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Unsteady flow of Bingham fluid in a thin layer
with mixed boundary conditions

Yassine Letoufa, Hamid Benseridi and Tedjani Hadj Ammar

Abstract. In this paper we consider the dynamic system for Bingham fluid in a
three-dimensional thin domain with Fourier and Tresca boundary condition. We
study the existence and uniqueness results for the weak solution, then we establish
its asymptotic behavior, when the depth of the thin domain tends to zero. This
study yields a mechanical laws that give a new description of the behavior this
system.
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1. Introduction

This work gives an extension to describe the flow of fluids in a dynamic system
to some of the results obtained in a series of papers [1, 2, 4, 5, 9], in which the authors
considered a stationary case only of the general equations describing the motion of
some fluid flows in bounded thin domain, with slip and mixed boundary conditions.
The aim of this paper is to study the asymptotic analysis of an incompressible Bing-
ham fluid in a dynamic regime in a three dimensional thin domain mixed boundary
and subject to slip phenomenon on a part of the boundary. We are interested here in
the existence and uniqueness for this problem and also its behavior when the thickness
of the thin domain tends to zero.

This fluid enters the category of non-Newtonian fluids, and there are many mi-
lieus in nature and industry exhibiting the behavior of the Bingham fluid. For exam-
ple, heavy crude oils, colloid solutions...See also historical ref [3]. More specifically, the
model under study is mainly related for lubrication problems in a lot of mechanical
papers [10, 11, 13] when the gap between the solid surfaces is very weak. In this dy-
namic system, the non-slip condition is caused by the chemical structure between the
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lubricants and the surrounding surfaces. On the contrary, tangential stresses, when
they reach a certain threshold, destroy the chemical structure and induce a slip phe-
nomena. This phenomenon is implicitly expressed by the Reynolds equation, which
was mathematically posed during 1985 in [12].

Thus, following the same ideas as in [5]. The departure point is the laws of con-
servation, which includes here the effect of the acceleration-dependent inertia forces.
A friction law of Tresca and the Fourier boundary condition are assumed on the
boundary, so fall into the scope of the work of [8]. Then we will compare our results
to stationary problem in [1, 2, 4, 5].

This work is also devoted to prove our results, with suitable conditions on the
initial data, contrary to what was assumed in [7, p. 289-290] where the initial con-
ditions for the data were null. The main difficulty here is to estimate the solutions
of the problem, due to the fractional term for the Bingham constitutive law and the
assumption coming from the initial velocity. The proofs presented in this paper are
based on regularization methods and classical results for elliptic variational derived
from [6, 7]. The plan of this paper is as follow, we present in section 2, some notation
and the weak formulation of problem. In section 3, we give the main results on ex-
istence results by the regularization methods. In section 4, we introduce a scaling as
in [5, 8], we give some needed estimates on the velocity and pressure, also the conver-
gence results. In sections 5 we present the limit problem and we give the mechanical
interpretation of the results.

2. Preliminaries and variational formulation

Let ω be fixed region in the surface x′ = (x1, x2) ∈ R2, and let h ∈ C2 (ω) be a
smooth positive function such that 0 < h ≤ h(x′) ≤ h for all (x′, 0) ∈ ω. Consider an
incompressible Bingham fluid occupying the domain

Ωε =
{
x = (x′, x3) ∈ R3 : (x′, 0) ∈ ω, 0 < x3 < εh(x′)

}
,

Qε = Ωε × ]0, T [ .

where ε ∈ ]0, 1[ and T > 0. Noting Γε the boundary of Ωε, we have Γε = ω̄ ∪ Γ̄ε1 ∪ Γ̄εL,
and Γε1 the upper boundary of equation x3 = εh(x′), ΓεL is the lateral boundary. We
denote by Sn (n = 2, 3) the space of symmetric tensors, while ’.’ and |.| will represent
the inner product and the Euclidean norm on Sn or Rn. We consider the rate of

deformation operator defined for every uε ∈ H1(Ωε)3 by D(uε) =
1

2
(∇uε + (∇uε)T ).

