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Nonlinear two conformable fractional differential
equation with integral boundary condition

Somia Djiab and Brahim Nouiri

Abstract. This paper deals with a boundary value problem for a nonlinear differ-
ential equation with two conformable fractional derivatives and integral boundary
conditions. The results of existence, uniqueness and stability of positive solutions
are proved by using the Banach contraction principle, Guo-Krasnoselskii’s fixed
point theorem and Hyers-Ulam type stability. Two concrete examples are given
to illustrate the main results.
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1. Introduction

The subject of fractional as a definition has attracted increasing interest re-
searchers since L’Hospital’s letter in 1695. Later on, many definitions are made (the
most popular ones are the Riemann-Liouville fractional derivative and Caputo’s frac-
tional derivative) and increasingly used in a variety of fields witch prove that the sub-
ject of fractional derivative is as important as calculus; see ([11, 17, 15, 6]). Moreover,
Khalil et al. in ([10]) introduced new fractional derivative, namely ”the conformable
fractional derivative”, since then, the basic concepts of conformable fractional calcu-
lus has been greatly development due to the nature of definition witch is satisfy all
the requirements of the standard derivative.

Integral boundary conditions of fractional differential equations is recently ap-
proached by various researchers by applying different fixed point theorems, also, there
are a few papers concerning conformable fractional differential equations with integral
boundary conditions, see ([8, 13, 14, 19]), for example; the authors in ([19]) discussed
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the existence of positive solutions for

Doz (t) = f(t,z (1)), t€[0,1], a € (1,2,

2(0) =0, x(l):)\/o (1) dt,

where f € C([0,1] x R4,Ry). By using the fixed point theorem in a cone.

Another aspect has increasingly attracted the attentions of researchers known as
stability analysis. Different kinds of stability have been studied for fractional differ-
ential equations including exponential, Mittag-Leffler, Lyapunov stability, the Ulam-
Hyers-Rassias stability, etc; for instance, M. Houas et all. in ([9]) studied the existence,
uniqueness and stability of solutions to the following fractional boundary value prob-
lem with two Caputo fractional derivatives involving nonlocal boundary conditions:

De (D5+>\)$(t):f(t’x(t))+/o (tr<)>
s)p_1

z(0) =z +g(z), $(T):6/on(n;(w

where D®, DP denote the Caputo fractional derivatives, with

0<a,f<1l,1<a+p<2 f:0,T]xR—=R

f(s,z(s))ds, t €[0,T],

xz(s)ds, n € (0,T),

and g : C ([0, T],R) — R are given continuous functions, and o,p > 0, \, zg, 6 are real
constants, g () may be regarded as

g(@) = Kz (t;),
=0

where k;,7 =1,...,m are given constants and 0 < ¢y < ... < t,, < 1. The existence,
uniqueness and Ulam’s stability for conformable fractional differential equations was
studied as well; see ([4, 18, 12]).

On the other hand, Avery et all. in ([3]) investigated the existence of positive
solution of the following conformable fractional boundary value problem with Sturm-
Liouville boundary conditions

—DgDyu(t) = f(t,u(t)), t €(0,1),
Yu(0) = 0Dau (0) = 0 =nu (1) + (Dau(l),
where 0 < o, 8 < 1, 7,0,m,¢ > 0 and d = nd + v¢ + yn/a > 0. By employing a
functional compression expansion fixed point theorem.
In this paper, we concern by study the existence, uniqueness and Ulam stability
of positive solutions to the following fractional boundary value problem with two

conformable fractional derivatives involving integral boundary condition (for short
CFBVP)

DDz (t) + Af (t,z (£)) =0, t € [0,1], (1.1)

Doz (0) = 0, 2 (1) :7/0 2 (t) dt, (1.2)
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where 0 < o, 8 < 1, A > 0, 7 > 0, the derivatives are conformable fractional deriva-
tives and the function f : [0,1] x [0,400) — [0, +00) is continuous.

