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Abstract. Using the Loewner Chain Theory, we obtain a new criterion of uni-
valence in C" in terms of the Schwarzian derivative for locally biholomorphic
mappings. We as well derive explicitly the formula of this Schwarzian derivative
using the numerical method of approximation of zeros due by Halley.
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1. Introduction

The Schwarzian derivative of a locally univalent analytic function f in a simply
connected domain ) of the complex plane C is

AN m\ 2
L(if
Sf=1=) —=(=| - 1.1
1=(7) -2 (%) -

The quotient f”/f’, denoted by Pf, is the pre-Schwarzian derivative of the
function f.

These two operators come up naturally as the values of the derivatives of the
generating functions of two particular methods for approximating zeros, as we now
explain.

It is well know that the Newton (or the Newton-Raphson method) is a technique
to approximate the zero of a function f via the sequence

Zntl = Zn — ff/((zz)) , n>1, (1.2)
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starting with a guess zg, say.

The function g(z) = z — f(2)/f'(2) is called the generating function of the
Newton iteration method. It is not difficult to prove that the following identities hold,
assuming that f(a) = 0:

gla)=a, ¢()=0, g¢"(a)=Pfla).
The Halley Method can be derived by applying the Newton Method to the
\/{JT| = f|f’|7'/2. In this case, (1.2) becomes

function

_ Qf(zn)f/(zn)
S P — [ )

The generating function h of the method is given by

2f(2)f'(2)
2f"(2)? = f(2)f"(2)

h(z)=2z—

which satisfies
h(a) = a, () = h'(a) =0, K" (a) = =S f(a),

where Sf is the Schwarzian derivative (1.1).

In this paper, we analyze the extension of the two methods mentioned to several
complex variables and, in particular, we show that the definition of the Schwarzian
derivative for locally biholomorphic mappings introduced in [3] (which derive from
Oda’s definition given in [8]) is precisely the value of the third coefficient of the
generating function of the corresponding Halley method in several variables. That is,
this operator is a third order differential tensor Sf(z) € £3(C").

In addition to this, and using the Loewner chain theory, we obtain a criterion of
univalence for locally biholomorphic mappings in the unit ball of C" in terms of the
Schwarzian derivative.

2. Preliminaries

2.1. Several complex variables

As usual, C" is set of points z = (z1,...,2,), where z; € C;i = 1,...,n. The
inner (dot) product and the norm are defined, respectively, by z-w = .7 | z;w; and
2] = (2 2)1/2,

We denote by £F(C") the space of continuous k-linear operators from C” into
Cn". For T € L*(C™), we write T(-,...,-) to denote its placeholders. When k = 1 we
simply write £(C™) for the space of linear maps and also write T'u instead of T'(u) for
any linear map 7. The identity linear operator in C™ is denoted by I,,.

The standard operator norm in £¥(C") is given by

T Uy Uk
fur]? "2 Jukl /]

IT) = max
UL ,eup €EC™
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Let Q be a domain in C™ and let f be a mapping defined in 2 with values
in L(C™). If f is k-times (Fréchet) differentiable with respect to z € Q then its k-
th derivative, denoted by D*¥f(z), is a symmetric mapping in £¥*!(C"), meaning
that the value D* f(z)(uy, ..., us41) remains unchanged after any permutation of the
entries uy, ..., urt1 (see Theorem 14.6 in [6]).

The product rule for the derivative of the product fg of two differentiable map-
pings f,g: Q — L(C™), equals

D(fg)(2)(:,) = Df(2)(9(2)-) + f(z) Dg(2){--), ze€ (2.1)

Using the product rule, it is easy to check that if f(z) is invertible for every z € Q
then the derivative of g(z) = f(2)~! is given by

Dy} ) = ~9(Df(E)g() ), 2 €0, (22)

If f:Q — £(C™) is holomorphic in 2, then f can be writen in terms of Taylor’s
formula centered at some « €

f2) = Y DM )z -, = - al < (o)
k=0

where d(a) denotes the distance from « to the boundary of Q (see Theorem 7.13 in
[6]). Here, the notation D* f(a)w” should be understood as D¥ f(a)(w, ..., w,-), with
the point w repeated k times and one placeholder left without being evaluated.

