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Abstract. Let Qf, Q° be bounded open connected subsets of R™ that contain
the origin. Let Q(e) = Q° \ Qi for small € > 0. Then we consider a linear
transmission problem for the Helmholtz equation in the pair of domains eQ* and
Q(e) with Neumann boundary conditions on 92°. Under appropriate conditions
on the wave numbers in Q' and Q(¢) and on the parameters involved in the
transmission conditions on €9, the transmission problem has a unique solution
(u'(e,-),u’(e, ) for small values of € > 0. Here u’(e,-) and u°(e,-) solve the
Helmholtz equation in €Q® and Q(e), respectively. Then we prove that if £ € QF
and & € R™\ Q' then the rescaled solutions u’ (e, €€) and u° (e, €£) can be expanded
into a convergent power expansion of €, kneloge, 62, 10g ™! €, Knelog? € for € small
enough. Here k, = 1 if n is even and k, = 0 if n is odd and 2,2 = 1 and d2,, =0
if n > 3.
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1. Introduction

In this paper we consider a linear transmission problem for the Helmholtz equa-
tion in a domain with a small inclusion. Problems of this type are motivated by the
analysis of time-harmonic Maxwells Equations and we continue an analysis of [1]
by analyzing the microscopic behavior of the solutions. For related problems for the
Helmbholtz equation, we refer to the papers [3] of Ammari, Vogelius and Volkov, [2] of
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Ammari, Takovleva and Moskow, [4] of Ammari and Volkov, [12] of Hansen, Poignard
and Vogelius, and [25] of Vogelius and Volkov.

First we introduce a problem with no hole (and no transmission), and then we
consider the case with the hole. We consider m € N\ {0}, n € N\ {0,1}, a €]0,1[ and
the following assumption.

Let § be a bounded open connected subset of R™ of class C"™.

Let R™\ Q be connected. Let 0 € 2. (1.1)
Now let £2° be as in (1.1). Let
ko € C\] — 00,0], Sk, > 0. (1.2)
We also assume that k2 is not a Neumann eigenvalue for —A in Q°. Then if
g° € C™H(9Q°) (1.3)

the Neumann problem

e) o _ 0 o
Tgs W =49 on 0}

{ Au® + k2u® =0 in Q°,

has a unique solution @° € C™*(Q°) (see for example Colton and Kress [9, Thm.
3.20] and classical Schauder regularity theory).
We now perturb singularly our problem. To do so, we consider another subset
Q' of R"™ as in (1.1). Then there exists
€0 €]0, 1[ such that eQf C Q° Ve € [—e, €0] -

A known topological argument shows that Q(e) = Q° \ € is connected, and that

R™ \ Q(¢) has exactly the two connected components €Q¢ and R™ \ Q°, and that
N (e) = (edN') U ON° Ve €] — €g, 0[\{0} .
Obviously, the outward unit normal v, to 9€(e) satisfies the equality
ve(x) = —vgi(x/€) sgn(e) Vo € edQ",
Ve(x) = vgo () Yo € 09°,

for all € €] — €g, €o[\{0}, where sgn(e) = 1 if € > 0, sgn(e) = —1 if € < 0. Then we
introduce the constants

m',m°® €]0, +o00], a €]0,+0[, bER,
and
k; € C\] — 00,0], Sk, >0, (1.4)
and the datum
gl e CTh(90). (1.5)
Then we consider the transmission problem
Au' + E2ut =0 in Q)
Au® + k2u® =0 in Q(e),
u®(x) — aui_(:v) =b _ YV € 6891:7 (1.6)
~ b (o) + gt (@) = gi(afe) Vo€ DN,
90 = g° on 0§2°,

Ovgo
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in the unknown (u’,u®) € C"™*(eQ) x C"™*(Q(e)) for € €]0, 0. By [1, Thm. 4.61],
there exists € €]0, o[ such that problem (1.6) has a unique solution (u(e, ), u°(e, ) €
C™(eQf) x C™*(Q(e)). In [1, Thm. 5.1], we have analyzed the behavior of u°(e, -) as
e approaches 0 and we have shown that if z € Q°\ {0}, then u°(e, x) can be expanded
into a convergent power expansion of €, kpeloge, 62 p log ™! € for € small enough. Here
kn =11if n is even and K, = 0 if n is odd and d2 2 = 1 and d2,, = 0 if n > 3. In this
paper we plan to consider the ‘microscopic’ behavior of our family of solutions, i.e.,
the behavior of the rescaled family

{(ui(e, 6')’ uo(€7 6'))}66]0,6’[

when ¢ is small enough. More precisely, we plan to answer the following two questions

(i) Let ¢ be fixed in Q. What can be said on the map € — u’(e, ef) when € > 0 is
close to 07

(ii) Let & be fixed in R™\ Q. What can be said on the map € — u°(e, €£) when € > 0
is close to 07

Questions of this type have long been investigated for linear problems on domains with
small holes with the methods of asymptotic analysis, which aim at proving complete
asymptotic expansions in terms of the parameter €. Although we cannot provide here
a complete list of contributions, we mention the early works of of Cherepanov [6], [7]
and the books of Nayfeh [22], Van Dyke [24], and Cole [8]. Then the description of
the method of matching outer and inner asymptotic expansions of Il'in [13] and the
Compound Expansion Method of Mazya, Nazarov and Plamenewskii [21] where the
authors introduce a systematic approach for analyzing general Douglis and Nirenberg
elliptic boundary value problems in domains with perforations and corners.

