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Generalized Szasz-Mirakian type operators

Raksha Rani Agrawal and Nandita Gupta

Abstract. In this paper we propose certain modifications of Szasz-Mirakian type
operators and study their approximation properties. We also give a Voronovskaya
type theorem for these operators.
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1. Introduction

Classical Szasz-Mirakian operator is defined as

e ()t <k)
Sn(fiz) =e k; Bl fl- (1.1)
with © € Ry = [0,00),n € N = {1,2,3,...},k € Np = NUO and f € C(Rp). The
approximation behaviour of this operator for bounded functions is well known (see,
e.g. [2, 8]). Hermann considered this operator on a much wider class, growing faster
than exponentially. In 2005, Schurer[6, 7] type generalization was given by Moreno
[4] for this operator 1.1.

o0

) = (e § (R P)2)*
Sn,p(f’ ) ];O (k)'

Later Firlej and Rempulska [3] introduced a modified Szész-Mirakian operator:

G g 1 = (nx)?* | [ 2k
Sn(fiw) = cosh(nz) ;} anr (n> @ € Ro,n € N,

k
f(n) ,x € Rg,n € N,p € Np.
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Motivated by the above two modifications now we consider Szész-Mirakian type opera-
tors for f € Cp

Snap(f37) = cosh((n —|—p Z

k:O

2k
) <n)7xER07n€N,pEN0. (12)

and coshz,tanhx are elementary hyperbolic functions. Let
={feCnNC*(Ry): f';f" € Cp}

be the space of real-valued functions uniformly continuous and bounded on
Ry = [0;00) and let the norm in Cp be given by the formula

IfIl = sup [f(x)].

TzERy

In the year 2008, Deo et al. [1] studied Voronovskaya type results for modified Bern-
stein operators. Now the purpose of this study is to give Voronovskaya type theo-
rems for Schurer ([6, 7]) as well Firlej and Rempulska [3] type modification of Szdsz-
Mirakian operators.

2. Auxiliary results

In this section we prove some results on gnm that will help in establishing the
main result.

Lemma 2.1. For each n € N and x € Ry we have

Spp(liz) =1, (2.1)
§n,p(t; x) = @ tanh((n + p)x), (2.2)
Supltti) = D (EDIE (. 2:3)

Snp(t’;2) = % [{((n +p)2)® + (n+ p)a} tanh((n + p)z) + 3((n +p)2)*],  (2.4)

Sn7p(t4; x) = % [((n +p):c)4 +{6((n+p)x)*+ (n+p)z} tanh((n+p)z) +7((n +p)z)2] .
(2.5)

Proof. From (1.2) we can easily obtain (2.1) and

a — ((n z)?k n x
Snp(t;x) = ! kzo ( ?_2]1;))' ) (Qk) = %tamh((n +p)x).

cosh((n +p)z) & n
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(oo}

S (20— 1 (n+p)o)** (2k\*
Snp(t5 @) = cosh((n + p)x) Z (2k)! < n >
)
)

k=0
> x)?* {(2k)(2k — 1) + 2k}
|

B 1 ((n+p
~ cosh((n +p)x) kz:;) (2Kk)!

- (PP DD o+ i

n2

S (3.0 _ 1 = ((n+p)x)?* [2k\°
Sert5n) = v e ,;) 2k) <n>
B = n+p 2k L(2k)(2k—1)(2k—2) + 6k(2k—1) + 2k}
cosh((n + p)zx ’; n3
1 (n
- cosh((n + p)x) {(( L n3 o) sinh((n + p)z)
+ W cosh((n + p)x)}
= % [((n+p)x)? tanh((n+p)z) + 3((n+p)z)* + (n+p)x tanh((n+p)z)] .
g 4.\ _ - (n +p x) 2k
Snap(t 7HC)_cosh n+p kz:; (n)
= ool n+p Z n;;p, 2 [21«)(21{71)(214;72)(%73)

k:O
+6(2K)(2k — 1)(2k — 2) + 7(2Kk)(2k — 1) + Qk}

= % [((n+p)z)* + (6((n+p)z)* + (n+p)z) tanh((n+p)z) + 7((n+p)z)?] .
O

Using above Lemma 2.1, we shall prove the following Lemma.

