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On certain class of meromorphic univalent
functions with positive coefficients defined by
Dziok-Srivastava operator
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Abstract. In this paper, we introduce a new class of meromorphic univalent func-
tions defined by using Dziok-Srivastava operator and obtain some results includ-
ing coefficient inequality, growth and distortion theorems and modified Hadamard
products.
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1. Introduction

Let X, denote the class of functions f of the form:
1 o k
= - E N=1{1,2,... 1.1
f(Z) Z+k:makz (me { s 4y })7 ( )

which are analytic and univalent in the punctured unit disc U* = {z : z € C and
0 < |z| <1} =U\{0}. For g € %,,, given by

1 (o)
== br.z* 1.2
96 =5+ Y et (12)
the Hadamard product (or convolution) of f and g is given by

(Feg) ()= 1+ 2 mbist = (9% ) (2). (13)
k=m

A function f € X, is said to be meromorphically starlike of order A if

W EILO U
R { 5 }>/\ (zeU; 0<A<1). (1.4)
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Denote by £S5, (\) the class of all meromorphically starlike functions of order A.
A function f € ¥, is said to be meromorphically convex of order X if

2(2)
f'(2)
Denote by £ K,, (A) the class of all meromorphically convex functions of order A. We

note that

—Re{1+ }>)\(26U;0§/\<1). (1.5)

F(2) € K (\) == —2f'(2) € 8% (N) .

The classes X5, (A) and XK, (A\) were introduced by Owa et al. [8]. Various sub-
classes of the class ¥,,, when m = 1 were considered earlier by Pommerenke [9], Miller
[6] and others.

For complex parameters

o1, ., oq and By, .., Bs (B € Zy ={0,—1,-2,..}; j=1,2,...,5),
the generlized hypergeometric function ,Fs (a1, ..., &g; 81, -, Bs; 2) is defined by

qu (Oéla'“aaqvﬂla---aﬂsaz) — I;) (ﬁl)k o (ﬁs)k . o
(¢<s+1; ¢,s€Ng=NU{0}; z€U), (1.6)

where (6), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

) :F(0+v):{1 ?f(sz;GG(C*Z(C\{O}),
v T (6) 00 +1)(0+2)...0+v—-1) if (veN; §eC).
Corresponding to the function h (a1, ..., aqg; f1, .., Bs; 2) , defined by 7
hag,...,aq; b1, .., 05 2) = 27t oFs (01, .yaq; B,y ey Bsy 2) (1.8)
we consider the linear operator
H (o, ,aq; By Bs) : By = T,
which is defined by means of the following Hadamard product (or convolution):
H(ay,...,aq;B1,...,8s) [ (2) = hp (01, ., 05 1,y o, Bss 2) * [ (2) . (1.9)
We observe that, for a function f of the form (1.1), we have

(@)1 @)y an
Bt s Bliys kD (1.10)

H (o, oyag; By Bs) f(2) =271+ Z

k=m
For convenience, we write
Hq,s (Oél) :H(al,...,aq;ﬁl,...,ﬁs). (].].].)

The linear operator Hy s (1) was investigated recently by Liu and Srivastava [5, with
p = 1] and Aouf [2, with p = 1].
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For fixed parameters A, B, and A\ (0< <1, —-1<A<B<1,0<)A<1), we
say that a function f € ¥, is in the class X7 (a1; 4, B, A, ) of meromorphically
univalent functions in if it satisfies the inequality:
2(Hy.o(01)f(2))]
g, + 1
T )f(f;;s(‘“)f(z) <B (zeU). (1.12)
z(Hg,s(a1) f(z
BW—&-[B—F(A—B)(I—)\)]

A function f in ¥, is said to belong to the class Cy (a1; A, B, A, B) if and only

if —zf (z) € 27, (13 A, B, A, B) that is

feCr (a; A, B\ B) < —zf €X' (a3 A, B\, B). (1.13)