To analyze the problem and answer the above questions we resort to the Func-
tional Analytic Approach (see reference [11] with Dalla Riva and Musolino) and we
exploit the corresponding results of [1] and we prove that if £ € Qi and £ € R” \
then u'(e, €€) and u°(e, €€) can be expanded into a convergent power expansion of e,
kneloge, 62y log '€, kpelog? € for € small enough, respectively (see Theorem 5.1).

2. Preliminaries and notation

For standard definitions of Calculus in normed spaces, we refer to Cartan [5]
and to Prodi and Ambrosetti [23]. The symbol N denotes the set of natural numbers
including 0. Throughout the paper,

n € N\{0,1}.

Let D C R™. Then D denotes the closure of D and D denotes the boundary of D.
For all R > 0, z € R", z; denotes the j-th coordinate of z, |z| denotes the Euclidean
modulus of z in R”, and B,,(z, R) denotes the ball {y € R" : |x —y| < R}. Let Q be
an open subset of R™. Then we find convenient to set

ot =q, Q" =R"\ Q.

The space of m times continuously differentiable complex-valued functions on  is
denoted by C™ (£, C), or more simply by C™(Q2). Let r € N\ {0}, f € (C™(Q2))". The
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s-th component of f is denoted f, and the Jacobian matrix of f is denoted Df. Let
n=M,..,0n) € N" |n| =n1+- - -+n,. Then D f denotes . olnl g

zt. .0z
of C™(Q) of those functions f such that f and its derivatives D" f of order |n| < m
can be extended with continuity to € is denoted C™(Q). The subspace of C™(Q2)
whose functions have m-th order derivatives that are Holder continuous with exponent

a €]0,1] is denoted C™*(Q), (cf. e.g. [11, §2.11]). Let D C R™. Then C™ (), D)

denotes the set {f € (Cmo‘(ﬁ))n 2 f(Q) C ]D)}. We say that a bounded open subset

of R™ is of class C"™ or of class C"™ %, if it is a manifold with boundary imbedded in
R™ of class C™ or C™*, respectively (cf. e.g., [11, §2.13]). For standard properties of
the functions of class C™“ both on a domain of R™ or on a manifold imbedded in R™
we refer to [11, §2.11, 2.12, 2.14, 2.20] (see also [14, §2, Lem. 3.1, 4.26, Thm. 4.28],
[18, §2].) We retain the standard notation of LP spaces and of corresponding norms.
We note that throughout the paper ‘analytic’ means ‘real analytic’.

The subspace

3. Some basic facts in potential theory

In the sequel, arg and log denote the principal branch of the argument and of
the logarithm in C\| — o0, 0], respectively. Then we have

arg(z) = Slog(z) €] —m, [  Vz e C\] — 00,0].

Then we set

_ e (S22 (1/2)7(1/2)”
Jﬁ(z):;or(ﬁl)r(ﬁy“) VzeC, (3.1)

for all v € C\ {—j : j € N\ {0}}. Here (1/2)" = e"1°8(1/2), As is well known, if
veC\{—j:jeN\{0}} then the function J4(-) is entire and

JE(2%) = e8] (2) Vz € C\] — 0,0],

where J,(+) is the Bessel function of the first kind of index v (cf. e.g., Lebedev [20,
Ch. 1, §5.3].) If v € N, we set

N = -2 3 WD gy

|
0<j<v—1 7
v X (1) 49 (1/2)29(1/2) 1 1
_iz( Y2 (1/2)7(1/2) 2 2+ Y 1] wec
m A (v +5)! R et
=0 0<I<y J<l<jtv

As one can easily see, the N¥(-) is an entire holomorphic function of the variable z € C
and

N,(z) = %(log(z) —log2+7)J,(2) + 27V NE(2%) Vz € C\] — 0,0],

where 7 is the Euler-Mascheroni constant, and where N, (-) is the Neumann function of
index v, also known as Bessel function of second kind and index v (cf. e.g., Lebedev [20,
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Ch. 1, §5.5].) Let k € C\] — 00,0], n € N\ {0,1}, a,, € C. Then we set

_— ml—(n/2)9—1=(n/2) if n is even,
"I (D) Al (/22-1=(0/2) if s odd,

and

k”_zian + Za(log k —log2 +7) + 2= log |x}

i X Jh_y (K2[2|?) + bo|z 2" NE_, (K2[2?)
Sk,an, (l‘) = 7 7 (32)

if n is even,
k"2 Ty (K] + b P TE g (K [2]?)

’ if n is odd,

for all z € R™\ {0}. As it is known and can be easily verified, the family {Sy.q, Ya, ec
coincides with the family of all radial fundamental solutions of A + k2.

Now we need to consider two specific fundamental solutions. For the first, which
we denote by S}, we need to choose a,, so that the resulting fundamental solution
can be extended to an entire holomorphic function of the variable k € C. Then we
introduce the following theorem. For a proof we refer to the paper [19, Prop. 3.3] with
Rossi.