Lemma 2.2. The following equalities hold for all x € Ry and n € N:

Spp(t —z;2) = MTP)@" [tanh((n + p)z) — 1] + 7%
Bua( = a5 = P2 (202 = £ (1 tanb(n 4+ p)) + DL
§n’p((t — x)?’;x) = (nT—i_p)tanh((n +p)fE) |:(n;:2p)2x3 + % _ 37:;2 + 3(E3

3(n + p)2a® B 3z(n + p)2z? 3
n3 ) z

+
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Sup((t — 2)* )

B L N T
N ((n+p)x)t +7((n +p)z)* — 12m(§$+ p)r)? + 62%n%((n + p)z)? + 2'n?
Proof. Using Lemma 2.1 we have,
Spp(t —z;2) = (n+pw tanh((n + p)z) — x
_ Zp)x [tanh((n + p)z) — 1] + % (2.6)
St — %) = Zf)m)z G ;:f)” tanh((n + p)z)
= 23:@ tanh((n + p)z) + 22
— tanh((n + p)a) {(" L (("27?”3)2
(2.7)

(n+p)

(29&2 - %) (1 —tanh(n +p)z) +

Snp((t —2)% )
= % [((n+ p)z)3 tanh((n + p)z) + 3((n + p)z)? + (n + p)z tanh((n + p)z)]

s [ DT )

+3 (n —|—np)x3 tanh((n + p)z) — 23 (2.8)
(n+p) (n+p)? 5 =z 327

— 3

3(n + p)2a? ~ 3z(n +p)2z? B

+ 2

n3 n
§n,p((t—m)4; x)= gn,p(t‘l; m)—4x§n,p(t3; x)+6x2§n,p(t2; m)—4x3§n,p(t; x)+m4§n,p(1; x)
(n+plx+6((n+px)® 4z{((n+p)’+ (n+pz}

nt - n3
623(n + p) — 4z*n(n + p)
+ 2
n

((n+p)x)* +7((n+p)x)? — 12zn((n + p)x)? + 622n3((n + p)x)? + zin*

= tanh((n + p)x) {

_|_

6 2,.3 4 2,.3 4 2 6 3
:7(n+p) tanh((n + p)x) (ntp)fe”  Aln+p)e +£—i+i—4ﬁc4]
n n3 n? n3 n? n
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((n +p)z)* +7((n +p)x)® — 122n((n + p)x)* + 62%n*((n + p)2)* + 2'n’

+ i

(2.9)
O
In order to prove a Voronovskaya type theorem we need the following lemmas.
Lemma 2.3. Forn,r € N,p € Ny and x > 0, the following results hold
(a) 0 < 2"(1 —tanh(n +p)z) < 2'"rl(n +p)~"

(b) lim [n {tanh((n +p)z) — 1} =0

() lim {tanh((n +p)2)} = 1,

and

(d) Tim {tanh((n +p)z) -1}

n—00 n

0

Proof. We shall use an inequality considered in (eq.(22), [5]) which says that, for
m,r € N and z > 0,

0 <z"(1—tanhmz) < 21T plm T

Now on replacing m by n + p,n € N,p € Ny we get the desired result.
Following the technique used in Lemma 2 of [5],we easily obtain (b),(c) and (d). O

Lemma 2.4. For every fized x € Ry, we have

(7) nl;ngo n:S'\n,p(t —z;x) = pr,

(i4) nh_)ngo n§n7p((t —2)%2) =,

Proof. Using Lemma 2.2 we obtain,

(n+p)x

(i)gn’p(t —zyx) = tanh((n + p)x) —

= @ [tanh((n + p)z) — 1] + %

=z [tanh((n + p)x) — 1] + % tanh((n + p)x).
therefore
ngn,p(t — z;x) = zn [tanh((n + p)z) — 1] + px tanh((n + p)x).
Using Lemma 2.3 we get

lim ngn,p(t —z;z) = lim [zn{tanh((n + p)x) — 1} 4+ px tanh((n + p)z)]

n—oo n—oo
= pax.
N TR IR U DN ST RN A (n+ p)z + p*a?
(1) Sp p((t — )% 2) = - <2£L' n) (1 —tanh(n + p)x) + 3
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~

nSnp((t — )% 2) = 222 [n {1 — tanh((n + p)z)}]
+ 2pz? [1 — {tanh((n + p)z)}] — = [{1 — tanh((n + p)z)}]

