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1. Introduction

Many research are interested to study the existence of nontrivial solutions of
Kirchhoff type equations for its huge importance. The Kirchhoff equation was intro-
duced for the first time in 1876, which describe the free transverse vibrations of a
tight rope of length L and a constant density (assumed to be equal to 1). The rope
is described by a variable x taking its values in the interval [0, L]. The system of
equations describing this phenomena and which was given by Kirchhoff is

Uyt — (g()\)ux> —0,0<z<L,t>0, (1.1)
Ve — (g()\)(l—kvx)) —0,0<z<L,t>0, (1.2)
u(0,t) = u(L,t) = v(0,t) = v(L,t), t >0, (1.3)

1
where ) is the deformation of the cord given by A(z,t) = (|1 +vg 2+ |uw|2) *—1,and

g(A) = % with () represents the rope (cord) constraint corresponding to A; finally

and most important, the unknowns u(x,t) and v(x,t) represent the transversal and
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longitudinal displacements of the material point x at the time ¢. In order to separate
the unknowns v and v and under some hypotheses, one can obtain

E [
utt—<TO—|—ﬁ |uz|2dx>um20, O<z<L,t>0,
0
u(0,t) = u(L,t) =0, t>0,

which is named the Kirchhoff equation. Ty and % are two physical constants.

Since then, many researchers are interested in the Kirchhoff equation for its impor-
tance and it has been the subject of many studies; we cite here, in particular [4],
which treats the following Kirchhoff type problem

—(a+b/ |Vu\2dx)Au:f(x7u), in Q,
Q
u =0, on 0,
with 4-superlinear growth as |u| — 400, and using minimax methods, it gives two
interesting results, the existence of nontrivial solutions, and the existence of sign-

changing solutions and multiple solutions. We cite also [3] which treat the existence
and multiplicity of solutions for the semilinear elliptic problem given by

—Au+L(z)u= f(z,u), inQ,
u =0, on 012,

by using the Mountain Pass technique. Note that, our work is practically based on
the papers [3] and [4].
Let us consider the following nonlocal® Kirchhoff problem
p—1
—(a + b/ |VulP dx) Apu+ (@) |uP2u = f(z,u), inQ,
Q
u =0 on 01,

(1.4)

where A, is the p Laplacian operator: —A,u = div(|Vu[P72Vu), Q is a smooth
bounded domain in RN with N > 3, a,b two strictly positive real numbers, ¢ €
L%(Q) N L*(€) and f is a real continuous function defined on Q x R. The induced
norm in Wy?(Q) is given by

lJul| = (/Q|vu|pdx)5, Vu € W (Q).

2. Statement of the main result

The operator L defined by Lu = —(a + b|[u||P)P~ Apu + £|u|P~2u possesses an
unbounded eigenvalues sequence

A< A <o <\, = 400 asn — +oo,

1t is called nonlocal because of the term M (||u||P) = a + b||u||P which implies that the equation is
no more a punctual identity [1].
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where A is simple and is characterized by

(a+b||u\|”)1’—1||u\|?+/ £(z)[ul? dx
/\1 = inf Q2 .
uEW&’p(Q),uy&O / |u‘p dx
Q

Remark 2.1. Our purpose in this remark is to study the following eigenvalue problem
L = —(a+bl|0|[P)P 7 Ape + £(2)|]" 26 = [P 0. (2.1)
Let A\; and ak respectively eigenvalues and eigenfunctions of the operator
—Ap + glolP ™7 We (@) —» W ()
with g € L*>°(Q) (see [5], [6]), which means that

— Dy, + g(2) |0k P 201 = Nl dr|P 2 s (2.2)
especially for g(z) = (aerﬁé;x)H’)pl? ie.,
k
At D 5 25 = MG, (2.3)

(a + bl|gx|[P)P—

multiplying by (a + b||¢x|[P)P~, we obtain
—(a + bl Gk| )~ Ap i + @) Gk lP 2Pk = Ae(a + bl gk [P)P | ok[P2Gx,  (24)

so the sequence (Xk) defined by

A = Ak @+ b|gx[[7)P~!

consist of eigenvalues of the operator L associated to the eigenfunctions gk. Since A;
is simple and strictly positive (see[5]) , it follows that A\q, the first eigenvalue of (2.1),
is also simple and strictly positive.

Proposition 2.1. If A is an eigenvalue of the operator L, then, there exist A\ and $k
such that

A = Ni(a+0lgx][P)P.