Theorem 3.1. Let n € N\ {0,1}. Let Spn(-,-) be the map from (R™\ {0}) x C to C
defined by

bod 2072 (10l tog o

Shn (@, k) = +|z|~ (DN, (k2|m|2)} if n is even,
2
byl =2 JF L, (K2]x]?) if n is odd,
2

for all (z,k) € (R™\ {0}) x C. Then the following statements hold.
(i) Shn(-, k) is a fundamental solution of A+k? for allk € C and Sy, ,(+,0) coincides
with the classical fundamental solution S, of A, i.e.,

ilog|x| Vo e R™\ {0}, ifn=2,
L |z|>~n Vo e R™\ {0}, ifn>2,

(2—n)sn

Spn(,0) = S, (z) =

where sy, denotes the (n — 1) dimensional measure of 9B,,(0,1).
(i) Shn(-, k) is real analytic in R™ \ {0}. Moreover, if x € R™\ {0}, then the map
Sh.n(z,-) is holomorphic in C.

Next we introduce the second fundamental solution that we need. Let k € C\] — o0, 0],
Qk > 0. As well known in scattering theory, a function u € C*(R™\ {0}) satisfies the
outgoing k-radiation condition provided that

lim |z|"% (Du(z)— — iku(z)) = 0.

T—>00 |(p|
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Classically, one can prove that the fundamental solution of (3.2) satisfies the outgoing
k-radiation condition if and only if

[ —ib, if niseven | . 1=(n/2)0—1—(n/2)
tn = { —e~ "3, if nis odd } - 2 (3:3)

Then we introduce the following definition.

Definition 3.2. Let n € N\ {0,1}. Let k£ € C\] — 00, 0]. We denote by S, (-, k) the
function from R™ \ {0} to C defined by

Sy n(x, k) = Sh.a, () Vo e R"\ {0},
with a,, as in (3.3) (cf. (3.2).)

As we have said above, if k € C\] — 00,0] and Sk > 0, then S, , (-, k) satisfies
the outgoing k-radiation condition. The subscript r stands for ‘radiation’. Now we
introduce the function =, from C to C defined by setting

n A4
—e™" 22’Tbn if n is odd, (3-4)

for all z € C. Then we have
S (k) = Shn(x, k) + yn(log k)K" 2J%_, (K2|z]?) Vo e R™\ {0},

—i4+ 2(z—log2+ )b, if nis even,
ER Roar et A

for all k € C\] — o0, 0]. Next we introduce the layer potential operators corresponding
to a fundamental solution or to a smooth kernel.

Definition 3.3. Let n € N\ {0,1}, k € C. Let S be either a fundamental solution of
A + k2 or a real analytic function from R™ to C. Let Q be a bounded open subset of
R™ of class C1@. Let u € C°(99). Then we introduce the following notation.

(i) We denote by vq[u, S] the function from R™ to C defined by
wlnS\e) = [ Sla—yu)ds, VaeR.

Then we denote by v [, S], by vgp, S] and by Valu, S], the restriction of
valp, S] to Q, to O~ and to 952, respectively.
(i) We denote by W [u, S] the function from 92 to C defined by

0
W, S)(z) = 5 S(x —y)u(y) doy Vo € 0,
o0 OVQ .«
where
£y S(z —y) = DS(z — y)va(z) V(z,y) € 00 x 00,z £ y.
Q,x

If k € C\] — 00,0], we set
vQ [.u“a k] = q [luv STJL(') k)] )

and we use corresponding abbreviations for Vg, vg, W, If k € C, we set

UQ,h[M) k] = VQ [/1" Sh,n(', k)} 5
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and we use corresponding abbreviations for Vq 5, vg s Wé’h. If A € C, we set
UQJ[/"? >‘] = UQ[U? ‘]’ir%? (>‘| : |2)] ’

and we use corresponding abbreviations for Vg s, v;—; 72 W& ;. For the regularity results

on acoustic layer potentials that we need, we refer the reader to [10] (which is a
generalization of [19]), to [16, Thm. A.3] and to [1, §3]. If m € N\ {0}, « €]0, 1], we
set

Wl Al(x)

= 2/ (i) (A& = )z = ) (= — y)va(@)u(y) do,
o0

2

for all z € 9Q and for all (u, \) € C™~1:2(9Q) x C. Then we have
Wl N(@) = AW [u, Al(x) Vo € 09,
for all (u,\) € C™~1:2(9Q) x C. By our abbreviations, we have
v, K] = v 1 k) -y (log K)E™ 205 (1, 7] (3.5)

on QF for all p in C™~1%(99Q) and k € C\] — o0, 0] (cf. [1, Cor. 3.25]).

Next we observe that the fundamental solution S, ,, satisfies the following scaling
property, which can be verified by exploiting the definition of S, , and elementary
computations.

Lemma 3.4. Let n € N\ {0,1}, k € C\] — 00,0]. Then the following equalities hold
"2, n(ex, k) = Spn(w,ek),
" IDS, ,(ex, k) = DS, (v, k)
for all x € R™\ {0}, € €]0, +o0].

Then we note that the following elementary equality holds

2b,,
vn(log(ek)) = — fin log € + v, (log k) , (3.6)
for all k € C\] — 00, 0] and € €]0, +o00[ (cf. (3.4).)