Let ν denote the unit outer normal on Γε, and we write uε for its trace on Γε, also

uεν = uε.ν, uετ = uε − uεν .ν, σεν = (σε.ν) .ν and σετ = σε.ν − (σεν) .ν

be, respectively, the components of the normal, the tangential of uε on Γε, the normal
and the tangential of σε on Γε.

The unstable flow of Bingham fluid that will be studied in this paper is given by the
following mechanical problem.
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Problem P. Find the velocity fields uε = (uε1, u
ε
2, u

ε
3) and the scalar pressure pε such

that

∂uε

∂t
− div (σε) = −∇pε + fε in Ωε × [0, T ] , (2.1)

div(uε) = 0 in Ωε × [0, T ] , (2.2) σεij = ε−1α
Dij(u

ε)

|D(uε)|
+ 2µDij(u

ε) if |D(uε)| 6= 0

|σε| ≤ ε−1α if |D(uε)| = 0
in Ωε × [0, T ] , (2.3)

uε = 0 on ΓεL × ]0, T [ , (2.4)

uε · ν = 0 on (ω ∪ Γε1)× ]0, T [ , (2.5)

στ (uε) = −lεuε on Γε1 × ]0, T [ , (2.6){
|σετ | < ε−1k ⇒ uετ (t) = 0
|σετ | = ε−1k ⇒ ∃λ ≥ 0 uετ (t) = −λσετ

on ω × [0, T ] , (2.7)

uε (x, 0) = uε0 (x) ∀x ∈ Ωε. (2.8)

Here, the flow is given by equation (2.1), where fε = (fε1 , f
ε
2 , f

ε
3 ) denote the volume

force of density. The equation (2.2) represent the incompressibility condition. Relation
(2.3) represents the constitutive law of Bingham fluid of viscosity µ and plasticity
threshold α, where µ, α > 0 are constants independent of ε. The condition (2.4) is
the Dirichlet boundary. (2.5) give the non-slip condition of velocity on Γε1 and ω. (2.4)
represent the Fourier condition on Γε1, where lε > 0 is a given constant. Condition
(2.7) represents a Tresca’s friction law on ω, where k is a coefficient independent of
ε, finally, the initial velocity is a given by (2.8), with uε0 6= 0 is a given function.

Now, we us consider the following function spaces

Kε =
{
φ ∈ H1(Ωε)3 : φ = 0 on ΓεL, φ.ν = 0 on ω ∪ Γε1

}
,

Kε
div = {φ ∈ Kε : div(φ) = 0 in Ωε } ,

L2
0(Ωε) =

{
q ∈ L2(Ωε) :

∫
Ωε

q dx = 0

}
.

Let us introduce the bilinear forms a, ă and functional Jε defined by

a(uε, φ− uε) = 2µ

∫
Ωε

Dij (uε)Dij (φ− uε) dx,

ă(uε, φ− uε) = a(uε, φ− uε) + lε
∫

Γε
1

uε. (φ− uε) dτ,

Jε(φ) = ε−1

∫
ω

k |φτ | dx′ +
√

2αε−1

∫
Ωε

|D (φ)| dx.

Jε is convex and continuous but non differentiable in Kε.

Following [5, 8], the variational inequality of the problem (2.1)-(2.8) is given by
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Problem Pv. Find {uε, pε} where uε(t) ∈ Kε
div,

∂uε

∂t
(t) ∈ Kε and pε(t) ∈ L2

0(Ωε) such

that ∫
Ωε

∂uε

∂t
(t). (φ− uε(t)) dx+ ǎ(uε(t), φ− uε(t))−

∫
Ωε

pε div (φ) dx+

Jε(φ)− Jε(uε(t)) ≥
∫
Ωε

fε. (φ− uε(t)) dx ∀t ∈ ]0, T [ ∀φ ∈ Kε
(2.9)

with
uε(0) = uε0 (6= 0) . (2.10)

Notation. To simplify the writing, we will denote the norm in L2 (Ωε)
3

by‖.‖0,Ωε and

the norm in Hs (Ωε)
3

by ‖.‖s,Ωε , the inner products on the space L2 (Ωε)
3

designed

by (., .) and le 〈., .〉 denote the duality pairing between (Kε
div)
′

and Kε
div.