We note that:
(i) 254 (L =1,1,A,1) = XS5, (A) and

Oy (1;-1,1,0,1) = XK, (\) (0<A<1,meN).
(i) £3, (1; 4, B, X\, B) = ©* (A, B, A, 8) was studied by Aouf [1];
(111) E%,l (17 71> ]-7)‘76) =X (>‘7ﬂ) and C’21,1 (17 713 17>‘36) = C(A7ﬁ)

(Mogra et al.[7]);
(iv) 54 (1; A, B, A\, B) = X (A, B, A, 8) (Aouf et al. [6]).
We note also that:

Etly,s (al;ﬁv _57 )‘7 1) = E;s (al; Avﬂ)
2(Hyo()f () | 4
={f(z) €8y : Ho,,(01)/(2) <B(z€U, 0<p<1, 0<A<])

2(Hg,s(01)f(2))
a0 L2

2. Coeflicient inequality

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
the parameters aq,...,aq and S, ..., 85 are positive real numbers, 0 < § <1, -1 <
A<B<1,0<A<1l,méeN, T'hyi(ay) is defined by (2.2) and z € U*.

In order to prove our results we need the following lemma for the class
¥ (3 A, B, A, 1) given by Aouf [3, with p = 1].

Lemma 2.1. Let a function f defined by (1.1) be in the class %,,. If

S {(k+ 1)+ BI(BE + A) + (B~ A) A} Dia(en) lax < (B— A)B(1—N) (2.1)

k=m

then f € 37%; (a1; A, B, A, ), where

(Q1)j41 50 (O‘q)kﬂ 1

(ﬂl)k.l,_l ety (65)k+1 (k' + 1)'

From Lemma 2.1 and (1.13), we have the following lemma.
Lemma 2.2. Let a function f defined by (1.1) be in the class %,,. If

Lita (a1) = (2.2)

D ok{(k+ 1)+ B[(Bk+A) + (B = AN} Tipa(an) lar] < (B-A)B(1-A) (2.3)

k=m
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then f € C7' (a1;A4,B, )\, B).

3. Growth and distortion theorems

Theorem 3.1. If the function f defined by (1.1) is in the class X} (a1; A, B, A, B),
then
| (B—A4)8(1-))

12l {(m+1)+8[(Bm+A)+ (B—A) A} Tpii(aq) |2[™ < | (2)]

<Ly (B-4)f1—2) HCERY

Tl Am+ )+ B[(Bm+ A) + (B = A) A} Tga(an)

and
1 m(B—A)B(1-2X\)

PE T i D BBm it A) 4 (B AN T () 2 <[ )

i m(B_A)B(l_)‘) m—1
SLE N D BBt A+ B A ey 8
The bounds in (3.1) and (3.2) are attained for the function f given by
1 B-A)pQA-N m
T = o ) At A+ B A Tray” 9
Proof. First of all, for 3", (a1; A, B, A, ), it follows from (2.1) that
(B-A)p(1—-A)
kzm “Em T D+ BBm T A+ (B- DA Tpma(a) Y
which, in view of (1.1), yields
HOESE R C Z al (35)
S (B-4)B(1- o
Tl Am A+ D)+ B[(Bm+ A)+ (B=A) A} Tmga(an)
and
FEN T+ Y (3.6)
k=m

1 ) (B—A)B(1-)) o
Tzl Am+ 1) +B[(Bm+ A)+ (B = A) A} Trgafan)
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Next, we see from (2.1) that

{m+)+BBm+ A+ (B=A)MTonila) $> 0 3

k=m

< D A+ 1) +BI(BE+A) + (B~ A) A} Tpa () lax|

k=m
<(B- 451N
then
m (B~ 4)5(1- )
3 kol < (g T B Bs A5 AT

k=m

which, again in view of (1.1), yields

T ‘ > |y Z k |a| (3.8)

S L_ m(B—A)B(1-)\) o
2P {m+ 1) +B[(Bm+A) + (B - A) N} () ’

and
TG LRt 'S kla (3.9)

k=m

S m (B A)5(1- -
T2 {m+ 1)+ B[(Bm+ A)+ (B = A) N} T ()

Finally, it is easy to see that the bounds in (3.1) and (3.2) are attained for the function

f given by (3.3).