4. Existence of a family of solutions {(u'(e,-),u’(e, -)) Feepo. e

We first transform problem (1.6) into a problem for integral equations on the
boundaries 9Q2* and 9Q°. To do so, we first set

Vi 1.0 = C™7H(00%)9 x C x O™ 1290 x C x C™H*(90°) ,

where

e (90 = {9 eCmTh0Q): | do= }
o0
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and we mention that we can choose 6% € C™~1(9Q) such that

6 is real valued » 0 do =1, —%aﬁ + Wi 69,0 =0 onoQ"  (4.1)
and accordingly that
v* = Vi ,[0%, 0] is constant on 09 (4.2)
(cf. e.g., [11, Prop. 6.18, Thms. 6.24, 6.25], [15, Thm. 5.1]). Then we also have
Vo s[6%,0] = JL (0)  on O (4.3)
and ) 4
/mi 26+ Wi 1[0, 0ldo = . ¢ do Yo e CTH (00

(cf. e.g., [11, Lem. 6.11]). To shorten our notation, we find convenient to introduce
the polynomial function g, from R? to R defined by

on(6,€1) = [(1 = 02.,)€" 2 4 69.][(1 — 2.0 )€1 + Findan] V(e,e1) €R?,  (4.4)
and we observe that
9 loge

n
log‘sz”‘ €

on (€, kneloge) = € Ve €]0,1]. (4.5)

Then we set
Zm—l,a = m,a(an) % Cm—l,a(aQi) % Cm—l,a(aQ())

and we introduce the map M = (M;);=1,2,3 from | — €g, €0[XR? X Yy,_1.0 t0 Zin—1.0
defined by

Ml[ea €1, €2, C7 Civ §i7 C, 00](5) = /{)Qz Sh,n(€ -1, Eko)qi (7]) dgﬁ (46)

20, 1 ,
A {61 +e’yn(logko)} / iVW-,,J[d,tez/gg](g) dt
™ 0 (9)\

+ | Shn(€—n,ek,)c'0%(n) doy,
o0t
2b

1
n 7 a
+e" 1k {7761 + evn (log ko)} ¢ avﬂi,J[euvtEng}(f) dt
0

+e" 2k 2 (log ko) e Ve 4 [0%, 0](6) + /m Srn (€€ =y, ko)0°(y) doy

—a [ Spn(€—n,eki)C(n)doy
onNt

1 [20, Lo
—ae” 1k:i [W 61+€7n(logki)}/o aVQi”][C,tGQkiQ](f) dt
— (k72K Sh.n (€ —n, ek;)0*(n) do,
Qi

—a Shon (& =, €k;)c[(1 = 62,0) + €2]60%(n) do,
PYeY
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1

. 2
—e" T 22 [b"el + evn(log ki):| ﬁVQi,J[aﬁ’tﬁzkiz](f) dt

2b,
—ae" kD {ba + evn(log kz)} c[(1 = G2,n) + €2]
™

1
X

o Ve g 0% 221 (€) dt — =2k, (log ki) Ve (67, 0)(6)
0

2b,, _ )
a2 [ 22 g ) 4 71— ) + eaalog k) | Vo 10%0](6) b, Ve € 002
M2[€7617627<acia§iac7 90](5) (47)

{5 (OO T I+ 1 - ) + alE)

+ [ DSpn(€—n,eki)vai(§)
o0

x (C(n) + a™ (kg2 /K™ 0% (1) + c[(1 = 82,n) + €2]6%(n)) doy,

+e" k] [227161 + ey, (log k’z)}
X Wi J[C+a (k2 KP2) 0% + (1 — 62,0) + €2] 6", eri?](g)}
{3 @+

= |, DS = mckoJran(€) (<'(n) + ¥ (n)) dor,

%, N o
—e iy | e+ evnlog k)| Wl + <0, R216)

—€ 9020 DSr,n(eg - Y ko)yﬂi (§)90(y> dUU} - 691(5)7 v§ € an,

M3[€7617€27<acia§i7cv 90](1‘) (48)

1 ) )
= _590(-'17) + DSr,n(-T — €1, kO)VQO (SL’) (gi(n) + czeu(n)) do-nen—Q
o0t

+ DSr,n(I - Y ko)yﬂo(z)go(y) de - go(‘r>7 Vx S 890
Qe
for all (e, €1,€e2,(,¢%,¢%,¢,0°) €] — €p,€0[xR? X Y1, Here Vo ; denotes the
partial differential of the analytic map Vi s[-,-] with respect to its second argu-
ment (cf. [1, Thm. 3.22]). Then we have the following statement of [1, Thms. 4.18,
4.47] that shows that for e €]0,¢p[ small problem (1.6) is equivalent to equation

.y . 53im
Mle, €1, €2,(, ¢, 6", ¢,0°] = 0 provided that we choose €1 = kneloge, ea = IOZE.
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Theorem 4.1. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let QF, Q° be as in (1.1).
Let m', m°, a €)0,+oo[, b € R. Let ¢g°, g° be as in (1.3), (1.5). Let k;, k, be as
in (1.2), (1.4). Assume that k2 is not a Neumann eigenvalue for —A in Q°. Let
0* € C=1(907) be as in (4.1). Let M = (M;);=1,2.3 be the map from ] —eq, eg[ xR? x
Yi—1,a to Zpy_1,o defined by (4.6)-(4.8). Then the following statements hold.