3. Existence and uniqueness results

We establish here a theorem of existence of weak solutions for Pv .
Theorem 3.1. We make the following assumptions :

fε,
∂fε

∂t
∈ L2

(
0, T ;L2 (Ωε)

3
)

, fε (0) ∈ L2 (Ωε)
3

(3.1)

k ∈ C∞0 (ω), k > 0 does not depend on t, (3.2)

uε0 ∈ H2(Ωε)3 ∩H1
0 (Ωε)3, (D (uε0))τ = 0 on ω ∪ Γε1, (3.3)

∃η > 0 |D (uε0)| ≥ ε−1η a.e. in Ωε. (3.4)

Under these assumptions, there exist a function uε unique solution of (2.9)-(2.10)
with

uε,
∂uε

∂t
∈ L∞

(
0, T ;L2 (Ωε)

3
)
∩ L2

(
0, T ;H1 (Ωε)

3
)

. (3.5)

Remark 3.1. The hypothesis 〈uε0 6= 0〉 leads us to make additional techniques in the
resolution of (2.9)-(2.10). First, we introduce two technical lemmas in the following
paragraph, which will be used to obtain the needed estimates, then we will give the
demonstration of theorem 3.1.

3.1. Regularization

For ζ > 0, we consider the operator ψζ and Ψζ defined by

ψζ : L2 (ω)
2 → L2 (ω)

2
, v → ψζ(v) = |v|ζ−1

v

Ψζ : H1 (Ωε)
3×3 → H1 (Ωε)

3×3
, σ → Ψζ(σ) = |σ|ζ−1

σ

From [7], we approach Jε by differentiable family;

Jεζ (v) = ε−1

∫
ω

k(x′)
|vτ |(1+ζ)

1 + ζ
dx′ +

√
2αε−1

∫
Ωε

|D (v)|(1+ζ)

1 + ζ
dx,

we have〈(
Jεζ
)′

(v) , φ
〉

= ε−1

∫
ω

kψζ(vτ ).φτdx
′ +
√

2αε−1

∫
Ωε

Ψζ(D (v)).D (φ) dx. (3.6)
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Then, we can approach the inequality (2.9) by the following equation, for all φ ∈ Kε
div:(

∂uεζ
∂t

(t) , φ

)
+ ă

(
uεζ (t) , φ

)
+
〈(

Jεζ
)′

(v) , φ
〉

= (fε (t) , φ) (3.7)

with
uεζ(0) = uε0 (3.8)

Lemma 3.1. Let G : S?3 → S3 be defined by G(τ) = |τ |ζ−1
τ such that ζ ∈ ]0, 1[. Let

σ ∈ H1 (Ωε)
3×3

, we suppose that there exist a strictly positive constant β such that

|σ| ≥ β a. e. in Ω
ε
, then

Goσ ∈ H1 (Ωε)
3×3

and
∂

∂xk
(Goσ) =

(
∂G

∂τij
oσ

)
∂σij
∂xk

∀i, j, k ∈ {1, 2, 3} .

Proof. We have |G(τ)| = |τ |ζ ∀τ ∈ S?3. Since |σ| ≥ β, and therefore

|Goσ| = |σ|ζ = |σ| |σ|ζ−1 ≤ βζ−1 |σ| ,

as a consequence Goσ ∈ L2 (Ωε)
3×3

.
Similarly,by a standard calculation of differentiation of a composition, we have∣∣∣∣( ∂G

∂τij
oσ

)
∂σij
∂xk

∣∣∣∣ =

∣∣∣∣|σ|ζ−1
(

(ζ − 1)σ2
ij |σ|

−2
+ 1
) ∂σij
∂xk

∣∣∣∣
≤ |σ|ζ−1

∣∣∣∣∂σij∂xk

∣∣∣∣ ≤ βζ−1

∣∣∣∣∂σij∂xk

∣∣∣∣ (3.9)

and thus

(
∂G

∂τij
oσ

)
∂σij
∂xk

∈ L2 (Ωε)
3×3

. It remains to verify that∫
Ωε

(Goσ) .
∂Φ

∂xk
dx =

∫
Ωε

(
∂G

∂τij
oσ

)
∂σij
∂xk

.Φdx ∀Φ ∈ C1
0 (Ωε)

3×3
.

