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Generalization of Jack’s lemma for functions with
fixed initial coefficient and its applications

Rogayeh Alavi, Saied Shams and Rasoul Aghalary

Abstract. In this paper, by using the theory of differential subordination, we will
generalize Jack’s lemma for functions with fixed initial coefficient. Then exten-
sions of the well-known open-door lemma for analytic and meromorphic functions
with fixed initial coefficient are given. Also we consider some applications of the
extension of Jack’s lemma.
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1. Introduction and preliminaries

Let H denote the set of analytic functions in the open unit disk U = {z € C :
|z] < 1}. We define

Hla,n] ={f €H: f(2) = a+ an2" 4+ an1 2" +...},
where n is a positive integer number and a € C. Suppose n € N, we introduce the
subclass A,, of H as follows:

A, ={feHH: f(z)=2z+ anHz"+1 + an+gz”+2 +... 1

In addition to, in particular, we set A; = A. Also we define the subclass S of A
consisting of univalent functions in the open unit disk U. A function f € A is said to
be starlike of order 0 < v < 1, written f € S*(), if it satisfies

2f'(2)
f(2)
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Especially we set $*(0) = S*. Now for analytic functions in U with fixed initial
coefficient, we define the class Hg[a, n] as follows:

Hpla,n) = {f €M : f(z) = a+ B2" + anp1z" ™ + ...},

where n is a positive integer number, a € C and g € C is a fixed number. Moreover
we assume

Anpy={fEH: f(z) =2+ bz"T" +api22" 2+ ...},

where n is a positive integer number and b € C is a fixed number. Also we set
Ay = A1p. Let f and g be in ‘H. We say that the function f is subordinate to g,
denoted by f < g, if there exists an analytic function in U as w, with w(0) = 0 and
lw(z)| < |z| < 1, such that f(z) = g(w(z)). Moreover if g is an univalent function in
U, then f < g if and only if f(0) =0 and f(U) C g(U).

It is important to note that coefficients of analytic functions play important role
in geometric functions theory. For example, the bound on the second coefficient of an
univalent function leads to well-known results such as growth, distortion and covering
theorems (see [8]). Recently the subject of second order differential subordination for
analytic functions with fixed initial coefficient was considered by Ali et al.[2]. Then
in the papers [7, 6, 9] the authors by applying first order differential subordination
for functions with fixed initial coefficient related to univalent functions, obtained
some good results.

Furthermore in [1], the problem of radius of starlikeness for analytic functions
with fixed second coefficient is discussed. Also, Amani et al., [3, 4] have obtained some
results for functions with fixed initial coefficient.

Motivated by [3] and [4], in this paper we extend the famous Jake’s Lemma for
analytic functions with fixed second coefficient.

We organize the contents as follows. In Section 2, we will bring extension of
Jack’s Lemma and open-door lemma for analytic and meromophic functions with
fixed initial coefficient and then we include some corollaries from them. In Section
3, we apply the results in the sections 2, for obtaining some sufficient conditions for
starlikeness and carathedory functions.

In the continuation of work, for proving main results, we require to express a
definition and a basic lemma.

Definition 1.1. (see [8]) Let @ denote the set of functions ¢ that are analytic and
injective on U\ E(q), where

Blq) = {< € 90 : lim g(2) = oo},

and are such that ¢'(¢) # 0 for ¢ € OU\E(q).
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Lemma 1.2. (see [2]) Let ¢ € Q with ¢(0) = a and p € H.[a,n] with p(z) # a. If there
exist a point zg € U such that p(zo) € q(OU) and p({z : |z| < |20]}) C q(U) then

209’ (20) = mCoq’ (o) (1.1)
" (20) Gd" (G0)
zop" (20 04 (Go
me{ 1 2 ) e {1 S 2
where ¢~ (p(20)) = o = €% and
m > n 4 (L0 = lellzo]" (1.3)

2. Main results
In the beginning, we prove extension of Jake’s Lemma [5] as follows:

it A
Theorem 2.1. Let ¢ = re' with fa”—_f)\ <t< Q’T—M, where 0 < a <1 and 0 < XA < 1.