Proof. As )\ is an eigenvalue of the operator L, one has that there exists ¢ € VVO1 P(Q)
with ¢ # 0 which satisfies

—(a+bl[g|P)P A + L(2) 0P 2o = MpP ¢ in Q, ¢ =0ondQ,
and this implies that

(a+bllg][P)~! /Q VPP d + /Q ()| Bl d = A /Q 6P da,

as a result
(a+blol|P)P~H|lIP + [, £(x)||? dx

N\ =
fQ |¢|pd$
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and that
£(x) A
A ¢>+—¢p 2p= —————|o[P 29,
O F e T e
consequently, there exists k& € N* such that Ay = W and ¢ = 5k for some
a k
eigenfunction associated to Ag. A = W implies that A = A\ (a+b||¢px|[P)P~!
a k
and this conclude the proof of the proposition. O

For p < N and concerning the embedding mapping Wy (Q) 9 L"(), it is
continuous for r € [1,p*] and compact for r € [1,p*) with p* —N , 5o we have that
Sylul, < ||u|| for all u € WyP(Q), where | - |, denotes the norm in L"(Q) and S, is
the best constant corresponding to the embedding mapping (see [2]).

In this paper, we assume that f is a continuous function on Q x R and satisfies:

(H1) for every M > 0, there exists a constant Lp; > 0 such that |f(x,s)| < Ly for
|s| < M and a.e. z € Q,

(H2) lim f(x, 82) = 0, uniformly in a.e. z € Q,
|s|—o0 |S|P"T=s
(H3) there exist a function m € L (Q), and a subset Q' C Q with || > 0 such that
F
limsupm <m(zx) < A,
5—0 |5|

uniformly in a.e. x € , and m < Ay in €, where F(z,s) = [ f(z,t)dt and |- |
is the Lebesgue measure,

F
(H4) ‘ llim (Z;S) = 400 uniformly in a.e. x € Q,
s|—o0 S

— 1 —
(H5) let F(x,u) = — f(z,u)u — F(z,u), then F(z,u) — 400 as |[u| = +oo uni-
p

formly in € Q, and there exists o > max{l,%} such that |f(z,u)]” <
CF(x,u)(|u[P~1) for |u| large.
Furthermore, we suppose that one of the two conditions is satisfied (ﬁ(sc) —m(z) > 0)
or (ﬁ(m) >0 and a?~ ! > ‘T”S# when p > 2).

Example: consider the function

4

flz,s) = { Sl 4(1+s)

s3n(1 —s) — 74(1 35~

1[s3 +s%+s], 5> 0,
[s% — 52+ 5], s <0,

NN

then f satisfies all the above hypotheses for p = 2 and N = 3.
Our main result is the following theorem

Theorem 2.1. Assume that hypotheses (H1)-(Hb5) hold, and that sf(xz,s) > 0 for
s € R and a.e. x € Q. Then problem (1.4) has at least a nonnegative solution and a
nonpositive solution.
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3. Preliminaries

Let E = Wy?(Q) and define the functional
®u) = S3T(ull) + - [ ol do~ [ Flaw)ds, ueP.
p

where M fo )JP~tds and M(s) = a + bs, in other words,

1

)= ;s

[(a+b||u|\p —ap /€ \u|pdm—/qu uekFE.
The variational formulation associated to the problem is
[1\4(||u||20)]p_1 /Q VP2V Vo do +/Qe(x)|u\%2uv de = /Qf(x,u)v dz, Vv € E,
and by (H1) and (H2), one can verify that ® € C'(E,R) and
(@ (u), v) = [M(||u|\p)r71/ﬂ|Vu|p_2Vqudx+/Qﬁ(a:)|u|p_2uvdx
- /Q f(z,uw)vdz, Yu,v € E;
the weak solutions of the variational formulation are the critical points of ® in F.

Following the paper [3] and in order to obtain nonnegative and nonpositive solutions,
we let f(z,s) = f(x,s) — m(x)|s[P~2s and truncate f above or below s = 0, i.e., let

f+($,8) — { g(xvs)v z i 87 and ]A{_(J},S) — { g(z7s)7 z § 8’

and F, (z, s) =/ f+ z,t)dt, F_(z,s) fo (x,t)dt. Under (H1) and (H2), the
functionals @, and ®_ defined as follows

By 0) = 3l + 5 [t de = [ m@pup de— [ Fya da,
= @l -]+ 1 [ il as
—]f)/ﬂm(aﬂﬂu\pdmf/ﬁ+(m,u)dx,