By Friedrich Theorem (see [6, p. 265]), there exists a sequence σn in C∞0
(
R3
)3×3

such

that σn → σ in L2 (Ωε)
3×3

and ∇σn → ∇σ in L2 (W ε)
3×3×3

for all open W ε with
W ε ⊂ Ωε. Then, we can follow the proof with an argument similar to that used in
proof of [6, Proposition 9.5]. �

Lemma 3.2. Let ε, ζ ∈ ]0, 1[. If uε0 verifies the assumptions (3.3), (3.4). Then
(
Jεζ

)′
(uε0)

belong to L2 (Ωε)
3
, moreover, there exist a constant γ > 0 does not depend on Ωε,

such that ∥∥∥(Jεζ )′ (uε0)
∥∥∥

0,Ωε
≤ ε−1γ ‖uε0‖2,Ωε . (3.11)

Proof. Using Green’s formula in (3.6) and using the assumption (3.3), we get〈(
Jεζ
)′

(uε0) , φ
〉

= −
√

2αε−1

∫
Ωε

{Div (Ψζ(D (uε0))}φdx (3.12)

Applying lemma 3.1 for σ = D (uε0) and β = ε−1η, clearly Ψζ(D (uε0)) ∈ H1(Ωε)3×3.
By [7] we can write the Gelfand triple

Kε
div ⊂ L2(Ωε)3 ⊂ (Kε

div)
′
,



778 Yassine Letoufa, Hamid Benseridi and Tedjani Hadj Ammar

and it follows the following relation :((
Jεζ
)′

(uε0) , φ
)

=
〈(
Jεζ
)′

(uε0) , φ
〉
∀φ ∈ L2(Ωε)3.

By comparison with (3.12), we find(
Jεζ
)′

(uε0) = −
√

2αε−1Div (Ψζ(D (uε0)) .

But, due to fact that (3.9) we have‖Ψζ(D (uε0))‖1,Ωε ≤ ηζ−1 ‖D (uε0)‖1,Ωε . Then, using

Sobolev injection related to Div and D, the relation (3.11) can be easily deduced with

γ =
√

6αηζ−1. �

3.2. Demonstration of Theorem 3.1

First, we seek to estimate the solution independently of ζ. Let t ∈ [0, T ]. As〈(
Jεζ
)′ (

uεζ
)
, uεζ

〉
≥ 0,

the equation (3.7) for φ = uεζ(t) becomes

1

2

d

dt

∥∥uεζ(t)∥∥2

0,Ωε + a
(
uεζ(t), u

ε
ζ(t)

)
+ lε

∥∥uεζ(t)∥∥2

0,Γε
1

≤ (fε(t), uεζ(t)). (3.13)

By [5] there exist a constant Ck > 0 such that

a
(
uεζ(t), u

ε
ζ(t)

)
+ lε ‖v (t)‖20,Γε

1
≥ 2µCK ‖v (t)‖21,Ωε ∀v (t) ∈ Kε

div.

Then, by the integral of (3.13) relative to t, and using a Gronwall-type argument we
obtain

∥∥uεζ(t)∥∥2

0,Ωε +

t∫
0

∥∥uεζ(σ)
∥∥2

1,Ωε dσ ≤ c (3.14)

Now, we derive (3.7) in t and taking φ =
∂uεζ
∂t

(t),(
∂2uεζ
∂t2

(t),
∂uεζ
∂t

(t)

)
+ a

(
∂uεζ
∂t

(t),
∂uεζ
∂t

(t)

)
+ lε

∥∥∥∥∂uεζ∂t (t)

∥∥∥∥2

0,Γε
1

+

〈
d

dt

(
Jεζ

)′ (
uεζ(t)

)
,
∂uεζ
∂t

(t)

〉
=

(
∂fε

∂t
(t),

∂uεζ
∂t

(t)

)
.