Also let 0 < B < (a+ )\)\C|QTJrA cos(t — ﬁﬁ) and p € ’Hg[cQTH,n] with p(z) # 0
in U. If there exist elements z1 € U and zo € U such that |z1| = |z2| = r and for all
ze€U,={z€C,|z| <r}

— % = argp(z1) < argp(z) < argp(zz) = %}\’ (2.1)
then we have
z21p'(z1) = —i/\ —iz_ amlp(21)7 (2:2)
and
2op (22) =i ;amzp(»z?)’ (2:3)
where
- |C|QT: cos(t — malahy) — xia | Lt sin(t - ”ﬁ), (2.4)
el "2 cos(t — matyhy) + a ) cos(t- Tatnrar)
and
I . |c|aT: Cos(t—ﬂﬁ)—ﬁ 1_Sin(t_ﬂ-ﬁ) (2.5)
"5 costt —maty) + 5 ) eos(t = o)

Proof. Let us define

q(z) = exp { 77@'()\4_ @) } (611+czlz> 2fe

with ¢; = cexp {%} It is easy to find that ¢ is analytic in U, ¢(0) = ¢™2 and

A
—% < argq(U) < %,
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moreover ¢ € @ and E(q) = 1. Upon assumption and the properties of the function
g, we have p(z1) € ¢(8U) and p(z2) € ¢(9U), also p({z : |z| < r}) C ¢(U). Define

e —ew{ TE ey e

and
c1 + 612
%(@Zﬁ (z€),
with ¢; = cexp {%} Then it can be readily considered that ¢; € @, ¢1(0) =

p1(0), ¢1(U) = {w € C : Rew > 0}( note that Rec; > 0) and p1({z : |z| < r}) C ¢1(U).

Also p1(z1) = —izq and py(22) = a2, with 21,29 > 0. By means of calculating the
inverse of ¢; and obtaining the derivative of ¢;, we reach to
1 z—c , 2Rec
z) = and z) = .
Q1 ( ) Z+C_1 ql( ) (1_2)2

On the other hand, since p € 'Hg[caTH,n], we have p € H,,[a,n], with

~rex mila—A) | p —28¥ﬁex mi(a — A)
CTEEP 90T ST M 2T T P20t [

Hence by applying Lemma 1.1 we deduce that there exist complex numbers (; and
C2 in OU such that p;(z1) = q1(¢1) and p1(22) = q1(¢2) and also

z21p1(21) = k1G1qi(G)  and  zop)(22) = ka(aqi((2),

where
/ 0 _ n / 0 _ n
T \q}( )| —leflza] - \q}( )| — lea|z2|"
¢4 (0)] + [e2||z1]™ ¢ (0)] + |eal|z2|™
Since p1(z1) = —izy with 1 > 0 and {; = ql_l(pl(zl)) = % we have
21p'(21) _ A+ z1p(21)
p(21) 2 pi(z1)
_ A akiGiqi)
2 pi(=)
A+ air) + ¢ 1 2Recq
= kl - — X - X -
2 ixy - —irp (1 Etan?
1r1—C1
_k Atal o 22 + 221Jmey + |eg|?
MY iy 2%Rec,
_ ik, ()\—&—04) 22 + 2|c|ay sin(t — (A+a))+ |c|2
2 2|c|zy cos(t — 7r2(>\+a))
Set

2% + 2|clz sin(t — TS ) + |e)?
f(z) = &* (x> 0).
2|c|z cos(t — ﬂ‘m)
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By computing, it can be easily observed that

1+ sin(t 7r2(/\+a))

min f(z) = f(le]) =

z>0 N COS(t — Wm)
by 28c| 3
. — c .
Now using ¢1(0) = 2|c| cos(t — 7T2(/\7+0&)) and [c2| = =5, we obtain
atA .
lc| *2~ cos(t — 7r2(/\+aa)) /\fa 1+ sin(t 7r2(’\/\+0;))
my =kif(z1) > [ n+ —x 5 :
|C| 2 COS(t - m) + o COS( - 71—2()\4,_(1))