This paper is organized as follows. In Section 2, we give some basic concepts
and properties results that will be used to prove our main results. In Section 3,
we obtain the existence and uniqueness of the positive solutions for CFBVP (1.1)-
(1.2), by the use of Gou-Krasnosel’skii fixed point theorem and Banach contraction
mapping principle. Furthermore, we study different types of Ulam stability: Ulam-
Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability, and
generalized Ulam-Hyers-Rassias stability for CFBVP considered.

2. Preliminaries

In this section, we recall some useful definitions, lemmas and theorems. It is
always assumed that 0 < a, 5 < 1 throughout this paper.

Definition 2.1. ([10]). The conformable fractional derivative of a function z : [0, 00) —
R of order « is defined by

Dz (t) = lim = (t+et™) —2 ()

e—0 €

If Doz (t) exists on (0,0),b > 0, then Dy (0) = limy_,o Doz (t).

, forallt>0.

Definition 2.2. ([10, 1]). The fractional integral of a function z : [0,00) — R of order
« and of order af are defined respectively by

I,z (t) = /Osaflac(s)ds7
I gz (t) = %/0 s (tP — sP) z(s) ds.

Lemma 2.3. ([10, 1]).

(1). If z is a continuous function on [0,00), then Dy (Inz (t)) = z (¢ )
(ii). If Doz (t) is continuous function on [0,00), then I, (Dyx (t)) =

Theorem 2.4. ([10, 1]).

(i). If z is differentiable on (0,00), then Doz (t) = t1=%a' (t).
(ii). If z is twice differentiable on (0,00), then

DpDox (t) = 10 [t1702 (1)) = (1 — @) P70 (t) + 277~ 2" (1).
Remark 2.5. Note that DgD, # D,D3.

Further, we present the following fixed point theorems which will be used in
studying of our main results.
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Theorem 2.6. (Guo-Krasnoselskii fixed point theorem [7]). Let E' be a Banach space,
PCFEbea cone and Qq,Qq are two bounded open subsets of E with 01 C Qy. Assume
that T : PN (QQ\Ql) is a completely continuous operator such that either

Tzl > Jz|, x€ PN and ||Tz|| < ||z||, x € PN Qs or,
I Tz|| < Jz|, z€ PNoQ and ||Tx| > ||z||, x € P NONs.

Then T has at least one fixed point in PN (ﬁz\ﬂl),

Theorem 2.7. (The Banach contraction principle theorem [5]). Let E be a Banach
space, P C E a nonempty closed subset. If T : P — P is a contraction mapping, then
T has a unique fized point in P.

To facilitate the use of Theorem 2.6, we provide the following definitions and theorem:

Definition 2.8. ([16]). Let E be a real Banach space. A nonempty closed convex set
P C FE is called a cone if for all z € Pand A > 0, Ax € P and if z, —x € P then
z=0.

Definition 2.9. ([16]). An operator is called completely continuous if it is continuous
and maps bounded sets into precompact sets.

Theorem 2.10. (Ascoli-Arzela [2]). Let E be a compact space. If T is an equicontin-
uous, bounded subset of C (E), then T is relatively compact.

Next, we present an integral presentation of the solution for the linearized equation
related to the equation (1.1)

DsDoz (t) + Ag (t) =0, (2.1)
with the boundary conditions (1.2).

Lemma 2.11. Let g € C'[0,1], then the CFBVP (2.1)-(1.2) has a unique solution x
given by

x (t) :)\/0 G (t, ) g(s)ds,

where
M BN B _ B a—1
Gts) =~ {(ﬁﬂ)(l—v) (1—s7) = (t s)]s , 0<s<t<l, )
’ Bl - .
b ey (1= s9) sot, 0<t<s<l

Proof. By the continuity of g and Lemma 2.3, it follows from (2.1) that
z(t) =2 (0) + InDox (0) — A Igg (t), t €[0,1].