(i) If e = ¢1 = e = 0, then equation
M(0,0,0,¢,¢ 5%, ¢,6°] = 0 (4.9)
has one and only one solution (f, &, chE, 50) in Ypm—1.. Moreover, & = 0.

(ii) There exists €* €]0,eg| such that the map from the subset of Y14 consisting
of the 5-tuples (¢, ct, <%, ¢, 0°) that solve the equation

82 m o
Mle, kneloge, = (' <" c,0° = 0
loge

onto the set of solutions (u?,u®) in C™(eQ?) x C™*(Q(e)), which satisfy prob-
lem (1.6), which takes (C,c,<%, c,0°) to the pair of functions

(ul[€7 C’ C’L7§Z’ C7 90]7u0[67 g? C’L7§25 C7 00])

defined by
ui[e, Qci’gi’c, 90](x) = %U:_Qi [C(/E), kl}(x) (4'10)
1 , .
+E (aﬂ (k22K %) ' + ﬁ)% [08(-/€), ki](x) Vo € 0,

W7les Gyl 07](2) = s 0%, Kol() + ol (-/), Kol ()
+ g /o, k) Ve e,

is a bijection.

The equation (4.9) can be shown to be equivalent to a boundary value problem
in the sense of the following statement of [1, Thm. 4.32].

Theorem 4.2. Let m € N\ {0}, n € N\ {0,1}, a €]0, 1[. Let Q°, Q° be as in (1.1). Let
mt, m®, a €)0,+oo[, b € R. Let g°, g° be as in (1.3), (1.5). Let k;, k, be as in (1.2),
(1.4). Assume that k2 is not a Neumann eigenvalue for —A in Q°. Then the limiting
boundary value problem

Au?r =0 mn QZ B
Aup" =0 in Q'
Au® + k2u® =0 in Q°,

uy” (2) +u’(0) — auy’(z) = b Va € 0%,
— ey (%) + g geul (@) = 0 Vo € 99,
aVaszO u’ =g° on 09°,
lim u]"(£) =0,

E—o0
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iLr ~0," ~o

has one and only one solution (47", 47", w°) in

o () x O () x C™(€39)

loc

which is delivered by the following formulas

" =vh G0+ C in QT Al =g, [6,0] in Q1
(4.11)

u:

ko) in Q°

&ol0°
where (C, &, ¢ 0°) is the only solution in Yy, 1.« of equation (4.9) and

C= (52’" +(1— 52,n)vﬁ> ¢
2

(see (4.2) for the constant v¥ = Vg ,[0%,0]).

Next we turn to equation M = 0. One can show that one can solve equation
Mle, €1, €2,¢, ¢t 6% e, 0°] = 0 in the unknown (¢, ¢, c%, ¢,6°) in terms of (e, €1, €2) by
mean of the following statement of [1, Thm. 4.53, Rmk. 4.58].

Theorem 4.3. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q, Q° be as in (1.1). Let
mt, m®, a €]0,+oc[, b € R. Let g°, g° be as in (1.3), (1.5). Let k;, ko be as in (1.2),
(1.4). Assume that k2 is not a Neumann eigenvalue for —A in Q°. Let €, €0, €[ be
as in Theorem 4.1. Let M = (M;)1=1,2,3 be the map from ]| — €, €o[xR? x Yy,_1 o to
Zm—1.o defined by (4.6)-(4.8). Then there exists ¢ €]0, €.[, an open neighbourhood U
of (0,0) in R? and an open neighbourhood V of (f, &3t e, éo) in Ym—1,a and a real
analytic map

(z,C',5%,C,0°
from | — €, €[xU to V such that

d2n
</<;neloge ) e U, Ve €]0,¢],
log

and such that the set of zeros of M in ] — € ,e'[xU x V coincides with the graph of
the map (Z,C%, S, C,0°). In particular,

(z]0,0,0],C"[0,0,0], S'[0,0,0], C[0,0,0],6°[0,0,0]) = (¢, &, 6°),

where (C, &, ¢ 0°) is the only solution in Yy, 1. of equation (4.9). Moreover,
oCt aCt
—-—10,0,0] =0, —0,0,0] =0. 4.12
2 10.0.0/=0, 50,00 (4.12)
For the sake of brevity, we set
Enle] = | rneloge O2n Ve €]0, 1] (4.13)
—n - n g ) loge ) ) * *

Then we have the following existence and uniqueness theorem for problem (1.6) for
€ €]0,€'[ (cf. [1, Thm. 4.61].)
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Theorem 4.4. Let m € N\ {0}, n € N\ {0,1}, a €]0, 1[. Let Q*, Q° be as in (1.1). Let
mt, m®, a €]0,+oo[, b € R. Let g°, g° be as in (1.3), (1.5). Let k;, k, be as in (1.2),
(1.4). Assume that k2 is not a Neumann eigenvalue for —A in Q°.

Let € €0, o[ be as in Theorem 4.3. If € €]0,€'[, then the transmission problem
(1.6) has one and only one solution (u'(e,-),u’(e,-)) € C™(eQ?) x C™*(Q(e)) and
the following formula holds

u'(e, ) (4.14)
= u'le, Zle, Enle]], C'[e, Znlel], S'[e, Enle]], Cle, Znlel], ©°[e, Enle]]]()
’U,O(G, )
= wle, Zle,Z0fe]), 0,2l 86, Zall, Ol Zald), 0l Zalel])
for all € €]0, €[ (cf. (4.10)).