Thus assertions (2.2) and (2.4) hold. Now similar to the procedure of the former case,

since p1(z2) = izq, with 3 > 0 and (5 = ql_l(iasg) = Z;gl we can obtain

2p' (22) A+ a zpi(22)

p(z2) 2 pi(z2)
_ At ak(eqi(r)
2 pi(z)
A + « il’g —C1 1 2%661
= ko 2 ize b ime (1= m—ay
1o+ X9 (1- m)
Atal —z3 + 2zx30me; — | |2
2 ixg 20R¢ecy
n(220) 4~ 2elaasin(t - ) + |
= ’Lk‘g
2 2|c|wo cos(t — 7r2(/\+a))
Set
22 — 2|c|rsin(t — )+ |cf?
A+
g(@) = & ‘j} (z>0).
2|c|x cos(t — wm)
By computing, we have
 1—sin(t - T30sy)
min g(x) = g(|e) = . ia
cos(t — T557%7)
2—a—X
Thus in view of ¢} (0) = 2|c|cos(t — Wﬁ) and |co| = %, as the former
case, we can conclude assertions (2.3) and (2.5). O

Remark 2.2. Note that the above theorem extends Theorem 2.1 obtained in [3].

By applying the same trend of Theorem 2.1 and putting o = A in this theorem,
we obtain

Corollary 2.3. Let c = re' be a complex number with Rec > 0. Let 0 < 8 < 2\|c|* cost
and p € Hg[c*, n] with p(z) # 0 in U. If there exists a point zg € U such that

AT
largp(2)l < 5 for |2l < |z,
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and p(zo)% = +ia, where a > 0 and 0 < XA <1, Then we have
207" (20) = imAp(20),
where

9 . 2 A 8

_9 t c|*cost — oy A

m > & 2alelsint e (0 el 2 when  argp(zo) = o
2alc| cost |c[* cost + 55

and

2.9 int 2 | cost — £ —A
< @+ 2a|clsint + |c] n+‘ | 2 when  argp(zo) = ——.

B
2ac| cost c[* cost + o
By putting A = 1 in Corollary 2.1, we have

Corollary 2.4. Let ¢ = re't be a complex number with Bec > 0. Let 0 < B < 2%Rec and
p € Hplc,n]. If there exists a point zo € U such that

m
largp(2)] < 5 for [2] <lzl,

and p(zo) = Lia where a > 0, Then we have

Zopl(zo) = imp(zo),

where
a? — 2admp(0) + |p(0)? 2R¢p(0) — B T
2a9Rep(0) (" T oRep(0) + ﬂ) when argp(z0) = 3,
and
a? + 2aJ3mp(0) + [p(0) > 2R¢ep(0) — 8 v
me - 2a%ep(0) ( 29Rcp(0) + 5) when argp(z0) = —3-

Remark 2.5. Letting p € H]c,1] in corollary 2.2 and using the corrections needed in
this Corollary, one can gain Theorem 2.1 in [11].

By setting ¢ = 1 in Corollary 2.2, we attain

Corollary 2.6. Let p € Hp[l,n] and 0 < 8 < 2. If there exists a point zo € U such
that -
|arg p(z)| < 5

and p(zp) = tia where a > 0, Then we have

for |z| < |zol,

200" (20) = imp(20),

where . 23
Z -1 — _T
m > 2(a—l—a )(n—i— 2+5> when  argp(zg) 5
and ) 23
- -1 P __T
m < 2(a+a )(n—i— 2+5> when  arg p(zo) 5"

Remark 2.7. Letting p € HJ[1,1] in Corollary 2.3 and implying the alternations re-
quired in this corollary, we can obtain Theorem 1 in [10].
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Theorem 2.8. (extension of open door Lemma) Let ¢ = re't with 7(174—)\ <t< a+/\’

where 0 < a < 1land 0 < A < 1. Also let 0 < B < (a—|—)\)|c| 3> cos B and p €
’Hg[CQTH,n] with p(z) #0 in U. If
2