This, together the boundary conditions, implies

x(t) = ’y/ol x(t)dt + MoIpg (1) — M Igg(t), t €[0,1]. (2.3)
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Now, we integrate (2.3) from 0 to 1 in both sides and by using the Fubini theorem,

we get
/le(t)dt - / dt+ﬁ/ (1= 5%) g (s) ds

m/ 5% (1—56)g(s)ds,

which implies

1 ——A 18“_1 —sP s)ds
/Ox(t)dt_(ﬂ—kl)(l—v)/o (1 ) g (s)ds. (2.4)

Substituting (2.4) into (2.3), which yields
Ay

x = — 180471 — P s)ds
0 = Grnay ), o a-e
A

1 t
+%/O s> ! (1—sﬂ)g(s)ds—ﬁ/0 s*H(tF —s%) g (s)ds.
O

The Green function G in (2.2) has several important properties given as follows:

Lemma 2.12. For any (t,s) in [0,1] x [0,1] and v € [0,1):
(G1). 0 < G (t,s) and continuous,
(G2). G(1,s) <G (t,5) <G(0,s),
(G3). G(0,8) =G (s,s) = %G(l,s).

Proof. Obviously that G is positive, continuous and % <0, for 0<t,s<1,then
G (t, s) is decreasing with respect to t € [0, 1], and therefore
G(1,8) <G(t,s) <G(0,8), for 0<t,s<1.

A simple calculation shows that

G(0,s) = —B 1= — M s =G (s, s
. s7) YT = 7’75 s
G(1,s) CES ) (1 /3) 1 s ’YG((L ).

3. Main results

For investigating the existence, uniqueness and stability of positive solutions for
the CFBVP (1.1)-(1.2), we define the Banach space E = C'[0, 1] with the norm ||z|| =
maxyeo,1] | (t)| and the bounded subset Q, of E, with Q, = {z € E, ||z]| <, 7 > 0}.
As well, define the cone P in F by

P_{er, o) > =P

> 572 lell, te 01, €01}
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Furthermore, define

1
Alz/OG(O,s)ds,Ag +1_ /GOS

Also, define the operators 7 : E — E as

P = )\/0 G(ts) f (5,2 (s)) ds,

under the properties of G in Lemma 2.12 and our assumptions on f, the operator is
well-defined, continuous, positive and has the following properties.

Lemma 3.1. (i). 7(P) C P.
(ii). The operator T : P — P is completely continuous.

Proof. (i) From Lemma 2.12 and the definition of the cone P, we have

Te(t) = )\/ Gt s) f (5,2 (s)) ds

ﬁﬁﬂ_ / G (0,5) f (5,2 (s)) ds
A
20 [ @087 o 6
2 ﬁ_:lilﬂ_,y | Tz||, forallte[0,1].

Hence Tx € P.
(ii) Let = € €, then there exists a positive constant Ly such that

sup max f (t,x) < Lo,
|lz]|<r tE[0,1]

then, it holds that

1 1
[T ()] = max /\/O G(t,s) f(s,xz(s))ds < )\LO/O G (0,s)ds,

tel0,1]

which implies that 7 (£2,.) is bounded. Hence, for all t1,t2 € [0,1], t; < t2 and by
Lemma 2.12, we have

T2 (b)) — Tz (t)]| < max]/2G(t,s)f(s,9:(s))ds

te(0,1
ta
< Ly G (0,s)ds
ty
— w " 1—6%) @14
= S, 070
< LoABFIZY) oy,

af (B+1)(1—7)
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Tz (t2) — Tx (t1)]] — 0 as t; — t2 which implies that the set T (£2,) is equicontin-
uous. By the Arzela-Ascoli theorem T : €, — Q,. is compact. We thus complete the
proof. 0

Lemma 3.2. The CFBVP (1.1)-(1.2) has a positive solution x € E if and only if it is
a fized point of T in P.

Proof. Let x be a fixed point of 7 in P, then

x(t):)\/o G (t,s) f(s,x(s))ds, t €[0,1],

1
= [ ot + AL (L (0),
0
and thus, by the continuity of f and Lemma 2.3, we obtain
DgDyx (t) = Af (t,z (1)) .
Furthermore, the equality (3.1) directly implies

1
x (1) = 'y/ x (t) dt and Dy (0) = 0.
0
Therefore, x is a positive solution of the CFBVP (1.1)-(1.2).
Moreover, the Lemmas 2.11 and 3.1 imply that z is a fixed point of T in P. O