2.2. Schwarzian derivative in several complex variables

Let f be a holomorphic mapping in the simply connected domain Q C C”. It is
well known that f is locally univalent (biholomorphic) in € if and only if its Jacobian,
J; = det(Df), has no zeros (see Lewy [5]). For such functions, the pre-Schwarzian
derivative and the Schwarzian derivative are linear operators defined, for any u and
v in C™, as follows:

Py(2){u,v) = Df(2) "' D*f(2){u, v) (2.3)
and
Sp(2){u,v) = Pr(2)(u,v)
~ ar ((=Vlog Js(z) - u)v+ (Viog Jf(2) - v)u) . (2.4)

The pre-Schwarzian derivative (2.3) was introduced by J. Pfaltzgraff in [10]. The
Schwarzian derivative (2.4) was presented in [3]. This higher dimensional Schwarzian
derivative splits into two operators Sy and SJQ of order two and three, respectively.
The fact that, unlike in one single variable, an operator of purely order two must
appear is consistent with the fact that the dimension of the group to be anihilated
by the Schwarzian, namely the special linear projective group in dimension one or
higher, is not big enough to prescribe all jets up to order 2 of a given mapping.

More concretely, we would like to mention that T. Oda in [8] defined the
Schwarzian derivative Szkj of a locally biholomorphic mapping f(z) = (f1,..., fn)
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by
~ 82fl 8Zk 1 0 0
Sk f— = _ oF — 468~ )logJ 2.5
l]f ; azlazj 8fl n+1 ( ((9 + J 0z; 08 /f ( )
where i, j,k = 1,2,...,n, and §¥ are the Kronecker symbols. For n > 1 the Schwarzian

derivatives have the following properties:

SEf=0 forall i,j,k=12,....n iff f(z)=M(z)

for some Mo6bius transformation
h(z) ln(z))

M(z) = (zo<z>"“’ Io(2)

where l;(2) = aio+anz1+- - -+ainz, with det(a;;) # 0. Furthermore, for a composition

8w ow,, 0z
k l m k .
SE(fo9)(z) = Sg(z Z Sind (@) g o By, ¥ =90

l,m,r=1

Thus, if f is a Mobius transformation then Sfj( fog) = Sk 9. The SY L[ coefficients
are given by

2
0 _ Ym0 —1/<n+1> Z —1/<n+1> k

zlazj

By using these Schwarzian derivatives in Oda’s paper [8], the following definition,
which coincides with (2.4), was presented in [3].

Definition 2.1. The Schwarzian derivative Sy of a locally biholomorphic mapping f :
C" — C" equals
S(2)(v,v) = (v'S' f(2)v,...,v'S" f(2)v) ,

where © € C™ and the n x n matriz operator S*f, k =1,...,n, are given by
SHf = (SEf). ii=1...om.

It was proved in [3] that it is possible to recover the mapping f from its
Schwarzian components. More explicitly, consider the following overdetermined sys-
tem of partial differential equations,

n

+ P =12, ... 2.
82’182] Z () 7’7] b b 777’3 ( 7)

where z = (21, 22, ..., 2p) € Q and R’; (z) are holomorphic functions in Q, for 7, j, k =
0,...,n. The system (2.7) is called completely integrable if there are n+ 1 (maximun)
linearly independent solutions, and is said to be in canonical form (see [11]) if the

coefficients satisfy
n
Y Pli(z)=0, i=12,..,n
j=1
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T. Oda proved that (2.7) is a completely integrable system in canonical form if and

only if Pi’} = Sfjf for a locally biholomorphic mapping f = (f1,..., fn), where f; =

u;fug for 1 < i < n and ug,uy,...,u, is a set of linearly independent solutions of
1

nt1

the system. For a given mapping f, ug = J f_
P = k5

is always a solution of (2.7) with

3. On the Schwarzian derivative and the Halley method of
approximation of zeros
As was mentioned in the introduction, the Halley Method, to find zeros of a
function f : C — C, can be obtained by applying the Newton Method to f - |f’|_%.
By considering a function f: C™ — C", now with n > 1, whis is locally biholo-
morphic in a simply connected domain 2 with f(«) = 0 for some a € Q, the Newton
Tteration Method is given by

Zn+4+1 = Zn — Df(zn)71<f(zn)>a n Z 0.

The generating function of this method, then, equals
F(z) =2z = Df(z) 1 {f(2)). (3.1)

_1
By applying the Newton iteration method to g = f - J f "+ the corresponding
function in (3.1) becomes

G(z) =z = Dg(z) " {g(2)) - (3-2)
The next theorem shows how this function in (3.2) is related to the Schwarzian
derivative in several complex variables.

