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Abstract. In this paper we study the modified Hadamard product properties of
certain class of analytic functions with varying arguments defined by Salagean
and Ruscheweyh derivative. The obtained results are sharp and they improve
known results.
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1. Introduction

Let A denote the class of functions of the form:
oo
f(2) :z—|—Zakzk, (1.1)
k=2
which are analytic in the open unit disc U = {z € C: |z| < 1}. Let g € A where
g(z) = z—i—Zbkzk. (1.2)
k=2

Let N={0,1,2,...,n,...}.
Definition 1.1. [3] For f € A,X > 0 and n € N, the operator 2} is defined by
Dy A— A,
ARf(2) = f(2),
Iaf(2) = (L=X) [ (2) + A2f' (2) = Daf(2), -
D) = (L= N D] (2) + A2 (DR (2)) = Da (D3 f(2)), 2 €U
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Remark 1.2. If f € A and f(2) =2z + Z az®, then
k=2

D f(z —Z—|—Z 1+ (k 7akzk,z€U.

Remark 1.3. For A = 1 in the above definition we obtain the Salagean differential
operator [10].

Definition 1.4. [8] For f € A, n € N, the operator Z" is defined by Z™ : A — A,
Af(2) = f(2), B'f(z)=2f"(2),...
(n+ 1) Z" T f(2) =2(Z"f (2)) +nZ"f (2),2 € U.

o0
Remark 1.5. If f € Aand f(z) =z + Z az", then
k=2

k—l
Z n—|— apzk, z e U.

Definition 1.6. [1] Let v, A > 0,n € N. Denote by .£™ the operator given by
LA A L) =1 -2 (2)+vDYf (2),2z € U.

Remark 1.7. If f € A and f(2) =2+ Z a,z®, then
k=2
e}
_ n (n+k—1)! &
z)—z+kz_2{7[1—|—(k;—1)/\] +(1—’y)m agz”, z € U.
Definition 1.8. [6] Let f and g be analytic functions in U. We say that the function
f is subordinate to the function g, if there exists a function w, which is analytic in U

and w(0) = 0, |w(z)| < 1,z € U, such that f(z) = g(w(z)), ¥z € U. We denote by <
the subordination relation.

Definition 1.9. For A > 0;-1<A<B<1;0<B<1l;neNlet L(n,X,A,B) denote
the subclass of A which contain functions f(z) of the form (1.1) such that
~ ~ 14 Az
1-=X)(z" "N ! .
(1= DL ) + ML ) < s
Attiya and Aouf defined in [4] the class Z(n, \, A, B) with a condition like (1.3), but
there instead of the operator " they used the Ruscheweyh operator.

Definition 1.10. [12],[9]A function f(z) of the form (1.1) is said to be in the class V' (6})
if f € Aand arg(ar) = 0 ,Vk > 2. If 30 € R such that 0y + (k — 1)d = 7w(mod 27),
Vk > 2 then f(z) is said to be in the class V (0, §). The union of V(6y,d) taken over
all possible sequences {6} and all possible real numbers § is denoted by V.

(1.3)

Let V L(n, X A, B) denote the subclass of V' consisting of functions
f(z) € L(n, X\, A, B).
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Definition 1.11. The modified Hadamard product of two functions f and g of the
form (1.1) and (1.2), and which belong to V (6, d) is defined by (see also [5], [9], [11])

(fx9)(2) = 2= > arbpz® = (g f)(2). (1.4)
k=2

Theorem 1.12. [7] Let the function f(z) defined by (1.1) be in V. Then
f(z) e VL(n, A\, A, B), if and only if

> kCr (14 B)lai| < (B~ 4), (1.5)
k=2
where
Cp=7[1+(k—-1A" {1+X/\(k— 1)} —i—mﬂ ) {1_’_}]:_1]

The extremal functions are:

B—A 00k
= 'k > .
f(2) Z+kC’k(1+B)e 28 (k> 2)

2. Main results
Theorem 2.1. If f € VL(n, A\, A1, B),g € VL(n,\, Ay, B) then

= (B—A1)(B—A,)
L A*. B A*=DB -
fxg € VL(n,\ A*, B), where 2C5 (1 + B)

The result is sharp.