25 2p'(2) ; ;
7p(2) +Q+Ap@ #iy (2 €D),

for all y € R where

\/M+2|c|cosB vV M sin B),

or
v M
y < ——— (/M + 2|c|cos B + \/MsinB),
cosB
then
%4 AT
-5 < argp(z) < o> (2 €U), (2.6)

‘ ‘a+)\ (t
c 2 cos(t—7
and M = n+ RN

I
le| 2 Cos(t—wﬁ)-ﬁ-%

A—a el
22 +a) )_ At

}, B=

where y = exp{— ”TQ(AJra Wﬁ

Proof. Let us set

-7\ — « 2
p1(z) = exp {M} {p(2)} 3+ (z€l),
and
c1+ ¢z
a()="7—, (z€D),
where ¢; = cexp {%} We know that p; € H,[a,n], with
a=cex M =c and Ccy = ZCQ_E_AB ex mile = A)
TP 20t S T @ 2T x P20t [

and p;(0) = ¢1(0). If p(U) is not contained in the sector {w : —Z& < argw < 2},
then p;U) is not contained in the right half plane fRew > 0. On the other hand
¢1(U) = {w : Rew > 0}, thus we follow that p; 4 g1, then there exists a point
z1 € U such that p1({z : |z] < |z1]|}) € ¢1(U) and p;(z1) = —izy or p1(2z1) = iwe with
21,29 > 0. Let p1(21) = —ixq, with 1 > 0. Similar to the argument of Theorem 2.1
we have

ar') _ (Ha) 2} + 2lclay sin(t — T + el

2 )\a) ’

2|c|xq cos(t — T500a)



324 Rogayeh Alavi, Saied Shams and Rasoul Aghalary

where ky > M . Then it yields

m {“ﬂﬂ(zl)“iA T i Y Zz];éii) }

22 + 2|c|ay sin(t — wﬁ) + |c|?
=Jm —il‘l — ik‘l o
2|c|xq cos(t — wm)

(o1 1k 22 + 2|c|wy sin(t — wﬁ) + |c\2)
—(z1 + k1 —

2|e|xy cos(t—w%)
(o, +Mx%+2|c|a:1 sin(t — ()\+a))+ \c|2)

2‘C|$1 COS(t — Wm)
Suppose

22 + 2|c|a sin(t — 712(/\+a )+ |e?

f@)=z+M

(x > 0).
2|C|.’B COS(t — Wm)

By computing, we can readily find that

e[V M
/M +2|c|cos B

min f(z )f<

x>0

) = (\/M+2|C‘ cos B+ VM smB)
cos B

this implies that

2 ! vV M
Jm {'yp(zl)aix + Z1p (Zl)} < _cosB( M + 2|c| cos B+ vV M sin B),

a+ X p(z)

atA
|c\ 2 cos(t—ﬂ'x_iﬂ)—%
where v = exp{ —im ;A%< 7} B =t—my5%y and M = = ote) i,
c| 2 cos(t—wﬁf‘a))—&-m

2()\+a
On the other hand we have

2(A+ )

2 /
e {VP(Zl)““ + = (21)} =0,

a+ A p(z)

that this contradicts with the hypothesis. For the case p;(z1) = iza, Similar to the
argument of Theorem 2.1 we have

2p' (1) i (A—f—a) 23 — 2|c|ag sin(t — 2(>\+a)+|0|2
2

Aa) )

2|c|xo cos(t — T50ma)
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where ko > M. Then it yields

2 zp' (=)
a+ A p(z1) }

23 — 2|c|rg sin(t — 2()\+a)) +|c|? }

2|c|zo cos(t — ﬂm)

m {w(zl)ai* +

=Jm {’ixz + iko

x3 — 2|c|zy sin(t — m5ASE) + |¢f?
= T2 + kQ 2 22 ta)

2|e|xq cos(t — wﬁ)

13 — 2|c|ra sin(t — A2 ) + |c|?
>z + M 2 2(A+a

2|C|$2 COS(t — Wm)
Suppose

x? — 2|c]zsin(t — 772()\+a )+ |cf?