(3.15)

Taking into account Kε
div ⊂ L2(Ωε)3 ⊂ (Kε

div)
′
and by [12], the following inequality

holds: there exists a positives constants ρ and λ, such that

a(v, v) + ρ ‖v‖20,Ωε ≥ λ ‖v‖21,Ωε ∀v ∈ Kε.
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We know that the operator
(
Jεζ

)′
is monotonous, we have〈

d

dt

(
Jεζ
)′

(φ(t)) , φ′(t)

〉
=

∫
ω

kε lim
s→0

ψζ(φτ (t+ s))− ψζ(φτ (t))

s
.
φτ (t+ s)− φτ (t)

s
dx′

+
√

2αε−1

∫
Ωε

lim
s→0

Ψζ(φ(t+ s))−Ψζ(φ(t))

s
.
φ(t+ s)− φ(t)

s
dx′

≥ 0.

So, the formula (3.15) becomes∥∥∥∥∂uεζ∂t (t)

∥∥∥∥2

0,Ωε

+ λ

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

1,Ωε

ds+ 2lε
t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Γε
1

ds

≤
∥∥∥∥∂uεζ∂t (0)

∥∥∥∥2

0,Ωε

+ (ρ+ 1)

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Ωε

ds+

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥2

0,Ωε

ds

(3.16)

But,
∂uεζ
∂t

(0) is defined by, for all φ ∈ Kε
div,(

∂uεζ
∂t

(0), φ

)
= (fε(0), φ)− a(uε0, φ)−

〈(
Jεζ
)′

(uε0) , φ
〉

Consequently, we deduce that

∂uεζ
∂t

(0) = fε(0)−A(uε0)−
(
Jεζ
)′

(uε0) in L2 (Ωε)
3

(3.17)

where A(uε0) ∈ L
(
Kε

div;Kε′

div

)
is given by Riesz’s representation theorem,

〈A(uε0), φ〉 = a(uε0, φ).

According to lemma 3.2 and the assumptions (3.1) , we have∥∥∥∥∂uεζ∂t (0)

∥∥∥∥
0,Ωε

≤ cte (independent of ζ).

This, joined to (3.16) and using a Gronwall lemma, shows that∥∥∥∥∂uεζ∂t (t)

∥∥∥∥2

0,Ωε

+

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

1,Ωε

ds+ lε
t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Γε
1

ds ≤ c. (3.18)

By (3.14) and (3.18), we can extract from uεζ a sequence denoted uεδ such that the

following convergences in L∞
(

0, T ;L2 (Ωε)
3
)
∩ L2

(
0, T ;H1 (Ωε)

3
)

:

uεδ −→ uε,
∂uεδ
∂t
−→ ∂uε

∂t
.
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We deduce from equation (3.7) that(
∂uεδ
∂t

, φ− uεδ
)

+ a (uεδ, φ− uεδ) + lε
∫

Γε
1

uεδ (φ− uεδ) dτ + Jεδ (φ)

+Jεδ (uεδ)− (fε, φ− uεδ) = Jεδ (φ)− Jεδ (uεδ)−
〈
(Jεδ )

′
(uεδ) , φ− uεδ

〉
≥ 0

Finally, passing to the limit in δ as in [12], and using the semi-continuous inferior

of the function u →
T∫
0

ǎ(u, u)dt and v →
T∫
0

Jε (v) dt for L2 (0, T ;Kε
div) with the weak

topology, to obtain (2.9)-(2.10).
The proof of uniqueness is analogous to [8], and this concludes the proof of theorem
3.1. �

4. Some estimates and convergence

4.1. The rescaled problem

To estimate the solutions {uε, pε} we use the scaling z = x3/ε and the following
fixed domains

Ω =
{

(x′, z) ∈ R3 : (x′, 0) ∈ ω, 0 < z < h(x′)
}
,

Q = Ω× ]0, T [ .

We denote by Γ1 is the upper boundary of the equation z = h (x) and ΓL is the lateral
boundary. This rescaling maps the spaces Kε, Kε

div and L2
0(Ωε) onto the spaces K,

Kdiv and L2
0(Ω) respectively, are defined by:

K =
{
φ ∈ H1(Ω)3 : φ = 0 on ΓL, φ.ν = 0 on ω ∪ Γ1

}
,

Kdiv = {φ ∈ K : div(φ) = 0 in Ω } ,

L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω

q dx = 0

}
.