Proof. Let f € VL(n,X7 A1,B),g € VL(n, X, As, B) and suppose they have the form
(1.1). Since f € VL(n, A, A1, B) we have

> kCr (1 + B) |a|
=2

< 1
B A <1 (2.1)
and for g € VL(n,X, As, B) we have
> kCy (1 + B) b
k=2 <1. (2.2)

B— A, -
We know from Theorem 1.12 that f x g € V L(n, X, A*, B) if and only if
> kCy (14 B) |agbg|
h=2 <1 (2.3)

B — A* -
By using the Cauchy-Schwarz inequality for (2.1) and (2.2) we have

S kC (1 + B) \/|anbs]
k=2 <1.
V(B—A)(B—A4y)
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We note that
Z k:Ck (1+B) |akbk| Z ka (1+B) \/|akbk|
k=2 k=2
<
B — A* \/(B—Al)(B—Ag)
implies (2.3). But this is implied by

laxbs| V/laxbr|
B

—A T \/(B_Al)(B_AQ)

or

N B-A  hs9). (2.4)

agbi| <
VEB-A)(B-4)
From Theorem 1.12 we have:

B—- A B- A,
e S o2 (k>2
ol < pee py M I = e (1+B)’(k_ )
this implies that
V(B —A1)(B - 4,)
bl < k> 2). 2.5
Vlakbi| < KCr(1+ B) (k=2) (2.5)
From (2.5) we obtain that (2.4) holds if
V(B = Ap)(B - As) < B - A*
kCy (14 B) V(B A41)(B - 4)
or equivalently
A< p_ B-A)B - A)

kCy, (1 + B)
But kCy < (k+ 1)Cry1, (k> 2) so

(B — A1) (B = 4,) (B — A1) (B = 4,)

==+ 2P marm k22
. (B—41)(B-A)
A =B e

The result is sharp, because if

B—A, 4 o
=24 ——1 0y L A
f(z) z+202(1+3) € VL(n,\, A1, B)

B*AQ 0 2
=242 il L A
9(2) z+202(1+3) € VL(n,\, Ay, B)

then f g € VL(n, A, A*, B) and satisfy (1.5) with equality. Indeed,
20, (14 By B ANB =) _ e
22C3 (1+ B)

because
(B — A1)(B - Ag)

B— A" =
20, (1 + B)
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Corollary 2.2. If f,g € VL(n,X,A, B) then fxg € VL(n, X,A*,B), where

(B —A)?
A*=B— ———.

2C5 (1 + B)
The result is sharp.

Theorem 2.3. If f € VL(n,\, A, By),g € VL(n,\, A, By) then fxg € VL(n, X, A, B*),
where
(Bi —A) (B —A)(A+1)

B*:A+202(1+Bl)(1+B2)_(Bl_A)(B2_A).

The result is sharp.

Proof. Let f € VL(n,X,A,Bl),g € VL(n,X,A,Bg) and suppose they have the form
(1.1). Since f € VL(n, A, A, B1) we have

o0

k:Ck (1 + Bl) |ak|
k=2

< .
5 <1 (2.6)
and for g € VL(n,X, A, By) we have
>~ kCk (14 B2) [by]
h=2 <1. (2.7)

By — A -
We know from Theorem 1.12 that f x g € V L(n, X, A, B*) if and only if

Z kCy, (1 + B*) |akbk\
k=2
<1 2.8
Bx— A - (28)
By using the Cauchy-Schwarz inequality for (2.6) and (2.7) we have

’i kCior/( + B1) (1 + Ba)+/Jaxbr

<1.
V(B1 — A)(By — A)
We note that
k=2 < k=2
B _4 = /(B —A) (B - A)

implies (2.8). But this is implied by
|akbk| (1 + B*) < \/|akbk|\/(1 + Bl) (1 + Bg)

