel transport along the flow defined
by X. It was assumed that T := P := a - V is bijective. Proposition 3.6, parts (i)
and (iii) shows that the other two hypotheses of Proposition 2.5 are satisfied with
Q := [Vx,a- V']. Proposition 2.5 then gives the result. O

4. Proof of the main theorem

Let us now give the proof of the main result (Theorem 1.3). Our proof follows
the method of [18]. See also [19] for other similar results.

Proof of Theorem 1.3. In this proof, we shall write H7 instead of HY(M;E) or
HI(M;F), and Wé’oo instead of Wé’oo(M;Hom(E; F)), to simplify the notation.
Thus we shall write |fllgs = |fllzi;z) and so on. Moreover, we shall write
lall; = llallws.ar;g)- The relation € > 1 follows from Lemma 2.3. To prove the
relation (I) we shall proceed by induction on k > 0 using Corollary 3.7 (which is
Proposition 2.5 applied to the setting that we need).

The case k = 0 (that is, the relation (Iy)) follows right away from the definition
of the norm of Pofl. Let us now prove the result for £+ 1 assuming that it is true for k.
As before, we shall write o := sg+ k for the sake of brevity, and we shall use the result
of Lemma 3.2 on norm equivalences. Let then f € H°+tl = HsoTrk+L()M: F). Since
f € H? as well, the induction hypothesis gives that Fy lf € Hot#, The induction
step is then to prove that Py 'f € HH'*# and that (I);) is satisfied.

Let Z1,Z2,...,2Zn € Wy(M) := W™ (M;TM) be a Fréchet system of gener-
ators of Wy, (M) as Cc°-module, for instance the system given in Equation (3.1). Let
also Zy := id, to simplify the notation, as before. Also, we shall write Z; instead of
Vz,. Corollary 3.7 for Py : H°™* — H? and the parallel transport automorphisms
groups generated by Zy, £ > 1, (which exist due to Theorem 3.5) give

1Ze(Po * Nliesn < 1Py (Zef) | son +11QF ot (41)
where Q := Py [Zy, Py|Py ! : HO (M) — H°#(M). For every £ = 0,..., N, we have

Zof € H?, and hence we can use by the induction hypothesis the relation (Ij) with
f replaced with Z,f to obtain for ¢ > 1:

1
1P (Zef)ron S Z 1B G Nallfy s I Zef oo

k
1
<D B HIE T lallfy s I L rei-a (4.2)
q=0
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To estimate the term ||Qf| fo+x, we shall use the relation (Ix) twice. First, for
g:=1[Zy, PP~ f € H°(M), the induction hypothesis (Ix) gives the relation

1QFf | zre+n = 1Py ()| rosn S |||P MIE lalt, llgllme-a . (43)
[sol

Moreover, for ¢ fixed in {0,1,...,k}, using Pr0p051t10n 3.6(ii), we get:
Igllzzo-0 = 1[Ze, Po) Py fll oo S Nallisorrta—gllPo (Nl oot

k—q
S llallsorsis1-q 2 MNP Hallfyg gl 1Lz
s=0
S Z 125 G Hallfss e 1l oo (4.4)

Consequently, the equations (4.3) and (4.4) give,
k k—q

s+2 1
1Qf ron S DY B G 2 llallf sy 1l ro—as - (4.5)

qg=0 s=0
Then, by substituting p = ¢ + s + 1, we get that
k+1

_ +1
1Qf o S D B IET Nallfy) g a1 F lirosas (4.6)
p=1

Then, by using the equations (4.2) and (4.6) to estimate the two right-hand side terms
n (4.1), we obtain that:

k1
+1
1Ze(P™ )l o S Z PG I8 Nallf g 1l reer—a (4.7)
To use the estimate of Lemma 3.2, need to estimate || ZoPy ' f|| gotu = | Py ' fll grotn,s

which we will do by using (Ix) to obtain

1
1Z0(P5 )l < Z 1P Nl gl oo

+1
s Z 125 1 Nall?, gl

We then take the sum of this last equatlon with all the equations 4.7, for / = 1,..., N.
As desired, Lemma 3.2 gives
k+1

1
1P fllrrsren S PG NG lallfy ppa 1l oo s (4.8)
q=0

which is exactly the relation (Ix41) we were also looking for. This reasoning also gives
Py'f € Hot'F 1, Using € > 1 and bounding || f||zo—a with ||f|| -, we also obtain
the desired inequality for ||| P, +11||| This completes the proof of Theorem 1.3. O
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5. Remarks and applications

The method of our theorem gives a stronger result than the more straightforward
estimates expounded below.

Remark 5.1. As in [18], Corollary 3.7 and the Lemmas 2.2 and 3.2 give

1Ps i+ < NP IR Nalljsop+e41 - (5.1)
An induction argument in & then gives
_ _ _1y 2k k_
B e = 1B < 1P 1P llallfg e » (5.2)

which is, obviously, much weaker than the result of Theorem 1.3. Nevertheless, this
type of result (which follows the method of [6]) is also sufficient for many applications.

Let A € W&t (M; End(FM(E))), k,m > 0. It is known then from [14]
that (V)*AV®! is a V-differential operator of order 2m with coefficients in
Wer2mo0 (M End(FM (B))). We will let Re A := 1(A + A*), with A* the adjoint
of A. We write A > ~I if, for any complex vector £ on which A acts, we have
(AE,€) > v||€||?, pointwise (that is, as functions on M). From now on, we shall assume
that sp = —m. Theorem 1.3 applied to the operator (V*°*)* AV (and sp = —m)
then yields the following result.

Theorem 5.2. Let A € W@”m’oo(M;End(}"y(E))) be such that Re A > ~I, v > 0.
Let Py, = (VIH)* AVt . HEA™(M; E) — H*"™(M; E). Then Py is invertible with
norm |||Py*||lo <y~ Moreover, given f € H*="(M; E), we have that

k
1Po " Fllrem S A~ T ANG o | f | i -
q=0

In particular, Py, is invertible and |||Py |||k < v 571 | Al%, 1szm-
Proof. Let w € H™(M; E). Then
Re(Pou,u) = Re(AV™iu, VIu) > v(Vu, Vu) > | ul|3m .

So Py is invertible and |||P~Y|||o < !, by the Lax-Milgram lemma. We also notice
that 1 < € <47 1||Alyrr2m. The proof is then completed by using Theorem 1.3. [

We obtain the following consequence.

Theorem 5.3. We use the setting of Theorem 1.3. Let X = (X1, Xa,...,Xk) be a
vector Gaussian random variable with covariance o = (o;5) > 0. Let

Ay, Ay, A € WEP (M End(FY(E)))
with A; > ~I, v> 0. We note A := Z]K:1 eXi A;. Then |||P; |||k is integrable.
Proof. We proceed as in [18]. We have

K K
Re(A4) :=Re ZerAj > vzer.
j=1 j=1
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Likewise || Allyyra+rem < Zszl eXi||Aj|lwr+2m . According to Theorem 5.2, we get

—k—1
1P ]k < (vZeXJ Al 5yss2m
—k—1 k
K K
< (736 S XA llwasan
j=1 j=1
C

K
()
Jj=1

which is integrable, because (Zf(:l e“”]) < el#tl+Flexl i integrable with respect

to the measure of density e~ () < e=<ll* where C' depends on |A | wwrem, k
and K. g
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