5. Microscopic representation for {(u'(e,-), u’(e, ) feejo.e

We now analyze the microscopic behavior of our family of solutions, i.e., the
behavior of the rescaled family {(u'(e, e-), u° (e, €)) }eeo,er[-

Theorem 5.1. With the assumptions of Theorem 4.3, the following statements hold.
(i) There exist real analytic maps Uy U3 from | — €', €' [xU to C™*(2) such that
u'(e,€€) = Ulle, 2, €] + (knelog? )Uile, Enle]] VE € Qi
for all € €]0,€'[ (cf. (4.13) for the definition of =, ). Moreover,
Uif0,0,0] = a’", Ui0,0,0] =0,

where ﬂi’r has been defined in Theorem 4.2.
(i) Let 2y, be a bounded open subset of R™ \ Q. Then there ezist e, €]0,€'[, and

two real analytic maps Uy, 1 ,US, 5 from | — €m, €n[xU to C™*(8y,) such that
ey C Q% Ve €] — e, €]
u® (e, €€) = Uy, 16, E[]I(€)
Hrnelog? UL ZAI©) ¥ € T,y € 0.l
Moreover,
.1[0,0,00(§) = @°(0) + ai"(€), U, 5[0,0,0](§) =0 V& € Dy,

where 4° and U] are as in Theorem 4.2.

Proof. By the first formulas of (4.10) and (4.14), we have

ui(€7 €)= 6n—2/ ‘ Sron(€€ —en, ki) Z[e, 2, [€]](n) doy,
o0t
+e" 2Tt (k2 R T2) C'le B[] / (€€ — en, k;)0 () do,
o0

+en? logfd?ﬂ e Cle, 2, [e]]/ Syon (€6 — en, ki)eﬂ(n) do, Ve Qi
o0
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for all € €]0, €'[. Then Lemma 3.4 implies that
u'(€,€6) = vg[ Ze, Znle]], eki] (€)
a0 (K2 K2) Ole el 07, ek (€)
+log™*% € Cle, ZnlelJuf 6%, eki](§) vE€
for all € €]0, ¢'[. Then equality (3.5) implies that
u'(€,€§) = vghi 5 [Z]e, Enlel], ki (€)
+n (log(eki))e" 2k} v, [ Z]e, Enlel], €K7 (€)
+a™t (kg 72k T?) C'le, Enle]]
x (v 6%, ki) )+ (log(eki))em k720 (6%, k2] (€))
+log ™% € Cle, Zule]
x (v 6%, ki) )+ (log(eki))em k720 (6%, k2] (€))
for all £ € Qf and € €]0, €'[. By equality (3.6), we have
u' (€, €§) = vghi 5 [Zle, Enlel], ki (€)

[2b,, 27 n— -
+ 7/<vnloge+fyn(logki) € Qki 2v$i’J[Z[e,:n[e]],ezkz](g)

3

+a (kD2 /K 2) C'le, E €] <v§i,h[9ﬁ, eks] (€)

K2

[2b,, P
+ 7/<;nloge+fyn(logki) € 2k] 2v§i’J[0n,e2k2}(§))

+1og %2 € Cle, B, e]] <v$i7h[9ﬂ, ek;] (&)

2b, 2 ym =
+ W/@nloge—k’yn(logki)}e °k; 2v5,i,J[eﬂ,er§}(5)) vE e

for all € €]0, €[. Since there exists an entire function J%!, such that
2

J () =T, 0)+208(2)  vzeC

2 2

(see (3.1)), then we have
w2l Ealel R = [

ot

= Fa [ Zes e,

2

Jg%z(e%?lf = n|*)Zle, Enle])(n)dor

w2 [ e P L @R o) ZLe 2, ) ),

= 627%2/ € =0l Tils (ERF1E =) Z[e Enlel)(m)doy, Ve €]0,€[
a0 2

395
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Indeed, [, Z[e,En[€]](n)do, = 0 for all € €]0,€’[. Also, the Fundamental Theorem
of Calculus and equality C?[0,0,0] = & = 0 imply that

(knloge) C'le, kpeloge, .,/ log €] (5.3)

1 acz
= (kpeloge) / [s€, skpeloge, $02 1,/ log €] ds
o Ot

1
ot
+knelo 26/
ge ). atz[

C't
+02.1, / 8—[36, stneloge, sdy ,/logelds Ve €]0,€].
™ Jo 6t3 )

eloge, sdz ./ log €| ds

Next introduce the following analytic functions
Loci

01[6761762]561 0 81

——[se, seq, sea] ds + o n/ . [se, se1, sea] ds
t3

and

Csle, €1, €3] E/ aa [se, se1, sea] ds V(e €1,€2) €] — €, €[xU.
o Ot

By equality (5.3), we have
(knloge) Cle, kpeloge, 82,/ log €] (5.4)
= C1le, kneloge, 82,/ log €] + Hnelog2 € Csle, kneloge, da /[ log€l.
By (5.2), (5.4), and by the elementary equality
d2.n
loge

log ™" € = (1 — da.) + Ve €]0, 1],

we have
e, ) = vy 216, Zale], ki) (©
2R oge [l —nP T @R — 0l Zle = d)n)der,
om(og k220 1716 Zald], K(E)
bt (72 K2) Cle, Bl 67, k(0