Corollary 3.1. If the function f defined by (1.1) is in the class C’ (a1; A, B, A, B),

then

1 (B-A)B(1-))
2l m{(m+1)+B[(Bm+A) +(B—-A)N}Tpii(a)
(B—-A)B(1 -\

1 m
B w01 Bl(Bm )+ (B N Tpa(a) 7+ 310

2|™ < |f (2)]

and
1 (B—A)B(1—2X) Ll »
(i DB Bm i A+ (B AN Taler) | S )
1 (B—A)5(1-N e
< Eln T m T D+ B[(Bm+A) 1 (B = A) N T (1) || (3.11)
The bounds in (3.1) and (3.2) are attained for the function f given by
Fly =214 (B—A)B(1- 1) e

2 m{(m+1)+B[(Bm+A) +(B—A)N}Tpyi(ar)
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4. Modified Hadamard product
Let each of the functions f; and f; defined by

1 k
== 4+ E ; =1, 2 4.1
2 = ak:]z (.7 ’ ) ( )

belong to the class X,,. We denote by (f1 * f2) the modified Hadamard product (or
convolution) of the functions f; and fo that is,

(fr = f2) ( *+ Z ay,iay,22" (4.2)

Theorem 4.1. Let the functions f; (j =1, 2) defined by (4.1) be in the class
X7 (a3 A, B A, B) . Then (fi * f2) (2) € 57 (@15 A, B, v, B) ;where
(B—A)B1=N>(1+8B)(m+1)

(

{On+D+ﬂKBm+A%+B—%ﬂﬂffmumﬂ+%B—AfﬁN1—?T)
4.3

y=1-

The result is sharp for the functions f; (j =1, 2) given by

foly (B—A4)B(1-)) o
I = T {m+ D)+ B[(Bm+ A) + (B - AN} e (ar)

Proof. Employing the technique used ealier by Schild and Silverman [10], we need to
find the largest v such that

S° A+ 1)+ B(BE+A) + (B = )] D)
P (B-A)B(1—)

for (f1 * f2) (2) € Xy (a1; A, B, v, 3). Indeed, since each of the functions f; (j =1,2)
belongs to the class X7, (15 A, B, A, 8) , then

Z{k+1 + BB+ A) + (B= AN} Thi(a)
(B—A)B(1=X)

Now, by the Cauchy-Schwarz inequality, we find from (4.6) that

2 {(k+1)+B[(Bk+ A)+ (B — A) N} Thp1 ()
,;m Goaga . V0allaa <1 @)

Equation (4.7) implies that we need only to show that

(j=1,2). (4.4)

|ak1| k2| <1 (4.5)

lak;| <1 (j=1,2). (4.6

{k+ D+ BUBE+A) +(B= Ak gl (4.8)
(1_7) k1] |0k,2 ’
< {(k+1)+5 [(lefj‘f)) ~rmaell lakallarz2] (k=m),

that is, that

oo e ) BBk A) 5 (B )N (=)
el = s mE A T B anpa-y e 0
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Hence, by the inequality (4.7) it is sufficient to prove that
(B—A)B(1-A)

4.10
{0+ BIBF T A) + (B~ AN} Trra(an) (410
TR+ D) +BIBE+ A+ (B-A)FA=A) T
It follows from (4.10) that
(B—A)BU+EB) (k+1)(1-\)*
y=1- {(k+1)+B[(Bk+A)+(B—A)N}?Trt1 () +H(B—A)2B2(1-N)2 (k>m). (4.11)

Defining the function ® (k) by

_ (B—A)B(14+8B)(k+1)(1-))?
O(k)=1- {(k+1)+B[(Bk+A)+(B—A)N}°Tr 11 (1) +(B—A)?B2(1-1)? (k2m), (4.12)

we see that @ (k) is an increasing function of k (k > m). Therefore, we conclude from
(4.11) that