2.2

pr px  pT

— —[1 — {tanh — 4 —
(1~ {sanh((n+ )] + o+ 2+ 2
Again using Lemma 2.3 we obtain
: g _ )2 —

nll)ngonSn’p((t x)5x) == O
Lemma 2.5. The following inequalities are satisfied for allm € N,p € Ny and x € Ry :

pxr+1

| p(t — @32)] <

3+ (p+ 1)z + p*a?

1S p((t — )% )| <

n
~ 474+ (1 +p)x + (3 + 10p + 7p*)z? + 6p22® + plat
|Snp((t = 2)%2)] < — (2.10)

Proof. For n,r € N,p € Ny and z > 0 we have
0 < 2"(1 —tanh(n +p)z) <27 "rl(n +p)~".

So from Lemma 2.2,

Gt — 2:2)] = | P22 fan((n 4+ p)) — 1] + 2
< pxr +1
n
a n+ p)zr)? n—+p)x
So((t —2)% ) = U nf) L nf) tanh((n + p)z)
— 23:@ tanh((n + p)z) + 2
+ —+ + 2
— tanh((n + p)z) [(n n2p)x G np)x] e (@TL#
n+px n+p)r n+ p)z + p?a?
:(tanh(ner)z—l) |:( nf) ),21,( np) ]Jr( p)n2 p
. 2 2
1Sy p((t — x)%; 2)| = |(tanh(n+p)z—1) (ntp)r) 9 (n+p)w n (n+p)x + p?z
n? n n2
Lt mtpzapta® 2
- n? n(n+p)
< Stprepiet @
n n
< 3+ px + x + p*a?
n

< 3+ (p+ 1)z + p*ax?
o n
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Sup((t — 2)* )

n-+ 6(n+p)2z®  4(n+p)2® T 422 623
:( p)tanh((n—i—p)x)[ ( f) - ( 5) +*3—72+7—4x4
n n n n n n
((n+p)x)t+7((n+p)x)? — 122n((n + p)x)? + 622n?((n + p)x)? + zint
+ "
6 3,.3 4 3.4 4 2 6 3
_ () [ i)'t iple i tpia® oty
(n+p) 41 (n+pa'  T(n+p)Pz® 12(n+p2® 6n+pPct
-4 n } + n4 + n* a n3 * n? e
6(n+p)3rd  4(n+p)2z* (m+pr  4n+p)?
= (tanh((n +p)x) — 1) [ - — 3 + - — 3
3 4 4 3 2
. 6(n+p)z”  (n+p) 4 . (n+p)*  4(n+p) . 6n+p)” _ ,(tp) 1 4
n? n n4 n3 n?
6(n+p)* 6(n+p) 12(n+p)*\ 5 (Tn+p)? 4n+p) o (n+p)
+( n4 + nz n3 )I +< nt N3 )x +TI
~ 10 16 9 12
Son((t—2)h2) < —
[Snp((t = 2)552)] < n4+n3(n+p) +n2(n—|—p)2 +n(n+p)3+
4. .4 6 2,.3 3_|_ 10 _|_ 7 2 2 1 +
ijrp;ch( p2p)x+( 219)3?
n n n n
< 47 plzt +6p2a® + (3 + 10p + Tp?)a?® + (1 + p)z
S + 2
< 47+ (1 +p)x + (3 + 10p + 7p?)a? + 6p2z3 + pla?
< 2
O

3. Voronovskaya type theorems

In this section we give a Voronovskaya-type theorem for the operators §n,p with
the help of properties of S, ,, which are already mentioned in the above lemmas.