2b,, _
a2 e, ) R 108, R (E)

+a71k;’*2%ﬁnelog2 ng[e,En[e]]e"*Q”U;; J[Gﬁ,e2k‘i2](f)
T
+a kT2 C 6, Bl (log ki) Pug 6%, €€K7](€)

0= B20) 4 22| Ol e ek

oge

2by, - -
+22 gu(eknelog R 2Cle, Znldllu 16, R2(E)

6 n — n—21.n— ~i
+ {(1 —b2.0) IOZJ Yn(log k;)Cle, Enle]]e™ k! %gL 0%, 2k2](€), VE €
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for all € €]0, €'[ (see (4.5)). Thus, we find natural to set

Uile, €1, €](€) = v ,[Z]e €1, €], €ki] (€) (5.5)
+2riae [ e—nP R @RIE— 0P Zleq.cl s,
+yn(logky)e" 2k v [Z1e 1, 2], 2K7](€)

b (K2 ) Clles e, el [0, ki) (€)

k220 e e, o) 0 (0%, 2R2)(E)

+a T k)T C e @1, ey (log ki) o (08, €R7)(€)

+[(1 = G2n) + €] Cle,e1, e2Jug, | [0%, eki] (€)

F 2 (e 0K 2Cles v, i 0%, R 4 11— o) )

X (log ki) Cle, €1, el 2k 2o, 0%, 2R7](€) V€ € O,
Uife.e1,e2(€) = 0™ K22 Cole, e, ol [0, RIQ) Ve €T

for all (¢, €1, €2) €]¢’, €' [xU (see Theorem 4.3). By [1, Thm. 3.21 (i)], v L] defines a
real analytic map from C™~1%(9Q) x C to C"™*(Q¢). Then Theorem 4.3 implies that
the map from | —€’, € [xU to C™ () which takes (e, €1, €2) to vgiﬁ [Z]e, €1, €3], €k;] is
real analytic. Similarly, the map from | — ¢, ¢/[xU to C"™*(Q¢) which takes (e, €;, €3)
to Ua—i,h [6%, €k;] is real analytic. Since | — 77|2JE;% (€2k2|¢€ — n|?) is analytic in the
variable (£,7,€) in an open neighbourhood of Qi x 90 x] — ¢, €[ then Proposition
4.1 (i) of paper [17] with Musolino on integral operators with real analytic kernel
implies that the map from | — €, ¢ [xLl(aﬂi) to C"-*(Q¢) that takes (e, f) to the
function [, [£ - 77|2J§j 2 (€2k2[E—n|?) f(n)doy, of the variable £ € 90 is real analytic.
Since Z is real analytlc and C™~12(9Q") is continuously imbedded into L'(9Q?),
we conclude that the map from | — €, €[xU to C™*(Qi) which takes (e, €, €2) to
the second summand of the right-hand side of (5.5) is analytic. By [1, Thm. 3.22
(ii)], v s[»*] defines a real analytic map from Cm=1Le(90F) x C to C™*(QF). Then
Theorem 4.3 implies that the map from |—¢, ¢/[xU to C"*(Q7) which takes (e, €1, €2)
to UQL [Z[e, €1, €], €2k?] is real analytic. Slmllarly, the map from | — ¢, €[xU to
C™*(Q) which takes (e, €1,€2) to ’UQ, [0%, €2k?] is real analytic. Finally C? is real

analytic by Theorem 4.3 and thus, C; and Cy are real analytic as well. Hence U} and
U are real analytic. Moreover, (4.3), (4.4) and Theorems 4.2, 4.3 imply that

Ui[0,0,0)(&) = v, ,[2[0,0,0],01() + vn(log ki) da ki v ;[2[0,0,0],0](¢)

a”' (k372 /KT 2) €7[0,0, 0] (6%, 0](€) +a_1k2_2%0 [0,0,0] 82, nvgy: 6%, 0](€)

+a k) T2CH0,0, 017, (log ki) da mugss (0%, 0](€) + (1 — 82,0)C[0, 0,000, , [0, 0](€)
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+&52nk"—20[0 0,0]vgs: 516, 0](¢)

+(L = G2,0)7a (l0g ki)C[0,0, 0162, k7 ~2vgh; (6%, 0](€) = v ,,[2[0,0,0],0)(€)

2b,,
+ ((1 — Sa2.n)vghe 10, 0](6) + 62,nk?*27jﬁ;2 (o)) C[0,0,0]

2b

+a_1k§_27"01 [0,0,0] 52,,“7‘3%2 (0)

~ 2b,
= v ,[C,01(6) + C + a*lkg*?cl [0,0,0] 52,,1J8%2 (0)

2 n
— 7€)+ a= k220 0110, 0, 0] 6y, T8, (0)
v 2

2b,, _
Ui[0,0,0](¢) = a kP2 - T 000,0,0)82.0% 4 (0), VE € Q.
2
By the definition of C;, Cy and by equality (4.12), we have
4]0,0,0] = C»[0,0,0] =0, (5.6)

and thus the proof of (i) is complete. We now consider statement (ii). Let €, be such
that