3.1. The existence of positive solutions of the CFBVP

Before presenting our results, we present some important notations as follows:

t t

7% = lim max M, f° = lim max M,
z—0t€[0,1] x z—o0 te(0,1] x
t t

fo = lim min il ,x), foo = lim min M
z—01¢€(0,1] x z—o0 te(0,1] x

Theorem 3.3. Assume there exists ro > ry > 0, such that

r
f(ta) < 55 @ € 0], te[0,1],
1
> — 1
ftx) > M, x €[0,r1], t€][0,1],
then the CFBVP (1.1)-(1.2) has at least one positive solution.
Proof. By Lemma 2.12, for x € P N 052, , we have
1
VB 71
> t) > ——— —ds =r1.
[Tzl > Tx(t) > ﬂ+1_7/0 G (0,s) Als=n
For x € PN OQ,,, we get
2

1 1
| Tz :/0 G(O,s)f(s,x(s))ds§/0 G(0,s) Alds:rg.

Applying Theorem 2.6 yields that 7 has at least one fixed point z € PN (ﬁm \er)
with 7 < [|z|| < ro. It follows from Lemma 3.2 that the CFBVP (1.1)-(1.2) has at
least one positive solution z. The proof is complete. O
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Theorem 3.4. Let foo-2— B+1 5 > 1 and f9 < B-:lﬁ—'v are satisfied, then for each \ €

(A%, E) the CFBVP (1.1)-(1.2) has at least one positive solution.

Proof. From the definition of f°, there exists r; > 0, such that
f(t,x) < fOz, forallt€[0,1], 0 <z <ry.

For z € PN 0%, we have
1
IT] = A / G(0,5) f (s, (s)) ds
0

S)\/O G (0,5) fOr (s)ds

< A0l Ay
< [l
Consequently
Tz <|z||, = € PNIQ,,. (3.2)

By the definition of f.,, there exists r3 > 0, such that
ft,x) > foor, foralltel0,1], x> rs.

If x € PN OQ,, with ro = max {2ry, 73}, then by the definition of cone P, we have

1
Tzl = )\/ G(0,s) f(s,z(s))ds

> Afoo/ G(0,s)x(s)ds
>
> foonmn/ G(0.5)d
> lzff -
Hence
Tz > ||z||, = € PNoxQ,,. (3.3)

From (3.2)-(3.3) and Theorem 2.6 we assurance that the operator 7 has at least one
fixed point z € PN (Qy,\Qy,) with r; < [|z]| < 3. It follows from Lemma 3.2 that
the CFBVP (1.1)-(1.2) has at least one positive solution z. O
B 00 B
Theorem 3.5. If B:fvfo > 1 and f* < m

(A A ) the CFBVP (1.1)-(1.2) has at least one positive solution.

are satisfied, then for each \ €

Proof. From the definition of fj, there exists r; > 0, such that

ft,x)> fox, forallte|0,1], 0 <z <ry.
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Further, for € P with ||z| = r1, then as previously

1
T > AA<H&$%M@%

1
S holal [ G 0.5)ds

[l

Y]

Hence
Tz > [z||, x € PNOQ,,.
By the definition of f°, there exists L > 0, such that
ftx) < fx, foralltel0,1], x>ry,
it follows that there exists § > 0, such that

d = max f(t,ra), foralltel0,1], 0 <z <74
tel0,1]

Then
ft,x) < fPx+94, forallte[0,1], x> 0.

If v € PN OKY,.,, with 7o = max {2r1, 6?1'8—67 }, we get

1
IT2l = AACHQ@f@w@D@

1
< )\/ G(0,8) (f*x(s)+d)ds
0
< Azl +9) Ay
< -

Thus
Tz <|z||, z € PNOQ,,.