(x> 0).
2|C|Jf COS(t — Wm)

By computing we can easily conclude that

v M vM
ming(z) =g i = ( M+2\c|cost\/MsinB>,
z>0 M + 2|c|cos B cos B

thus we have

2 zp(n
a+ A p(z1)

VM
m{’yp(zl)aiA + )} > B( M + 2|c| cos B — v M sin B),
cos

a+ X A
|c\ 2 cos(tfﬂ'wfa))fpr%

and M =n

. A—«
where v = exp{—in;7"%}, B=t— =
{ 2(A+a) }7 ()‘+ ) c|% cos(t—w‘z(AA:rO:x) )+ Aﬁa

)

On the other hand we have
2 z21p'(z1) }

Re {fyp(zﬂaiA +t o o)
that this contradicts with the hypothesis. Hence the assertion (2.6) holds. O
Remark 2.9. we note that Theorem 2.2 extends Theorem 2.1 in [4]
Also we can write the other version of extension of open door Lemma as follows:
Corollary 2.10. Let ¢ = re't be a complex number with Rec > 0. Also Let 0 < A < 1,
0 < B <2)\c|*cost and p € Hg[c*, n] with p(z) # 0 in U. If

p)k 412 L (e,

A p(2)

for all y € R, where

v M

> ( M + 2|c| cos —\/Msint),
cost

or

vM
E— ( M + 2|c| cost + \/Msint) )
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then )\ N
s ™
—5 <argp(z) < 5> (2 €U,
|c|>‘cost—%
\c|>‘cost+% ’

where M = n +

Proof. The proof of this corollary is similar to that of Theorem 2.2 (put o = \), so
we omit its details. O

Corollary 2.11. Let f € A, p, with f(2)f'(z) # 0 in U —{0}. Also let a« + X = % with
tl Z 1 and 0 S b S %COS{—%_O‘)}' [f

(-,

f(z)
for all y € R where

y > cos{_\igi—a)} <\/M+cos{—ﬁtl(za>} - msin{—W}> )

f//( )
f'(z)

+(1+ )#iy  (2€0),

or
y<-— M+c (A @) + VM sin 77#1(/\ —2) ,
{ 7Tt1(>\ Ot) 4 4
cos
then ,
—zatl < arg ) < z)\121 (z € 1),

2 fz) 2

cosd — Tr1/1(2*@) }_M

cos{—iﬂl(iia) }+%h '

where v = exp(fiww) and M =n+

Proof. Let p(z) = (Z;ES))% then we have p € Hnb [1,n] with p(z) # 0 in U. Then

with applying Theorem 2.2 and with letting ¢ = 1, t =0, a+ = E and f = 22 in
this theorem, the proof is complete. (|

Theorem 2.12. Let ¢ = ret with — X% a+)\, where 0 < a <1 and 0 < X < 1.

Also let M > Cilscj‘g, 0<B< (a+ N > cos B and p € Hﬁ[CQTM7n] with p(z) # 0
in U. If

22 w6, s
p(2) P #iy  (z€l),

for all y € R where

vM
Yy > 73(\/M —2|c¢|cos B+ vV M sin B),
cos

or

—2|c| cos B —
then N
—% <argp(z) < % (=€),
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afd A— 8
and M = n—+ i j-/\ st T atirey) " wea
- .
e
le| 2 cos(t—‘n‘ﬁ)-ﬁ-%

where v = exp{ —im A%~ } B=

- A—a
2()\+a 2(Aa)

Proof. The proof of this theorem is similar to Theorem 2.2, and we omit its details. [

Corollary 2.13. Let f( ) =14B2"+... be a meromorphic function with f'f # 0 in
U — {0}. Also let — <B<OandM>2 If