&) = <3l + 5 [t de =5 [ m@pup do— [ F- @) da,

1
72[( 4 b|[ul[P)P —ap /13 |u|pdx—f/m Yul? dz
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belong to C*(E,R) and

~u7v:a+u N ul”"“Vu - Vodx + x)|ul” “uv dx
@ (0),0) = (a+ bl [ [Vup V- Vodo+ [ ta)lul 2uvd
Q Q
—/m(ac)|u\p_2uvdx—/ﬁr(x,u)vdm,
Q Q
(@ (u),v) = (a+b||u|\P)p—1/ |Vu|p_2Vu~Vvdx+/E(x)\u|p_2uvdx
Q Q

—/m(x)|u\p_2uvdx—/f_(a:,u)vdac,
Q Q

for all u,v € E.

4. Proof of main results
We recall one critical point theorem which is the Mountain Pass lemma.
Theorem 4.1. Let (X, || -||x) be a Banach space, suppose that ® € C1(X,R) satisfies
®(0) =0 and
(i) (the first geometric condition) there exist positive constants Ry and ag such that
O(u) > ap for all uw € X with ||u||x = Ro,
(i) (the second geometric condition) there exists e € X with ||e||x > Ro such that
P(e) <0,
(iii) (the Palais-Smale condition) ® satisfies the (C.) condition, that is, for ¢ € R,
every sequence (u,) C X such that
O(un) = ¢, ||®(un)ll (1 + [[unl)) = 0

has a convergent subsequence. Then ¢ := inf sup ®(vy(s)) is a critical value of
7€l sef0,1)
P, where

I':= {y € C([0,1], X); 7(0) = 0,7(1) = e}.

We need also the following lemmas.

Lemma 4.1. Assume that N >3 and v € L%(Q), then the functional

V() = / o(@)ulP dz, u e WEP(Q)
Q
18 weakly continuous.

Proof. As in [8], the functional ¢ is well defined by the Sobolev and Hélder inequali-
ties. Assume that uw, — u in VVO1 () and consider an arbitrary subsequence (w,) of
(uy,). Since

w, »>win LY (Q), wi —u"inL! (Q) and w, —u” in L}

(€2)
going if necessary to a subsequence, we can assume that
+ +

w, = u a.e on ), w}

—u" ae on{) and w, — u” ae. on
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Since both (w;) and (w;;) are bounded in LP" (), ((w;")?) and ((w;, )P) are bounded
in LNLW(Q) Hence (w;")? — (u™)? and (w;, )P — (u™)? in LNL*P(Q), and so

| o@lulrae = [ vl

As a result, ¢ is weakly continuous. O

Lemma 4.2. Assume that m € L%(Q), and there exists Q' C Q with || > 0 such
that

m<A\ inQandm <\ inQ
then

(at b\|u||p> [ulP + J;, €(@)lulP dz — [y, m()[ul? d
d:= inf
uEWOI’p(Q),'UJéO ||u||p
is strictly positive (d > 0).
(at olbull?)" el + fy )l d
Proof. Since \; = inf and from the

uGWOI’p(Q),u;éO |U|p
assumption that m < A1 in €2, we have that d > 0, because m < \; implies that

—/ m|ul? dx > —/ A1 |ul? dx,
Q Q

and consequently, we have
(ot Bllullr)” lfullr + Jo €@l de — oy m(@)ful
ull
(ot Bul?) ull + oy ) i — oy Ml
- ull

(atbllullr)” lulle + o @l dz | s

= - Al
[Jul[? [Jul[?

> 0,

by definition of A;. It remains to prove that d # 0; for that, we let

J(u) = /Qé(w)|u|pdﬂc,u€VV01’p(Q),

=
£
i

/ m(z)|ulP de,u € Wy (Q),
Q

=
£
[

(a + b\|u||p)p71||u|\p + J(u) — K(u),u € Wol’p(Q).