We denote by ûε = (ûε1, û
ε
2, û

ε
3) and p̂ε the rescaling of the solution by {uε, pε} of

problem (2.9)-(2.10). For any (x′, z, t) ∈ Q, we set

ûεi (x′, z, t) = uεi (x′, x3, t) i = 1, 2, ûε3 (x′, z, t) = ε−1uε3 (x′, x3, t) ,

(ûε0)i (x′, z) = (uε0)i (x′, x3) i = 1, 2, (ûε0)3 (x′, z) = ε−1 (uε0)3 (x′, x3) ,

p̂ε (x′, z, t) = ε2pε (x′, x3, t) ,

and defining the rescaled force by

fε (x′, x3, t) = ε−2f̂ (x′, z, t) .

To meet our needs in paragraph 4.2, according to [5] we must assume
µC(Γε1) ≤ lε

where C(Γε1) = 2|| ∂∂x2
hε||C(ω̄)(1 + || ∂∂x1

hε||2C(ω̄)

lε = ε−1 l and l be not dependent on ε

(4.1)
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One can check that {ûε, p̂ε} solves the rescaled problem∑
i=1,2

ε2

(
∂ûεi
∂t

, φ̂i − ûεi
)

+ ε4

(
∂ûε3
∂t

, φ̂3 − ûε3
)

+ â
(
ûε, φ̂− ûε

)
−
∑
i=1,2

∫
Ω

p̂ε
∂(φ̂i − ûεi )

∂xi
dx′dz −

∫
Ω

1

ε
p̂ε
∂(φ̂3 − ûε3)

∂z
dx′dz

+
∑
i=1,2

l

∫
Γ1

ûεi

(
φ̂i − ûεi

)
dτ + l

∫
Γ1

ε2ûε3

(
φ̂3 − ûε3

)
dτ

+
√

2αε−1

∫
Ω

(∣∣∣D̃ (φ̂)∣∣∣− ∣∣∣D̃ (ûετ )
∣∣∣) dx+

∫
ω

k
(∣∣∣φ̂τ ∣∣∣− |(ûε)τ |) dx′

≥
∑
i=1,2

∫
Ω

f̂i

(
φ̂i − ûεi

)
dx′dz + ε

∫
Ω

f̂3

(
φ̂3 − ûε3

)
dx′dz

∀φ̂ ∈ K, ∀t ∈ ]0, T [ ,

ûε(0) = ûε0,



(4.2)

where

â
(
ûε (t) , φ̂− ûε (t)

)
=

∑
i,j=1,2

∫
Ω

ε2µ

(
∂ûεi
∂xj

+
∂ûεj
∂xi

)
∂

∂xj
(φ̂i − ûεi )dx′dz

+
∑
i=1,2

∫
Ω

µ

(
∂ûεi
∂z

+ ε2 ∂û
ε
3

∂xi

)
∂

∂z
(φ̂i − ûεi )dx′dz

+

∫
Ω

2µε2 ∂û
ε
3

∂z

∂(φ̂3 − ûε3)

∂z
dx′dz

+
∑
j=1,2

∫
Ω

µε2

(
ε2 ∂û

ε
3

∂xj
+
∂ûεj
∂z

)
∂

∂xj
(φ̂3 − ûε3)dx′dz,

and∣∣∣D̃ (v)
∣∣∣ =

1

4

2∑
i,j=1

ε2

(
∂vi
∂xj

+
∂vj
∂xi

)2

+
1

2

2∑
i=1

(
∂vi
∂z

+ ε2 ∂v3

∂xi

)2

+ ε2

(
∂v3

∂z

)2
 1

2

.

4.2. Estimates of solutions

We have the following estimate theorem
Theorem 4.1. Assume that (4.1) hold, and let {uε, pε} be a solution of problem (2.9)-

(2.10). Then, there exist three constants C, C̃ and C̃ ′ independents of ε such that

2∑
i=1

‖εûεi (t)‖20,Ω +

t∫
0

∥∥∥∥∂ûεi∂z (s)

∥∥∥∥2

0,Ω

ds+

t∫
0

∥∥∥∥ε2 ∂û
ε
3

∂xi
(s)