(n+1)
zf"(z)
- 7é 1y (Z € U))
f(?)
for all y € R where
Y>>V M( VM — 2)7
or
y<7VM(VM72)7
then we have
™ z2f'(2) v
—2<arg{— f(z)}<2 (z € U),
where M = (n+ 1) + %
Proof. Let p(z) = —Z}CES), then p € Hg, [1,n + 1] with 81 = —(n+ 1) > 0. With a
simple computation we obtain
zp'(2) zf"(2)
z) — =-1- z e U).
P& =00 ORI

Then with using Theorem 2.3 and with letting ¢ = 1, t = 0, « = A = 1 and also
with substituting 8 by (1 in this theorem, we obtain this result and the proof is
complete. O

3. Further applications related to extension of Jake’s Lemma

Corollary 3.1. Let0 < A < 1, ¢ € C and 1 be a real number such that (c* ﬁlﬁ =re’t
with Re(c* — B1)> > 0. Suppose 0 < f < 2X|c* — Bi|cost and p € Halc*,n) wzth
p(2) # By in U. If there exists a point zg € U such that
AT
|arg(p(2) — B1)| < > for |z <z,
and (p(z0) — f1)> = ~ia, where a > 0, Then we have

2p'(20)
p(z0) = 1

ima,
where for arg{p(zo) — f1} = >‘2—”

S a? — 2aJm(c* — B1)x + | — By} N * — Bi|cost — &
n
2aRe(cr — B1)* |cX — B1] cost + ﬁ
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and for arg{p(z0) — 1} = *%

_a2+2a3m(c/\—ﬁ1)§+|c>‘—51\§ n+|c*—ﬁ1|cost—%
2aRe(cr — By)* A — Bilcost+ £ )

Proof. Tt is sufficient that we consider q(z) = p(z) — 1. Then ¢(2) € Hgle,n] with
= (c’\ — 61)%. Also from the hypothesis we have fec; > 0 and there exists a point
zo € U such that |arg ¢(z)| < 2F for |z| < |20| and q(20)* = +ia. Now using Corollary
2.1 for g, we get the result and the proof is complete. O

By using Corollary 3.1, we obtain

Corollary 3.2. Let f € A, with @ # 6 in U. Suppose 0 < f <1 and 0 < b <
2(1=p). If
2f'(2) — f(Z)
f(z) -

for all s € R where |s| >n + E ﬁ§+b, then we have RelZ) > 3.

£is (z € ),

Proof. Let us define p(z) = f( ) then p € Hyp[1,n]. Let there exists a point zp € U

such that Rep(z) > S for |z] < |zo| and Rep(z9) = B, so |arg (p(z) — B)| < § for
|z| < |z0| and p(z0) = B £ ia, where a > 0. Now applying Corollary 3.1, we have

20f'(20) = F(0) _ zop'(z0)

f(z0) = Bzo p(z0) — B

where for p(zp) — 8 = ia

- (1-B)2 [  21-p)—b 21— B) — b
" 5a(1- B) (n+2(16)+b)2<n+2(1ﬁ)+b>’

and for p(zg) — 8 = —ia
a’*—(1-p5)° 21-p)—b 20-p8)—0
_ < S
m<—nma (i aee) < (v aaer):
which contradicts with the hypothesis. Hence the proof is complete. O

=1im (z €,

Also similar to Corollary 3.1, we can conclude

Corollary 3.3. Let0 < A <1, c € C and 31 be a real number such that (/31 —c)% =re’t
with Me(B1 — ¢)x > 0. Suppose —2A|B1 — ¢|cost < B < 0 and p € Hgle,n] with
p(z) # P1 in U. If there exists a point zo € U such that

g8~ p()| < o for [2] < |z,

and (81 — p(z0))* = +ia, where a > 0, Then we have

zop' (20) _
p(20) — B

TmA,
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where for arg{1 — p(z0)} = /\zl

1 2 B
S a? —2adm(B; — ¢)x + |p1 — ¢|> <n+ |61—c|c05t+2>\>

2a9%e(ﬁ1—c)% |ﬁl—c|cost—7
and for arg{B1 — p(z0)} = *%

24247 — o) — 3 —clcost + &
m<_a+am(61 e)x + |1 — |3 n+|ﬁl | 2,\ .