Supposing by contradiction that d = 0, it follows that there exists a sequence (uy,), C
W, P(2) such that
[lun]|] =1 and lim L(u,) =0,

n—-+oo
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by the boundedness of (u,), in Wy?(Q), we can extract a subsequence such that
Uy, — u in WyP(Q). Since J and K are weakly continuous, we have

lm J(up) = J(u), nErEmK(un) = K(u), (4.1)

n—-+oo

and from the weak lower semicontinuity of L, we obtain
0 < L(u) < liminf L(uy) = lim L(u,) = 0,
then we have
p—1
L) = (a+bllul?)" lull” + J(w) = K(w) =lim L(w,) =0, (4.2)
which implies that
p—1
(act elll) " Nl + I ) = K () = [ mia@)fupdo < x [ [ul?
Q Q
so, we have
p—1 p—1
(a-t Blll) Nl -+ I0) < A0 [ fupdo < (et W)l + I (w)
Q
consequently
p—1
(act elll) " Yl + I = v [ Jul da. (4.3)
Q
If u =0, from (4.1), (4.2), we have that
p—1
lim L(uy) = lim ((a -+ Bllunl?)" fluall”) +7(0) = K(0) =0,

which implies that lirf [lun|| = 0, and this is a contradiction with ||u,|| = 1. So
n—-+0o0

u # 0, then u is an eigenfunction corresponding to A1; since m < A; in Q and m < A;
in Q' with || > 0, it follows that,

(arltalP) " full + 00 = K = [ mia)fup da

= [ m@lapdst [ )P

Qo Q\Q/
< A\ |ul? dx + / A1 |ul? dx
o Q\Q/
= / >\1|u|p dl?,
Q
which is in contradiction with (4.3). Consequently, d > 0. O

Lemma 4.3. Assume (H1), (H2) and (H3) hold, then ® satisfies the first geometric
condition.

Proof. In the same way as in the paper [3], by (H3) and for € € (0, %), there exists

a positive constant M; < 1 such that

1
Fy(x,8) = F(z,s7) < =(m(z) +¢)(sT)P, for [s| < M; and a.e. v € (4.4)
p
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with s = max(s,0); for the chosen ¢ and from (H1) and (H2), we have

3Mz > 1, 3L, = |f+ (2, 8)] = |f(2,s7)] < e(sT)7 7 + Lag, (4.5)
and 1 L, M-
p MMz € p*
Felers) < Jm(o) +)(sHP + (F1 + 2 ) 6 (46)

for s € R and a.e. x € Q. From (4.6), we have

1
Bo0) = oz @+ Ulully — o] + /4 Jul? da

1 »
— 7/ m(x)|ul? dx —/ Fy(xz,u)dx
1 a + bl||ul|P)P 1 T pdxffl m(z)|ulP dz

a

f@f/Qﬁ+(:c,u)dx
1 ) 1 1
L@+l o+ bl + = [ @ de— 2 [ @)l do
b P Ja PJa
a /ﬁr(x,u)daﬂ
Q
oz @ bl el 4 [ @l do— o [ m)lulr ds
b Q P Ja
——2—/ﬁr($,u)dm
Q

= Syl + 5 [ e de = [ el do
p?

bp

1
= >+ byl + [ @)l o~ [ @)l

p Q Q
- oz = o by P - [ Ftou)do

bp*  pp/ o
> Sl [ Fetoyu)de = 1o = Gt ) ul
TP o bp*  pp/
= el - [ Frtwnydo s [ m@lutr do

p Q D Ja

a? 1 _

~ i3 = o Pl

d 1 Ly,My € .
[P — = +e)uh)Pd —/ M2 L Z )ty d
i [ o)<ty de = [ (2 4 D)) e

p
m(x u+pdx————a+bupp_1up
/ z)|u’ pp( [l [P)2~ ]
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1 L, M- x
ngqu—f/a(qu)pdx—/( ) [
P Jo Q

p M pr
aP 1 _
—b?—ﬁ(aerHqu)p ul [P
d € Ly, M € 1 -
> Sjull? - Sl - (322 + ) (o= )P
P »Sp M 2% )\ Sp-
ab 1 p\p—1 P
—W—E,(Hbllull )P ||
d L]\/[ M2 1S 1 * a? 1 _
:—up—( — +—)(—>up————a+bupplup,
Qp\l I M7 \5 [[ul| 0 pp,( [l [7)P~ ]
Yu € WyP(Q).
LetC:(LL%+%)(1), e have that
1 MP P 5,- Wi Vi
b d p p* ab 1 pyp—1 p 1,p
@+(U)Z%|\U|l — Cillu *@*@(GHHUH) [[ul[P,  Vu € Wy ().

For Ry sufficiently small, with [u|| = Ry, one can have |[u|[P" < ||u||P and

(a -+ bl[ul ")~ [ul[” < [[ul”

and

By (1) > ol Cullull”” — 25— (atblful Pl 2 00> 0, Vu € W ().
~ 2 bp®>  pp/ - ’ 0

Consequently, the first geometric condition is satisfied. O

Lemma 4.4. Assume that (H1) and (H4) hold, then &hr satisfies the second geometric
condition.