Applying Theorem 2.6 yields that 7 has at least one fixed point z € P N (ﬁrz \Qn)
and Lemma 3.2 ensure that the CFBVP (1.1)-(1.2) has at least one positive solution
z. U

Example 3.6. Consider the CFBVP (1.1)-(1.2) with 8 =1, a =3, v =2 and

B (t+1)2% (t,x) €[0,1]
Ft )= { 2(t+ 1D, (t,2)€0,1]

F(t,z)=(2t+1) (sinz+e ),

X
X

the functions f, F' are continuous for any ¢ € [0,1] and any x > 0, we have

t t
f° = lim maxM:O7 foo = lim min M:Z
z—0t€[0,1] x z—00 te(0,1] x
Fy = lim min ftz) =00, F*° = lim max F(t,2) =0.

z—0t€[0,1] x z—o0 te(0,1] x



198 Somia Djiab and Brahim Nouiri

By simple calculations we obtain 7 Jf 5= é. On the other hand, we get
B+1— /1 2
A = /GOsds— 1—sP)s%ds ==,
: S fy (7=
VB / 2
Ay = —F— G(0,s)ds =
> = grioq ), CO9E=5
For \ € (% %), for specified function f the Theorem 3.4 (or for function F' the
Theorem 3.5) gives that the CFBVP (1.1)-(1.2) has at least one positive solution z

defined on [0, 1].
3.2. The uniqueness and Ulam-Hyers stability of positive solution of the CFBVP

In this subsection, we present four types of Ulam stability definition, namely
Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias, and gen-
eralized Ulam-Hyers-Rassias:

Definition 3.7. The CFBVP (1.1)-(1.2) is Ulam-Hyers stable if there exists ¢y € Ry
such that for each e > 0 and for every solution y € C? ([0, 1], [0, 00)) of the inequality

[DgDay (t) + Af (Ly (1) <&, t€[0,1], (34)
there exists a unique solution x € C? ([0,1], [0, 00)) of the CFBVP (1.1)-(1.2) with
ly — || < cpe, t€0,1].
Definition 3.8. The CFBVP (1.1)-(1.2) is generalized Ulam-Hyers stable if there

exists ; € C(Ry,Ry), 6;(0) = 0 such that for each ¢ > 0 and for every so-

lution y € C?([0,1],[0,00)) of the inequality (3.4), there exists a unique solution
x € C%([0,1],[0,00)) of the CFBVP (1.1)-(1.2) with

ly =zl <05 (e), t€0,1].
Definition 3.9. The CFBVP (1.1)-(1.2) is Ulam-Hyers-Rassias stable with respect to

¢ € C([0,1],Ry) if there exists ¢; € Ry such that for each ¢ > 0 and for every
solution y € C?(]0,1], [0, 0)) of the inequality

|DpDay () + Af (t,y (1) < e (t), t€[0,1], (3.5)
there exists a unique solution x € C? ([0, 1], [0, 0)) of the equations (1.1)-(1.2) with
ly —ll < crep(t), t €[0,1].

Definition 3.10. The CFBVP (1.1)-(1.2) is generalized Ulam-Hyers-Rassias stable with

respect to ¢ € C([0,1],Ry), if there exists ¢f, € Ry, such that for every solution
y € C%([0,1],[0,00)) of the inequality

[DgDay (t) + Af (ty () < @ (), t €0,1], (3.6)
there exists a unique solution x € C? ([0,1], [0, 0)) of the equations (1.1)-(1.2) with
ly —zll < crpp(t), t €0,1].

Remark 3.11. Clearly,
(i). Definition 3.7 = Definition 3.8.
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(ii). Definition 3.9 = Definition 3.10.
Theorem 3.12. Assume there exists L > 0 such that
|f(t,x)— f(t,y) < Llx—y|, for almost every t € [0,1], and all z,y € E.
Then, if
A =MLA < 1, (3.7
the CFBVP (1.1)-(1.2) has ezactly one positive solution defined on [0, 1].

Proof. Using Lemma 2.3, we have

1
1Tz () - Ty@®| < /\/O G(0,8)[(f (s,2(s)) = [ (s,9(s)))| ds

IA

1
/\LHx—yH/ G (0,s)ds
0

= Allz—yl.

Then, Theorem 2.7 and Lemma 3.2 ensure that there is a unique and positive x in F
with z = Tz. O

Theorem 3.13. Let (3.7) holds, then the CFBVP (1.1)-(1.2) is Ulam-Hyers stable and
consequently generalized Ulam-Hyers stable.