B =4 = J(Bi-A)B:-A)
(B* = A) /(14 By) (1+ By)
Vi = VE 2



466 Agnes Orsolya P4ll-Szab6

From Theorem 1.12 we have:

B — A By — A
<— _and || < ————— (k> 2
ol < perar ey 4 S erar ey k22
this implies that
By —A)(By— A
Vi< YELZAE A (2.10)

kCon/(L 1 B1) (1 + Ba)
from (2.10) we obtain that (2.9) holds if
VB -AB, -4 _ (B~ A)/ITB) (118
kCr/(1+ B1) (1+B2) ~ (14 B%) /(B1 — A)(B2 — 4)

or equivalently

. (B1 —A)(By —A)(A+1)
B A G T B (Lt By~ (Br — A) (Bs — A
But kCy < (k + 1)Cry1, (k > 2) so:

i (By — A)(By — A) (A +1)
kCi (1+ B1)(1+ By) — (B1 — A) (By — A)
(By — A)(By — A) (A +1)
S AT (s B (1t By~ (B~ A) (By — A)

(Bi —A)(B2 —A)(A+1)
2C5(1+ By)(1+ By) — (B1 —A)(By — A)

The result is sharp, because if

= B*=A+

B - A
———¢
2C, (1+ By)

By — A

9:) =2+ 5o T By
then f g € VL(n, A, A, B*) and satisfy (1.5) with equality. Indeed,

(B1—A)(B2 — A)
2202 (1 + B1) (1 + Bo)

flz)=z+ 122 ¢ VL(n,\ A, By)

e%2:2 ¢ VL(n, N A, Bs)

(1+ B*)2C, =B - A

because
e (B1 —A)(Ba—A)(A+1)
205 (1+ By) (14 By) — (B1 — A) (B2 — A)’

B* —

Corollary 2.4. If f,g € VL(n, X\, A, B) then f « g € VL(n, A, A, B*), where
(B—A)2(A+1)

B*=A+ . .
20, (14 B)? — (B — A)

The result is sharp.
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Theorem 2.5. If f; € VL(n,X, A;B), j=1,m, me{23,4,...} then
fi® fox .. % fm € VL(n, X, A"=D* B),

where
m

[1(B—4)

Jj=1

gm-1cm=1(1 4 gy~

Alm=1x _ p_

The result is sharp.

Proof. For the proof we use the mathematical induction method and suppose that
fj,Vj have the form (1.1).
Let m = 2. If f; € VL(n, A\, A;,B),j = 1,2 then fi % fo € VL(n, A\, A*, B) where
2Cy (1+ B)
Assume that the result is true for m = k, that is,
fi® fax ... x fr, € VL(n, X, A*=1* B)

k

[1(B-4y)

j=1
ok=1Ck=1 (1 4+ B
Next, we prove that the result is true for k + 1:
then fi * fo* ... % fx * fue1 € VL(n, A, A¥* B), where

_ (B A" (B — Apia)

, from Theorem 2.1 is true.

where AF~D* = B —

Ak:* _
205 (1 + B)
E
LA B4
B 2k-1Ck-1 (1 +B)k:71 k+1 = J
2C, (1 + B) 25CE (1+ B)"
The result is sharp, because if
fi(z) =2+ W‘F]B)e %22 € VL(n, A\, A;,B), j=Tm,
then
[1(B—-A4;)

j=1 ei(01+02+.4.+9m)22
_ m—1 m—1
om-107"1 (1 + B)

fixfox...oxfm(z) =2+

satisfy (1.5) with equality. Indeed,
20, (14 B) [[(B - 4;)

Jj=1

1
. —— Ny U 0
2mCi (1+ B)"
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Theorem 2.6. If f; € VL(n,X,A,Bj),j =1,m,me {2,3,4,...} then
fi® fox ... x fm € VL(n, X, A, B/1%),

where
(A+1) 11 (B; - 4)

Bm=1x — 4 4 _ _ .
2m=103 I (1 + By) — T1(B; — 4)
, 2

Jj=1
The result is sharp.

Proof. The proof is similar to the demonstration for Theorem 2.5. O
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