Proof. Note that, using the following standard inequality, for o, 3 > 0 and p > 1, we
have (o + 8)P < 2P~1(aP + BP), then,

W) = [+ bllully =7
< pib[zp—l(ap+bp||u\|p2)—ap}
< Slerm—ne -]

let ¢; =2P~1 — 1 and cp = 2P~ 'bP, we have
F(all) < - [ere + calfal”]. (47)
From (H1) and (H4), we have
VA >0, 3M3 > 0, Fi(z,s) > A(sT)?* — Ly, Ms,

for s € R and a.e. z € Q.
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Then for ¢ > 0, ¢; > 0, the first eigenfunction and using (4.7), we have

B (1)) = “NI(||tn]) + /e |t¢1\pdx—f/m |t¢1|pdf‘/F+xt¢1 da

IN

[clap+02\|t¢1||p ] +%/Qe(x)\twd%};/Qm(znwlv’dz
(IE t¢1)

\
BM‘HZJ\%M‘H
S (=

P ]y L x P x—l m(x Pdx
[0 + calleonl?”] + - [ d@leen o [ mialeonra
m(x)((ter) )P do — /QF(SC, (tgp1)T) dx

_l’_
HE\H
n\

IN
w\

b
o [Slolr” —a [ of aa] + 2 [ @potde + S + LMol

= A"’ + BI? + C = P(t),

1
[Clap + C2\|t¢1||p2 + 7/ {(x)|tp:|P da — A/ 1" 8" da + L, My|Q]

3

where
||¢1||p A/gbp dx, B= - /E Vol dx, andC— +LM3M3|Q| > 0;

by choosing
el ||P°
2 b)
p2b [, 87 dx

we then have A < 0. For ¢ sufficiently large, we have that P(tp) < 0 and then by
taking

e = to(,bl S Wol’p(Q),

we conclude that ‘5+ satisfies the second geometric condition. O

Lemma 4.5. Assume that (H1), (H2) and (H5) hold, then ®. satisfies the Palais-
Smale condition.

Proof. Claim 1: Under the same hypotheses in the above lemma, any (C.) sequence

is bounded.
Indeed, for ¢ € R, and (uy), C W, ?(Q), such that

® (up) — cand (1 + ||un|)) P, (un) — 0, (4.8)
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we have for n large, that
~ 1=,
Co > P4 (uy) — —<I>+(un)un
1~
= A (") + /e |un|pdx—f/m \un\pdx—/F+(x ) dz
= [l )]l + [ t@unl? dar— [ @) dr
p2 n n n n

—/ﬁ_(m,un)undaﬂ}

Q
1 1

= —M(||un]|?) + - /E |un|pdx—f/m )|t |P dx + — /m VP dx
p pPJa

- [ Prwudo = [ (M) unll + [ @l do

,/Qm(x)\unv’dwr/Qm(x)(UI)de*/Qf+($’“")“"dx]

because,
Fi(os) = Flast) = m(n) )
and
Frla,s) = fla,57)s" = ml@)(s)? = f(z,5")s — m(x)(s* )P,

then
Co = Wlunll”) = 5 [Mlual?)] ™ Nl + (5 = ) [ alual? do

—(% _ %) /Qm(x)|u,;|pdx - /QF+(m,un) do + ]% /Q Fo (@, un)un d

= T ul?) = 5 (M)l + (5= ) [ @ do
f(% - %) [ @) P dar+ /Qf(z,u;) da;

— p—1
note that the quantity %M(| |wn|P)— p% [M(| |un||p)] [|un||P is positive, so we obtain

Co

\V;
o
+
=
3
|
3| =
=
=
=
z
=
3

;2)/Qm(x) ;‘pdﬂ?‘F/QF(x,u,t)dx.

vV
~~
D=
|

m"—‘ ~
~—
S~
~
~
8
=
S
3
)
U
S
|
—~
| =
|
=
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If 4(x) —m(z) > 0 and since (v~ )P < |u|P, we have
Co
1 Tl
- (7 — —2> ((x) — m(z))|up|P dx + | F(x,u)dx
p P Q Q
> F(x,ul)de.
Q