Proof. Let y € C?(]0,1],[0,00)) be any solution of the inequality (3.4), Thank to
Lemma 2.11, we obtain

y<t>=A/O G (t5) f (5. (s)) ds,

which yields

< g/t(t—sﬁ)so‘_lds
- B

1
%/ (1 — 55) s Lds
0

< €A1.

Let 2 € C?([0,1],]0,00)) be the unique solution of the CFBVP (1.1)-(1.2), we have
for any ¢ € [0, 1]

—)\/0 G (t,s) f(s,x(s))ds

y(t)—A/O G () f (s, () ds

IA

W —z@ = |y —A/O G (t,3) f (s, (s)) ds

(t)
y(t)

—)\/0 G(t,s)f(&y(s))ds—i—)\/o G (t,s) f(s,y(s))ds
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AN

‘Mﬂ—AA<Nu@f@y®Dw

+AA<%L$U@w@D—f@x@D%

IN

Ay 4+ )\L/O G(0,5)|(y () — ()] ds,

which implies
ly — l| < eAr+ ALAy [ly — o],

on simplification it gives

Iy — ]l < ecy, wh =
—x cf, where cp = ————
yoall e I oNIA,
which completes the proof. By putting 6 (¢) = ecf,8f (0) = 0, then the CFBVP
(1.1)-(1.2) is generalized Ulam-Hyers stable. O

Theorem 3.14. Let (3.7) holds. Assume that, there exists an increasing function ¢ €
C([0,1],Ry) € E and there exists o, € Ry such that for any t € [0,1]

Lolpp (t) < opp (),
is satisfied, then the solutions of the CFBVP (1.1)-(1.2) are Ulam-Hyers-Rassias sta-

ble. Further the solutions of the considered CFBVP (1.1)-(1.2) are generalized Ulam-
Hyers-Rassias stable.

Proof. Similar to the proof of Theorem 3.13, let y € C? ([0, 1], [0, 00)) be any solution
of the inequality (3.5), Thank to Lemma 2.11, we obtain

]ww—xlﬁnugf@yw»m

IN

eloIpp (1)

< eopp(t).
Let x € C%([0,1],]0,00)) be the unique solution of the CFBVP (1.1)-(1.2), we have
for any t € [0, 1]

ly (t) — = (1)

IN

1
\y@—A/’Gw@fuwwnw

0

+AA<ﬂt$U@w@D—f@x®D@

IN

MWW+MAG&@M@—MWW,

which implies that
1
1—ALA;’
which completes the proof of the theorem. Moreover, if we set ¢ (¢) = ey (t), then
1

©(0) = 0. Analogously one can easily prove that the solutions of CFBVP (1.1)-(1.2)
are generalized Ulam-Hyers-Rassias stable. O

ly —z|| < creopp(t), where ¢y =
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Example 3.15. Consider the CFBVP (1.1)-(1.2) with 3 =1,a=1,7 = 3 and

1
fta) =

the function f is continuous for any ¢ € [0,1] and any x > 0, by simple calculations
we obtain

sin z,

(S0 V)

1 (t0) = ()] < 5o —y] and As =

For A € (0,5), Theorem 3.12 give that the CFBVP (1.1)-(1.2)
solution z defined on [0, 1]. Now, let

=

as exactly one positive

‘D;y/ (t) + Lsinx <e te|0,1],

5(t+2)

then, by Theorem 3.13 the CFBVP (1.1)-(1.2) is Ulma-Hyers stable with c; = 3. On
the other hand, Consider the inequality

3
Dy (¢ —— i
W+ gy sine

by Theorem 3.14 the CFBVP (1.1)-(1.2) is Ulam-Hyers-Rassias stable with
1 25 1

CTINIA T 2 T e+ )

<et, tel0,1],

4. Conclusion

By using the Banach contraction principle, Guo-Krasnoselskii’s fixed point theo-
rem and Hyers-Ulam type stability, we discuss problem (1.1)-(1.2), a two conformable
fractional differential equation with integral boundary conditions. We present our re-
sults of the existence, uniqueness of positive solution and Hyers-Ulam type stability.
Two concrete examples are given to better demonstrate our main results.
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