20Me(fy — ¢)x |81 — c|cost — =%

Proof. Tt is sufficient to consider ¢(z) = 81 — p(z). The rest of the proof is similar to
the proof of Corollary 3.1. g

The same as Corollary 3.2 and by applying Corollary 3.3, we can obtain the
following Corollary.

Corollary 3.4. Let > 1 and —2(8 — 1) < b < 0. Suppose f € A, with @ #+ 8. in
U. If

2f'(2) = f(2)
77&25 zel),
7G) - =Y
for all s € R where |s|>n+%, then we have
Sﬁe@<ﬁ.

Theorem 3.5. Let ¢, f1 and ~ be real numbers with ¢* — 5y > 0. Suppose v > 0,
0<a<1,0<6; <1land0<p <2a(c*—p1). If p € Hplc™,n] with p(z) # B1 in
U and

Jarg(p(=) — 1 + 7 ()] < S (ot Ztan~ (rs) (2 € D),

e

then

jarg(p(z) = Bl < o €U,

_ (Ca—ﬂl)—%)
where s = n + (7(60(7&”% .

Proof. If there exists a point zo € U such that |arg(p(z) — f1)| < Fa for |z| < |z
and |arg(p(z0) — f1)| = S, then from Corollary 3.1 we have

20p"(20)
p(z0) — B

= 1am,

where
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Thus for the case arg(p(z0) — f1) = S we have
- 20p'(20)} = ar 2 _zoP'(20)_
arg () — 61+ 7200 )} = g { (o) — )1+ 2 0L

= ga + arg{1l + iyam}

> ga + tan™ ! (yas)

which contradicts with the hypothesis. Also for the case arg(p(z9) — 81) = —5a we
have

arg{p(z0) — B1 +vzop'(20)} = arg {(p(zo) = B)(1+ ’Yp?zf:),(_zogl)}

= fga + arg{l + iyam}

< f(ga + tan~!(yas))
which contradicts with the hypothesis. Hence the proof is complete. O

By putting c = =a =n =1 in Theorem 3.1 we have

Corollary 3.6. Let 0 < 81 < 1 be a real number and 0 < 8 < 2(1 — p1). If p(2) =
1+ B8z+... withp(z) # B1 in U and

Sl } (= e V),

Jarg(p(s) = fn + 7/ ()] < 5 4 vt { A
then

Rep(z) > L1 zeU.

Remark 3.7. Letting p € H[1, 1] in the Corollary 3.5 and applying the reforms required
in this corollary, we can obtain Theorem 3 in [13].

Theorem 3.8. Let —\ < b <\, A > 0 and k > 0. Also let p € Hp[1,n] with p(z) # 2 b+}\
inUandOﬁBSl—g. If for all z € U

b 2(A—b)
Zp/(Z) Mk ;\wa ( 2)\) Zf B )\ < b < 0 M > H(A+0)
e {p(z) A } <9 imtas ¥ mwm Sb<A

p(2) . 2(A+b
i 0<b<ipg, M2 kg,\ergﬂ

then we have

A A
‘””—b+A’<b+A =<l
A=b_p
where M = n + $+,3.
Proof. Let us define
A1 -2z
q(z) = AL =2)

A—bz
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One can easily observe that ¢ € @ with ¢(0) = p(0) = 1 and ¢ maps the open unit
disc U onto the disk with the center %_H) and the radius %_H). Moreover
_ Az —1) WUEDY
1 — d / — .