∥∥∥∥2

0,Ω

ds

+

∥∥ε2ûε3 (t)
∥∥2

0,Ω
+

t∫
0

∥∥∥∥ε∂ûε3∂z
(s)

∥∥∥∥2

0,Ω

ds+

2∑
i,j=1

t∫
0

∥∥∥∥ε∂ûεi∂xj
(s)

∥∥∥∥2

0,Ω

ds ≤ C,

(4.3)

∑
i=1,2

‖ûεi‖2L2(Q) + ‖εûε3‖2L2(Q) ≤ C̃, (4.4)
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∑
i=1,2

‖ε∂û
ε
i

∂t
‖2L2(Q) + ‖ε2 ∂û

ε
3

∂t
‖2L2(Q) ≤ C̃

′. (4.5)

Proof. From [8], we recall the following inequalities (Poincaré, Korn and Young res-
pectively)

‖uε(t)‖20,Ωε ≤ 2h
2
ε2 ‖∇uε(t)‖20,Ωε + 2hε

∫
Γε
1

‖uε(t)‖20,Γε
1
dτ , (4.6)

µ ‖∇uε(t)‖20,Ωε ≤ a(uε(t), uε(t)) + µC(Γε1)

∫
Γε
1

‖uε(t)‖20,Γε
1
dτ, (4.7)

ab ≤ θ2 a
2

2
+ θ−2 b

2

2
, ∀ (a, b) ∈ R2, ∀θ ∈ R∗.

Integrating (2.9) over [0, t] and choosing φ = 0, we have

1

2
‖uε (t)‖20,Ωε +

t∫
0

a(uε(s), uε(s))ds+ lε
t∫

0

‖uε(s)‖20,Γε
1
ds

≤ 1

2
‖uε0‖

2
0,Ω +

t∫
0

(fε(s), uε(s)) ds.

(4.8)

Hence, by using Hölder, Poincaré and Young inequalities for θ =
√
µ/2,

a = ‖∇uε (s)‖0,Ωε and b = εh ‖fε (s)‖0,Ωε ,

then θ =
√
lε/2, a = ‖uε(s)‖20,Γε

1
and b =

√
hε ‖fε(s)‖20,Ωε , respectively, we get∣∣∣∣ t∫

0

(fε(s), uε(s))ds

∣∣∣∣ ≤ µ

4

t∫
0

‖∇uε(s)‖20,Ωε ds+
2ε2h

2

µ

t∫
0

‖fε(s)‖20,Ωε ds

+
lε

4

t∫
0

‖uε(s)‖20,Γε
1
ds+

2hε

lε

t∫
0

‖fε(s)‖20,Ωε ds.

(4.9)

Ignoring the first term of (4.8) and combining (4.1), (4.7) and (4.9) we infer

µ

4

t∫
0

‖∇uε(s)‖20,Ωε ds+
lε

4

t∫
0

‖uε(s)‖20,Γε
1
ds

≤ 1

2
‖uε0‖

2
0,Ω +

(
2ε2h

2

µ
+

2hε

lε

)
t∫

0

‖fε(s)‖20,Ωε ds,

multiplying the last inequality by 4ε2 and passing to the fixed domain in the right
hand, we get

ε2

t∫
0

‖∇uε(s)‖20,Ωε ds+ ε

t∫
0

‖uε(s)‖20,Γε
1
ds ≤ C (4.10)

where C does not depend on ε.
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We change again to the fixed domain in the first term of inequality (4.10), we find

(4.3). From (4.6) and (4.10), it is easy to obtain a constant C̃ = max(2h
2
, 2h)C, such

that

ε−1

t∫
0

‖uε(s)‖20,Ωε ds ≤ C̃

In fact, the last estimate is equivalent to (4.4).