If /(x) > 0 and a?~! > ‘mS# where p > 2, and using the fact that

533

() o () s | Fesir
1

‘/m(x)ufldx’ < |mlps|unlp
Q
1 P
< ImILwST;;HUnll :
we have
1~ 1 p—1 1 1
Cy > -M unp——{M unp} U ||P + ,_7>/g$ un|P dz
0 , (lunl?) o (unl)| Nunl| (p ), (@) |un|
1 1 _
—(f——2>/m(w)|un\pdx+/F(x,u,f)dx
p p Q Q
1~ 1 p—1 1 1 1
> -M unp_i[M unp:| unp_<7_7)mL°°7 unp
’ (lun?) p (unlP)| Hunl| - Im| S},’” I
1 1 _
+(*—f2>/€(x)\un|pdx+/F(x,u,’l")dx
p p Q Q
> F(x,ul)de.

Q

So, in both cases, one can obtain
~ 1=,
Co > Dy(un)— E(Iq_(un)un
> / F(x,u))dz;
Q

let suppose by contradiction that ||u,|| — +o0, and set

Then ||v,|| = 1, and
1
nls < o ||vnl] =
[oals < -l

for s € [1,p*].

(4.9)
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Observe that
&, (1)t = (@ + bfJun )P lan [P + / @) P dex / (@) un P d

— f(m,u:)un dx
Q
= (@ + b|[un[P)P~H|Jun|? +/ () |un|P de — / m(x)|un|” dx
Q

/fmu undas—k/m pdaz

— (a+b||un|\p)f°*1||un\|p+/Qe(x)\unv’dx—/Qm(x)(u;)”dw

/f Z, n undx

:Hun||p<(a+b||u||pp Y |ul|P fg \un\de g de

fQ vy, dx).

||un\|p2‘1
From (4.8), ® ' (up) — 0 as n — +00, so we have

(U2l Joy Uinl? b @) de_Jo aviondry
" el fn¥” luallP fen 7=

Let’s show that

n|P d
o t@nds
" Huan
and
)P dx
o™ =0.
3 ||un||p
We have
Jo U(x)uy|P da fQ Y|vn|P dz
||un||p |[un [P
and
me(x)(u;)pdx fQ . )P dx
||un||p2 Huan 7

since v, — v in L" (r € [1,p*)) and from Lemma 4.1, we deduce that

hm/ |vn|pdz—/ﬂé(x)|v|pdx and 117131/Qm(x)(v;)pdz:/Qm(g:)(v*)pdz,

and since ||u,|| = 400, we conclude that

fQ )| |P d:r B fQ 2)Pdr

& [t [[P* i Hunl|p
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We have also that

bl [, | [P)P 1 [ul] P pP— 1|y ||P(P—D+p
N ) 7 [ G | Y
n——4oo Huan n——+oo Huan
Then
fz,uwf)v, dx T
hm/ HuanLl =bP". (4.10)
Set for r > 0,

g(r) =inf{F(z,u") : 2 € Qand u™ € Ry with u* > r}.

(H5) implies that g(r) > 0 for all r large, and g(r) — 400 as 7 — +o0. Set for
0<a<f< +oo,

An(e, ) :=={z € Q: o < |uj (2) < B}

and

+
oP = inf{F(x’u )

. jut ()P
For large «, we have F(x,ut) > 0, ¢ > 0 and

F(z,uf) > dBlutP,  for z € Ap(a, B).
Tt follows from (4.9) that

C’oz/ F(x,u,f)—k/ F(x,u,f)—k/ F(z,u))
An(O,a) An(o‘nﬁ) An(ﬁ»“l’oo)

> / F(z,u?) +of / it P + 9(B) |An (B, +00)|.
Ay (0,a) An (o)

Since g(r) — 400 as r — 400,

:mEQandu+eR+witha§u+<ﬁ}.

[An(B,+0)] = 0, as 8 — 400, uniformly in n,

which implies that, by the Holder inequality, that for any s€[l,p*),

[l < / (10al) 5 ) ™ 1An(B. +00)| 5
An(B,+00) An(B,+00)

< A, B
< g8 4o0)
~ 0 (4.11)
as 3 — 400 uniformly in n. Furthermore, for any fixed 0 < a < f3,
+
J AT ey L
An(a,B) [[unllP JA, (a,8) l[unlP Ja, () oh
1 —
< 76/ F(z,u))
||un||p0-0/ An(a7ﬁ)
< G
[un|[Pos

— 0. (4.12)
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Set 0 < < Y% From (4.5) (from (H1) and (H2)), we have

/ flz,uf)un, </ |f(z, uf )un| / |f (2w (uh +uy,)
a0 Nl T a0 uallP? An(0,@) [ |[P*