Theorem 3.1. Let f : Q C C* — C™ be a locally biholomorphic mapping defined in
the simply connected domian §, such that f(a) =0 for some « € Q. Then

G(a) =a, DG(a)=0, D*G(a)=Ss(a),
where Sy is given by equation (2.4).
Proof. By (3.2), we have that G(a) = « (since g(a) = 0). Moreover, a straightforward
calculation shows that (suppressing the variable z),
DG =1d+ D(Dg~'){g,) —1d = =Dg~'D?¢(Dg~{g). "),
which gives DG(«) = 0.
Notice that
_
Jf n+1 f
(n+ 1)Jf
Now let u and v be two vectors in C™. Then

Dg=J, " Df - (VJyg)t = J; " Df — nLH(wog Jp)t

1
1 TRt Dy
D2g(u,v> — Jf nt+1 D2f<U, U) _ JfT[l)f()v]Og Jf )
__1 __1
J, T Df(v) J, v

— g Vlog J; - u — “—5~u(Hesslog Jy)v*.
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On the other hand, differentiating DF' and using equations (2.1) and (2.2), we obtain
D?*F(.,-) = Dg 'D%y(-, Dg~'D?¢(Dg~"(g),")) — Dg~'D*¢(Dg~"(g).",")
+ Dg 'D*9(Dg~*D?*¢(Dg*{g),),") — Dg~*D?g(:,").

Therefore,
D?F(a)(u,v) = —Dg~'(a)D?*g(a){u,v)
_ Vieg Jy-u ViegJs-v
= -D D2 — — .
Fl@) D fuy) - SESI, L EALY,
= —Sp(a)(u,v).
This ends the proof of the theorem. O

4. Univalence Criterion on the unit ball of C"

In this section we obtain the main result in this paper. Namely, we get a new
sufficient condition for the univalence of a locally biholomorphic mapping defined in
the unit ball B™ of C™ in terms of the Schwarzian derivative defined by (2.4).

Recall that in the setting of functions in the complex plane, there are different
applications of the Loewner chain theory to get univalence criteria. In particular, we
can mention that for a given locally univalent function f defined in the unit disk D
in the complex plane, the conditions

1 2
|Pr(z)] < T 1Sp(2)] < A= P2
are sufficient to guarantee the univalence of f in .

These sufficient conditions for the global univalence of a function defined on the
unit disk are due to Becker and Nehari, respectively (see [1] and [7]). Actually, these
results can be proved by using the Loewner chain theory, as is shown in the great
survey book “Geometric Function Theory in one and higher dimension” by Gabriela
Kohr and Tan Graham [2].

The generalization of the classical Loewner chain theory to several complex
variables was first introduced by J. Pfaltzgraff in [9]. We again refer the reader to
[2, Ch. 8] for a beautiful review of this theory. Pfaltzgraff himself generalized the
analogous of the Becker criterion of univalence to several variables in [10]. Specifically,
it is proved in [10] that given a locally univalent function f : B™ — C™ normalized by
the conditions f(0) =0 and D f(0) =Id, if the inequality

(L= PIDf ()7 D f(z, )l < 1

Vz € D,

holds for all z € B™, then f is univalent in the unit ball. The reader can be found
in [4] another univalence criterion that involves the Schwarzian derivative in several
complex variables.

Here is the new criterion of univalence, now in terms of the Schwarzian derivative
of functions in several complex variables.
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Theorem 4.1. Let f : B" — C™ be a locally biholomorphic mapping normalized by
f(0) =0 and Df(0) =Id. Assume that f satisfies the following inequality (where Sy
and S? are evaluated in z) for all z € B", where p = Vlog J¢(z):

[[S¢ (2, )l (z-p)Sp(z, ) = (Sp(z,2) - p) Id | o
T, S Id
e EE . nrl AR
1
< (4.1)
(1 —1=[*)?
Then, f is univalent in B™.
Proof. We shall prove that
u(e™2) + (% — 1)Du(e t2){e 2
Fot) = ( - )+ ( _ )Du( 7t)< 7t> ’ (4.2)
up(e~tz) + (e?* — 1)Vup(e~tz) - etz
where u = (uq,...,u,) and u;, ¢ = 0,...,n, are the independent solutions of (2.7)

with PZ} = Sfjf (where Sfjf are defined by (2.5) and (2.6)) and ug = in"%l, is a
Loewner chain in B™. To do so, we will show that f(z,t) satisfies the hypothesis of
Theorem 8.1.6. in [2, p. 308] by following the same arguments as in the proof of [2,
Thm. 8.4.1].