=G ed 4G = S
We claim that p < ¢, otherwise if p £ ¢, then there exist points zg € U and (y € 0U
such that p(zo) = q(¢o) and p({z : |z| < |z0|}) C ¢(U). Therefore from lemma 1.1 we
have

20p'(20) = moq’ (Co).

where 1¢'0)] = 15112
q' (0)] = |8]|z0|™ A—b—pBN
RO 1Bl T A=A
Since (o(z0) )
o _ Ap(20) — 1
G =4a" (p(20)) = () =2
we have
— A—b
Set \ \
p(ZO) = m —+ m61t7

for a fix real ¢t. Using the relations obtained at the above and with a simple compu-
tation we deduce that

20p'(20) | [ AMAX —b(L + km)) cos -
e {pteo) + K = () (et kg T ()

For completing our proof we consider three cases. If —A < b < 0 then (3.1) implies
that

A+b

zop' (%0) A+b
Re z0) + k ,
{rteo + 4705 20— 1)
which contradicts with the assumption. Also for 0 < b < A < b(1 + kM), we put

}>Ml<:

A+0b A A=b(1+Ekm)
= _ 1 —1<z<1
f@) =mhgn— + (42— (-lsz<),
where x = cost. It is clear that
A A=b(1+km)
"(z) = —1<z<
f(z) Nt b - <0 (-1 <z <1),
SO
k(X — 2 ME(N — 2
fa) > f(1) = TEAZD) 24 A-b) 2y,

+ > +
2(A+0) (A+D) 2(A+b) (A+D)
which contradicts with the assumption. Ultimately, for the case 0 < b < Hﬁ we set

()_)\+b_ A b
= "X e a+b

(-1 <z<1),
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where z = cost. Now ¢'(x) = 7/\—_,_1) < 0, and so for all -1 <z <1 we have
(=02
1 > 0.
g9(x) 2 9(1) = 0+ b
Consequently,
zop' (20) A mk
= 1 —_—
Sﬁe{p(zo)—&-k‘ (0) } )\+b< +z)+ - g(x)
Mk (A—b)? A—b
A=Db)2(A+b)  2(A+b)’
that contradicts with the assumption. Hence the proof is complete. O

Corollary 3.9. Let —A <b < A, A >0 andk > 0. Also let f € Ay, with Zfz) 7£b+)\
m[UandO<b1<>‘ f forall z €U

refu w50

M2 f —A<b<0M>2<A b

Mk s 2(>\2§) E(3+D)
=y 2z +b1\;c A if e SO<A st
AR 0<b< e M > 55y
then we have
z2f'(2) A A
— < e,
Fz)  b+A| Sbta
M—nbl
where M = n + é+nb1

Proof. Let p(z) = Z}CES) then we have p € Hyp, [1, n]. Therefore by applying Theorem

3.2, and replacing 8 by nb; in this theorem, we obtain the result. O

Remark 3.10. By putting by = 0 in the Corollary 3.6, one can observe that this
corollary improves and extends the result obtained in [12](see Theorem 3.1 in [12]).

By setting k=1,b=1, b = %, A =3 and n = 2 in Corollary 3.6 we obtain

Corollary 3.11. Let f € Ay 1 with Zf ;é 3 in U. If for all z in the open unit disc

zf"(2)
Re{l + ) } <2,
then we have
zf'(z) 3 3

By setting k=1,b=1,b; = %, A =3 and n = 3 in Corollary 3.6 we obtain
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Corollary 3.12. Let f € Az 1 with ZJ{/(Z) # 32 inU. Iffor all z in the open unit disc
f”( )

Re{l + ) }_ 3
then we have P 3 3
zf'(z

By putting k=1,b=3,b; = % A =5 and n =1 in Corollary 3.6 we obtain

Corollary 3.13. Let f € A, 2 2 with f( ) #* % in U. Iffor all z in the open unit disc
f”( )

Re{l + } <
f'(z) 8
then we have ) s .
zf'(z
——| <= eU.
i il<i -

By putting k =1 and b =0 in Corollary 3.6 we obtain
Corollary 3.14. Letn > 2 and 0 < by < . Also let f € Ay, with zf 74 2in U. If
for all z in the open unit disc

2f"(z), _ M
Re{l + < —,
HHpe =5
then we have 7(2)
z2f'(z
-1l <1 zel,
f(2) ‘

where M is defined in the Corollary 3.6.
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