Y Ny g 0
hmoe) Tl Srsomy Nl

</ (W) + Layusy) d
T JAan0.@)

[l |[P*

e [ s
T Jan0.@) | [P A0y unll? 7

because
L]\/]2u;d$ . LM2 _
/A ™~ Tl Un 47
n(0,a) n n A (0,)
L 1
< M 1017 vy |1
[[un||P"—1
L, |97
= Tualet
1
-7
S LM2|Q|IJ 0,

—
Spllun|[P*

so there exists ni, such that for n > nq,

+
/ faunJun (4.13)
An(0,0)  unll?
Set o’ . Since o > max{l N1 one can see that po’ € (p,p*). By |Jun|| — +o0,

we take ng > ny such that ||un|| > 1, if n > ng, and by (4.11), (H5) and Holder
inequality, one can take § large such that

) +
J AP =y R (el o
ey Toall i i

Jul)
D5 Il yp (4.14)
An (B 400) Iun Ip !

1 a1
o B )
An(Brtoc) | k[P An(BAoc)
1 1
< (. cme) ([, )
An(Br400) A (B+00)
< . (4.15)
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Note that there is C' = C(«, 8) independent of n such that ( because of the continuity
of (z,8) — f(TTg) on the compact Q x [a, 3], so it is bounded)

|f(;1:,u:)| SCUI < Cluyl|, forz e Ay(a,p).

So by (4.12), there is ng > ng such that

f(@, ud)vn Clut| vn]
p2,1 g p2,1
An(a,B) [[un| An(a,B) [[wn ]|

C
= ||p22/ 0,F [0
Up| An(a,f)
C

F(F 4 o=
= —s vy (v +vy,)
[ [[P* =2 /An(a,ﬁ) e

C / 9
= — (vh)
[un|[P*=2 JA, (a.8)

< Lz_/ (vn)?
[unllP* =2 JA, (a.8)
C 1
S Tozsgiell
1
T [Jual*2 83
< n (4.16)

for all n > ng. Now, combining (4.13), (4.14) and (4.16), we obtain that for n > ng,

/fnu e <<t

which contradicts (4.10). As a result, (u,), is bounded in W, (Q).
Claim 2: Assume the same hypotheses as in the last lemma, then any (C.) condition
has a convergent subsequence.
Indeed, let (u,) be the (C.) sequence such that
Oy (un) = ¢, (1+||unl))® (un) = 0.
We have
B, (0= 1) = (0 D7V [ [V 2V, 0= )

- z,ul)(u— uy,)de ) |un|P 2w, (0 — uy) do
[ o= u) dot [ @l o= ) d

— / m(x)|un|p_2un(u —up)dx + / m(ac)\u:\p_Quj;(u — uyp) dz.
Q Q
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Since (uy,) is bounded, one can extract a subsequence, named in the same way (u,),

that satisfies

For ¢ in (4.5), and from

from this,

\/f

u, — win WyP(Q),

win L*(Q), for 1 < s < p*, (4.17)
u a.e. in £,

u” in WyP(Q),

u” in L*(Q), for 1 < s < p*,

u~ a.e. in .

Un

U

3

L4 bl

n
n
Up,
(

4.17), there exists a positive constant N(g) such that

|u —upl1 <e,¥n > N(e); (4.18)

4.5), Holder inequality and |u)| < |u,]|, it follows that for n > N(e),

u—un)dx‘ = /Qf+(m7un)(u—un)dx‘
/Q(E(uj;)p*_l—l—LM2>|u—un\dx

= / e(u )P " — wp| de + Lz, [t — un)y
Q

p**1|

IN

IN

Uu—mu

p* + LM257

. <

p* STLHUHHJU_UYL Sy

of (u,) in Wy°(Q) i.e. there exists C3 > 0 such that ||u,|| < C3 and the following

inequality

we obtain

< lull + [[ual]
< liminf [Jug|| + ||un]]
n

2037

[l = unl]

IN

Cg P
Sp*) + L€

< 25(

| [ - )

this implies that hm/ flz,ub)(u—u,)dz = 0.

Also we have by Hélder inequality, that

and

/ ((x)|un|p_2un(u —up)dx — 0,
Q

/ () [t |72 (0 — up ) dz — 0
Q

/ m(z)|wh P~ 2w (u — u,) de — 0.
Q
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In addition, let A(Vuy,) = |[Vu,|P~2Vu,, then
(@ + bl|uy,||P)P~1 /Q |V, |P~*Vu, - V(u— u,) de
= (a + bl|u,|[P)P~1 /Q A(Vun)V(u — up) dz.
Taking account all the previous estimations and limits, we obtain that
/QA(V’U,H)V(U —up)dr — 0, n— 4oc.