€Q,, C 0° Ve € [—€m, €m)-
Then we have

_ 1—
Qm C =Qe) Ve € [—€m, €m] \ {0}.
€
By the second formulas of (4.10) and (4.14), we have
w(eret) = [ Sualet = 1k)Oe Z ) )i,
e ? [ 8 (ee k) S'e Za ) dor
Qi
+e"_2/ Sy.n(€€ — €n, ko)Ci[e, En[e]]m(n) doy, e,
Qi
for all € €]0, €,[. By Lemma 3.4 and equalities (3.5), (3.6), we have
w(e, €€) = / Sy (€€ — 4, k0)O°le, Enlel](y)dory
o0ne
. %, P
+v5i,h[52 [e, Enle]], €ko] (§) + {ﬂ_nn log € + vy, (log ko)] " 21@(’; 2
Xvg s 15°[e, Enlel], €2K31(€)
. 2b,, o
—l—CZ[e,En[e]](vgi’h[m,eko](f) + {77’{" log € + v, (log k‘o)} e Qkfj 2

xug. (0%, ER2E) Ve €D




Microscopic behavior of the solutions of a transmission problem 399

for all € €]0, €,,[. Thus by exploiting (5.1) and (5.4) we find natural to set
Up, 116, €1, €2](€) (5.7)

= Sr,n(eg - Y ko)®0[67 €1, 62](y)d0y + vg;iyh[si [Ea €1, 62]7 eko](é)
o0e

2bn n—171.n 7
2y [ =PI @R = i) e el
+Yn (log k’o) e an QUQL ][SZ [67 €1, 62]7 62k¢2)](£)
+Ci[5761762]05i7h[9 , €k,] (&)
+n (IOg kO)en_2kg_2Ci [67 €1, 62]”51‘ J[eﬁv 62k¢2>] (f)

2 _
—l—%e”_zk’ff—QCl [e, €1, eg]v&J[@ﬁ, 03] VE e Q,,

%, ~ .
Us,ales 1, 2)(€) = 2RI TECole, e, eolug 10, A€ €D,

for all (e, €1, e5) €] — €,¢[xU. Since Sy, (& — y, ko) is real analytic in the variable
(§,y,€) in an open neighbourhood of €, x 9Q°x] — €, &,] then by Proposition
4.1 (i) of [17] on the integral operators with real analytic kernel, the map from ] —
€m» €m[X L' (09°) to C"™(82y,) which takes a pair (€, h) to [50, Sr.n(€-—Yy, ko)h(y)doy
is analytic. Since ©° is real analytic and C™ % O“((9(2") is continuously imbedded into
LY(89Q°), we conclude that the map from | — €, €, [xU to C™(Q,,) which takes
(€,€1,€2) to the first summand of the right-hand side of (5.7) is real analytic. By
[1, Thm. 3.22 (ii)], vy [+, ] defines a real analytic map from C™~H*(9Q") x C to
C™%(,,). Then Theorem 4.3 implies that the map from | — €, €[xU to C"™*(Q,,)
which takes (e, e1,€2) to vg, h [Sile, €1, 2], €k,| is real analytic. Similarly, the map

] —€m, €m[xU to C"™*(Q,,) which takes (e, €1, €3) to Veyi [0%, €k,) is real analytic. Since

|€ — n\%]& (€2k2|€ —n|) is analytic in the variable (£,7,€) in an open neighbourhood
— 2 .

of Qy, x O X] — €, €[ then by Proposition 4.1 (i) of [17] on integral operators with

real analytic kernel the map from | — €,,, €, [ <X LY (09Q%) to C™%(Q,,,) that takes (e, h)
to the function

/ € aPTEL (@R2E — nP)h(n)do, Ve € 00
891 2

is real analytic. Since S is real analytic and C™~1®(9Q?) is continuously imbedded
into L'(992), we conclude that the map from | — €, €,[xU to C"™%(€,,) which
takes (e, €1, €2) to the third summand of the right-hand side of (5.7) is real analytic.
By [1, Thm. 3.22 (iii)], vg. ;[-,-] defines a real analytic map from cm=Le (90t x C
to C"™*(Q,,). Then Theorem 4.3 (ii) implies that the map from ] — €, €, [xU to
C™2(Q,,) which takes (¢, €1, €2) to Veyi g [S'[e, €1, €2], €2k2] is real analytic. Similarly,
the map from | — €, € [xU to C"™%(Q,,) which takes (e, €1,€) to v 104, €2K2)
is real analytic. Finally, C? is real analytic by Theorem 4.3 and thus C; and Cs are
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analytic. Hence Uy, ; and Uy, , are analytic. Then by (4.11), Theorem 4.3 and equality
(5.6), we have

’;;L,l [07 07 0] (5) = 5000 Sr,n(_y7 ]{70)@0[0, 07 O] (y)day + Uéi,h[si[oﬂ 07 0]7 0](6)

+yn(l0g ko)da nky "2vg: ;[5°[0,0,0],0](&) + C[0,0,0)vg, ,,[6%,0]()
+n(log ko) 32,k ~2C*[0,0, 0Jug, ,[6%, 0](€)

2b,, _ _
+ =02 nkiyC1[0,0, 0Jugy [0, 0](£)

= 055 0%, ko) (0) + vy, [S7, 0](8) + %éml@g*%’l 0,0,01%_. (0)
= a°(0) +a7y" (§),
,2[0,0,0[(§) =0 VEE€Q,.
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