1 _ (B—A)B(1+BB)(m+1)(1-))?
¥<®(m)=1 {(m4+1)+B[(Bm+A)+(B—A)A]}° T i1 (1) +H(B—A)2B2(1-1)?’ (4.13)

which completes the proof of the main assertion of Theorem 4.1.
Corollary 4.1. Let the functions f; (j =1, 2) defined by (4.1) be in the class
C(Ts (al;Ava)\’ﬁ) . Then (fl * f2) (Z) € C;r,ls (al;AaBauvﬂ)a where

_ (B=A)8(1-))* (1485) (m~+1)
b= G DB Bm+ ) +(B= AN T g (o) + (B AV BN (4.14)

The result is sharp for the functions f; (j =1, 2) given by

1 (B A)5(1- N e
) = S D+ Bl(Bm+ A+ (B— AN Tmralar)” L2£>

Theorem 4.2. Let the functions f; (j =1, 2) defined by (4.1) be in the class
¥yt (15 A, B, A, B) . Then the function h(z) defined by

1 oo
h(z)=-+ Z (ai’l + ai,Q) 2k (4.16)

z
k=m

belongs to the class X7 (a1; A, B, &, B) , where
2(B—A)B(1—XN>(1+8B)(m+1)

521_«m+n+mwm+Awa—MMfmﬁmm+2@—Afwu?m;
The result is sharp for the functions f; (j =1, 2) given by (4.4). .
Proof. Noting that
S [{(E+ 1)+ BBk +A4) + (B= AN} Thga() ] 2
g;{ (B-ABI—N [ toes (19
= (k1) + BB+ A) + (B= AN} Ten(en) |
Slg; (I R “W] =t
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for f; € X0 (3 A, B, A\, B) (j =1, 2), we have

S L+ D+ FBR+ A) + (B = DN T o) (1
2(B— A7 B2 (1- A o

2+ |ak,2|2) <1l
k=m
(4.19)

Thus we need to find the largest £ such that

{(k+1)+B[(BE+A)+ (B—A)¢]}
(1-¢)
{(k+1) + B[(BE + 4) + (B — A) A}* (T4 (a1))
2(B—A)B(1-N)>

(4.20)

<

(k=m),

that is, that
_ 2(B—A)B(1-\)?(1+5B) (k+1)
S 1= GBIt A+ (B- AN T (an r2(6-APma—y (F=2m). (4.21)
Defining the function © (k) by
- 2(B—A)B(1-\)*(145B) (k+1)

O k) = 1 = @D AT B A+ (- AN T (a2 57— (2 m)s (422)
we observe that © (k) is an increasing function of k¥ (k > m). Therefore, we conclude
from (4.21) that

— 2(B—A)B(1-X)*(1+BB)(m+1)
£ 0(m) =1 — n @ A - P ez apeaar:  (423)
which completes the proof of Theorem 4.2.
Corollary 4.2. Let the functions f; (j =1, 2) defined by (4.1) be in the class
CJ (134, B, A, B) . Then the function h(z) defined by (4.18) belongs to the class
C(;rfs (041, Aa Ba P B) ) where

2(B—A)B(1-XN>(1+8B)(m+1)

m {(m+1)+ B[(Bm + A) + (B — A) N} Trya(ar) + 2(B— A2 3 (1 N
(4.24)

p=1-

The result is sharp for the functions f; and f2 given by (4.15).

Remarks. (i) Putting ¢ =2 and s = a1 = ay = /1 = 1 in the above results, we get
the results obtained by Aouf et al. [4, Lemmas 1 and 2 and Corollaries 1, 2, 3, 4, 7
and 8, respectively];

(i) Putting ¢ =2, s=a; =as =01 = B=1and A= -1, in Theorems 4.1, 4.2
and Corollaries 4.1, 4.2, we get the results obtained by Aouf et al. [4, Corollaries 5,
9, 6 and 10, respectively].
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