By differentiating f(z,t) with respect to the variable z, we have

e 'Du+ (e?' —1)(e7'Du+ e tD?*ule"tz,))
ug + (2 — 1)Vug - etz
(u+ (e? —1)Dule™tz))(e'Vug + e~ (e?" — 1)Hess ug(e 'z, -)
(uo + (€2t — 1)Vug - e~t2)?2 ’

Df(z,t) =

where all the functions ug, u, Vug, Du, and D?u are evaluated at e ?z.
By (2.7) we have that D?u(-,-) = Du - S¢(-,-) + S9(-,-)u and Hess ug(-,-) =
S¢(--) - Vug + S9(-, -)uo. Therefore, we get
ugDu — uVug + (' —1)A + (e** —1)°B

eDf(zt) = (ug + (€2 — 1)Vug - e7t2)2 ’ (4.3)

where A is the differential operator (evaluated in e~!z) given by
A = (e 'z2-Vuy) Du+ up[Du+ DuSs{e"z,-)]
— u[Vug + Sgle7'z,-) - Vug)| — Du(e™"2) Vuy.
Notice that
Ale™"2) = [ugDu — u(Vug) (e 'z + Sple 2, e7"2)).
In the same way, the linear operator B given by

B = [Du+ DuSg{e"z,-) +uSy(e"2,-)][Vug - e7*2
— Du{e™"2)[Vug - (-) + Vug - Sp{e™"z,-) + S9(e™" 2, -)uo]
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satisfies
Ble7'z) = (Vuo- 6”5 ) TGN >>
— (Sple7tz,e7tz2) - Vuo)Du< tz)
- SO< tz, et 2) ug Du — u(Vug)t] (e t2).
On the other hand, ugf = u, and then, ugDu — uVug = uZDf. Therefore, the
derivative D f(z,t) in (4.3) of the function f(z,t) in (4.2) satisfies

_ udDf(e7t2)) + (e 1) Ale7tz) + (e* — 1)2B<e*tz>.

6th(th)<€7tZ> (uo + (62t _ 1)vu0 . e—tz)2

Using that

Ale™"2) = ugDfle 2 + Sple™"z,e7'2)),
and
Ble7'2) = (Vug-e "2)ugDf{Ss(e " 2,e7"2))
S?(eftz, e P2 udDflet2)
— Vaug - Sple z,e " 2)ugDf (e 2),
it follows that
e'Df(z,t)(etz)

Df (e tz+ (e** —1)(e 'z + Sp(e tz,e7t2))

_|_

(e** — 1)} (Viogug - e 'zSp(e tz, e tz)

— Vliogug-Sgle tz,e tz)e 2

— S¥e tze7tz)et2) ) (14 (2 = 1)(Viogug,e~"2)) 7>
= eDf[Id+ (1 —e ?)Sp(et2,)

+ e*(1—e)%(Viogug-e tzSp(e "2, )

— Vlogug - Sy{e tz,e7t2)Id)

— S 'z e7t)Id | (e 2) /(14 (e* — 1)V Iogug - e~ "2)?

e Df[Id — E(z,t)]{e"tz)
(14 (e2t —1)Vlogug - e~tz)2’

where
E(z,t) = (e72 —1)Spe7tz,-) — ¥ (1 —e*)?(Vlogug - e t2Ss{e 2, )
— Vlogug - Sp(e™"z,e7"2)Id — SY{e"z,e7"2)1d).
Since . \
de 'z Oe™'z
L ¢ and i

we have

g(z 5= e Df [Id + E(z,t)] (e7t2)

ot (14 (e2t —1)Viogug - e t2)2’
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Notice that (n+1)logug = —log J; and that (1 —e~2!) < 1 —|le~'z||?. Hence, using
(4.1), we conclude that ||E(z,t)|] < 1. As a consequence, we see that Id — E(z,1) is
an invertible operator. Therefore, its follows that

%{(z, t) = Df(z,t) (Id — E(z,t)) " (Id + E(z,1)) (2).
Thus, f(z,t) satisfies the differential equation
%(z,t) =Df(z,t)h(z,t), ze€B", >0,
where h(z,t) = [Id — E(z,t)]}[Id + E(z,t)](z). This shows that f(z,t) is a Loewner
chain with the intial value f(z,0) = f(z), which completes the proof. O

Remark 4.2. If f is a locally univalent analytic function defined in the unit disk
D C C, the correspondig Sfjf and S?jf given, respectively, by (2.5) and (2.6), satisfy
that Sfjf =0 and

1
Shf= —§Sf7 Staf =0, S9f=0.
Therefore, univalence criterion given by inequality (4.1) becomes the classical criterion

of univalence in the unit disk due to Nehari: if such function f satisfies that

2
SF() < o
A Pk
for all |z| < 1, then f is univalent in the unit disk.

Corollary 4.3. Let f be as in previous theorem have constant (non-zero) Jacobian Jy.
If
@ =185 (2) ¢zl < 1,
then f is univalent in B™.
Proof. Since Jy is a constant, Vlog Jy = 0. Furthermore, in this case, the correspondig

solution ug in the proof of Theorem 4.1 is a constant too. Then the system (2.7) asserts
that SY. f are identically zero for all i, j, and k. Thus, the inequality (4.1) equals

J
L= 1z1®)185(2){z ) < 1.
A direct application of Theorem 4.1 ends the proof. O
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