Lemma 3.1. Suppose that x¢ is a fized point in Ry and o(t;xz0)is a given function
belonging to Cp and such that

Jim o(t;20) =0 (}1_{1;1) o(t;0) = 0)

Then for a fited p € N
lim Sy p((t; z0); o) = 0. (3.1)

n— oo

Proof. By (1.2) we have for n € N and a fixed point z¢ > 0

N > ((n 4+ )2k
Snp(@(t; m0); o) = cosh((;—i—p)x) Z (« (+2£§' ) © (2:;:1:0) (3.2)
k=0
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Choose € > 0. Since ¢(+;x9) € Cp, there exists a positive constant § = d(¢) such that
€
|(p(t;$0)‘ < 5, if |t — 1‘0| < 5, t>0

Moreover there exists a positive constant M such that |o(t;20)] < M for all ¢ > 0.
Hence, from (3.2) we get for every n € N
2k
P50
n

1 ((n+ p)x)**
cosh((n + p)x) Z (2k)!
2k
 (5)
=F| + Ey (33)

|5 (8 20); 20)| <
k€Q1,n

1 ((n+p)a)*
+ cosh((n+p)x) Z (2k)!

where

2k
Ql,n:k€N03’n—$o <0

and

2
Q2,n=k€No:‘:—xo > 4.

From (2.1) we get,
€ 1 = ((n+ p)x)?* €
Er<3 cosh((n + p)x) kZ:O (k) 2 (34)

1 ((n+p)z)*
B2 < M+ p)) ke%;n (2h)] (3:5)

. i . . 2 .
Since |% — x| > & implies 1 < 62 (% - mo) , we can write

1 2k ok ?
E2 S M(572 Z ((n +p)$> = 2
cosh((n + p)x)) (2k)! n
k€Q2,n
< M6728, ,((t — 20)?; 20)
which by Lemma 2.5 gives,
M (3 + pxo + xo + p*z)
né2

It is obvious that for given € > 0,0 > 0,M > 0 and xy > 0 we can choose ng =
no(€e; d; M;x0) € N such that for all natural numbers n > ng one gets

M(3 + pro + w0 +p*ag) _ €

nd? 2

Ey <

Hence,
E, < g for n> nyg. (3.6)

Using equations (3.4) and(3.6) to (3.3) we get

Lim S, (p(t 20); 20) = 0
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and this completes the proof. O
Theorem 3.2. If f € C%, then for every fized x € Ry one gets
. 5 x
T n(S,,(fi2) = F(@)) = paf (@) + 5 £ (a). )

Proof. Let xg € Ry be a fixed point.Then by Taylor formula we can write for every
t € Ry,

f(t) = f(zo) + f'(w0)(t — x0) + %f//(ffo)(t —20)? + ¥(t; 20) (t — 30)?, (3.8)

where ¥(t;z9) € Cp and tlg?o U(t; o) = (t£%1+w(t; 0) = 0>

On applying the operator :S’\mp on both sides of (3.8), we have for every n € N,
~ ~ 1 ~
Sn,p(f; 1’0) - f(.’L'()) = f/(‘rO)Sn,p(t — Xo; 330) + §f”(m0)sn,p((t - mO)Q; 1'0)
+ S (W5 20) (t — 20)% 20) (3.9)
In view of (3.9) and by Holder’s inequality we get for n € N

S0 6(t320) (¢ = 20)% 20)| < { S @2 (tiz)iz) s {Spl(t —20)ia)}

(3.10)
Since the function ¢(t;x0) = ¥2(t;20),t > 0 satisfies the assumption of Lemma 3.1
we have,

lim S, ,(2(t; 7); 0) = 0
n— o0
From (2.10) it follows that there exists a constant M; = M;(p,zo) depending on
p and xq such that
”2§n,p((t —x0)420) <My forne N

Consequently we obtain

lim NS (Y (t; o) (t — 20)%;20) = 0 (3.11)
from (3.10). Using Lemma 2.4 and (3.11), we derive immediately (3.7) from (3.9).
Thus the proof is complete. U
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