From the fact that

/Q AV u)V (1, — 1) da = /Q (A(Vun) ~ ACV0)) V()i

+ | AVu)V(u, —u)dx

Q

and

/QA(VU)V(un —w)dz—0, n—+oo,
we deduce
/Q (A(Vun) - A(Vu))V(un —w)dz =0, n— +oc.
From the following inequality
cp/Q IV (4 — un)|P da < /Q (A(Vun) ~ A(V0) )V (u, — ) di,

we deduce that w, — u in Wy (Q).

539

(4.19)

O

Proof of Theorem 2.1. By Lemmas 4.3, 4.4 and 4.5 and by applying theorem 4.1, one

can deduce that & has a nontrivial critical point u, that is, for any v in E,

<<T>'+(u),v>:(a+b|\u||p)p*1/ﬂ\Vu\p*2Vu~Vvdx+/ﬂ€(m)|u\p*2uvdx

—/m(x)|u|p*2uvdx—/ fi(z,u)vde = 0.
Q Q

Taking as a test function v = v~ in the precedent equation, we obtain

@, (w)u) = (atblulP)! /Q VP2V - Va- de + /Q (@) ulP~2uu~ do

—/m(x)|u|p_2uu_ dm—/ f+(x,u)u_ dz
Q Q
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from the definition of ﬁ_, we have fQ f+(:c, u)u~ dz =0, so
@)ﬁr(u), u”) = (a+b||ul|[P)P~? / |Vu|P~2Vu - Vu~ do + / () |ulP~2uu da
Q Q
- / m(z)|ulP2uu” dx
Q
— (a4 blJu|[)P / VulP 2 (Vat — Va©) - Vu~ de
Q
+/ (@) |uP2(ut —u )u” de — / m(x)|ulP?(ut —u)u” dr
Q Q
= (a+ b||u||p)p_1/ VulP~2 |V ? di — / 0@ ful? 2l 2 da
Q Q

+/ m(@)|ulP~2Ju|? dz
Q
=0.

If ¢(x) — m(z) > 0, then, one can have that

(a+ bllull?)! / IVulP~2Vu 2 de + / (e(a) —ma) ) fulpJu" [ dz =0,
Q Q

consequently, each term in the last equation is equal to zero, especially

/ |VulP~2|Vu~|? dz = 0,
Q

since
/ |Vu|P~2|Vu~|? da :/ |[Vu™|P dz,
Q Q
one can deduce that [|u~|| = 0. If £(z) > 0 and aP~* > ‘mS#, then

0= —(®, (u),u”) = (a+ bHUHP)pfl/ [VulP~?|Vu™ [* da +/ (@) |ul?~2[u”[* dz
Q Q
= [ @ da
Q
= (a+ b\|u||p)p*1/ |[Vu™|P dx+/ (x)|u~|P dw—/ m(z)|u”|P dx
Q Q Q

1y — 1, _ _
> (a+ blful )P Hlu [P = [m] o () g ||”+/€(ff)\u P dzx
P Q
0,

v

as a result each term is equal to zero, consequently |[u~|| = 0.
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So one can say that u = u* > 0. Then u is also a critical point of ®, which means
that,

<<I>'+(u),v>:(a+b|\u||p)p*1/ﬂ\Vu\p*2Vu~Vvdx—i—/ﬂ€(m)|u\p*2uvdx

- / m(z)|ulP~*uv dz — / f+(z,w)vdx
Q Q
=0,V eEFE.

In addition, from (H1), (H2) and ¢ € L*°(Q2), we obtain that there exists a positive
constant C. such that

| —a(x)u+ f(z,u)| < C. (1 + |u|”*71)7 for s € R and a.e. x € Q.
Now, consider

—l()|u(@)[P"*u(x) + f (2, u(z))

Y= b @)

then b € L%(Q) and
—Apu = b(z)(1 + [u(z)]).

Remark 4.1. Following [7], we believe that one can obtain a positive and negative
solutions for our problem. Note that, for the case p = 2 and using the same techniques
as in [3], we have proved the existence of positive and negative solutions.

In a similar way, one can obtain a nonpositive solution for problem (1.4) by treating
with & _.
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