Now, from (3.15) and as 〈(
Jεζ
)′′ (

uεζ
)
,
∂

∂t
uεζ

〉
≥ 0,

we have

1

2

∥∥∥∥∂uεζ∂t (t)

∥∥∥∥2

0,Ωε

+

t∫
0

a

(
∂uεζ
∂t

(s),
∂uεζ
∂t

(s)

)
ds+ lε

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Γε
1

ds

≤ 1
2

∥∥∥∥∂uεζ∂t (0)

∥∥∥∥2

0,Ωε

+

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥
0,Ωε

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥
0,Ωε

ds

(4.11)

By applying the inequality (4.6) for
∂

∂t
uεζ and the Young successively, we get∣∣∣∣∣∣

t∫
0

(
∂fε

∂t
(s),

∂uεζ
∂t

(s)

)
ds

∣∣∣∣∣∣ ≤ µ

8

t∫
0

∥∥∥∥∇∂uεζ∂t (s)

∥∥∥∥2

0,Ωε

ds+
4ε2h

2

µ

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥2

0,Ωε

ds

+
3lε

4

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Γε
1

ds+
2hε

3lε

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥2

0,Ωε

ds.

(4.12)
From (4.11), (4.12) and using (4.7) we obtain

1

2

∥∥∥∥∂uεζ∂t (t)

∥∥∥∥2

0,Ωε

+
µ

16

t∫
0

∥∥∥∥∇∂uεζ∂t (s)

∥∥∥∥2

0,Ωε

ds+
lε

16

t∫
0

∥∥∥∥∂uεζ∂t (s)

∥∥∥∥2

0,Γε
1

ds ≤

1

2

∥∥∥∥∂uεζ∂t (0)

∥∥∥∥2

0,Ωε

+
4ε2h

2

µ

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥2

0,Ωε

ds+
2hε

3lε

t∫
0

∥∥∥∥∂fε∂t (s)

∥∥∥∥2

0,Ωε

ds

(4.13)

We must estimate
∂uεζ
∂t

(0). Starting from the equation (3.17) and taking into account

the assumptions (3.1), (3.3), then applying lemma 3.2, we conclude∥∥∥∥∂uεζ∂t (0)

∥∥∥∥
0,Ωε

≤ ‖fε(0)‖0,Ωε + ‖A(uε0)‖0,Ωε +
∥∥∥(Jεζ )′ (uε0)

∥∥∥
0,Ωε

≤ ‖fε(0)‖0,Ωε + 2
√

3µ ‖uε0‖2,Ωε + ε−1γ ‖uε0‖2,Ωε .
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We recall that ε ∈ ]0, 1[, by multiplying the last inequality by ε
5
2 and the fact that

ε3 ‖uε0‖
2
2,Ωε ≤ ‖û0‖22,Ω , we deduce

ε
5
2

∥∥∥∥∂uεζ∂t (0)

∥∥∥∥
0,Ωε

≤ c0 (4.14)

with

c0 =
∥∥∥f̂(0)

∥∥∥
0,Ω

+ 2
√

3µ ‖û0‖2,Ω + γ ‖û0‖2,Ω .

Consequently, it follows from (4.13)-(4.14) and passing to the limit when ζ → 0, we
find (after multiplying by 2ε5)

µ

8
ε5

t∫
0

∥∥∥∥∇∂uε∂t (s)

∥∥∥∥2

0,Ωε

ds+
l

8
ε4

t∫
0

∥∥∥∥∂uε∂t (s)

∥∥∥∥2

0,Γε
1

ds ≤ C ′ (4.15)

with

C ′ = (c0)
2

+
8h

2

µ

∥∥∥∥ ∂∂t f̂
∥∥∥∥2

L2(Q)

+
4h

3l

∥∥∥∥ ∂∂t f̂
∥∥∥∥2

L2(Q)

is a constant independent of ε.

We apply the inequality (4.6) for
∂uε

∂t
in the estimate (4.15), that implies that there

exists a constant C̃ ′ independent of ε such that

ε

t∫
0

∥∥∥∥∂uε∂t (s)

∥∥∥∥2

0,Ωε

ds ≤ C̃ ′.

Finally, passing this estimate to the fixed domain Ω to get (4.5). �

Theorem 4.2.Under the hypotheses of theorem 4.1 there exists a constant C indepen-
dent of ε such that∥∥∥∥∂p̂ε∂xi

∥∥∥∥
L2(0,T,H−1(Ω))

≤ C, i = 1, 2 and

∥∥∥∥∂p̂ε∂z
∥∥∥∥
L2(0,T,H−1(Ω))

≤ Cε. (4.16)

Proof. Let ξ in L2(0, T,H1
0 (Ω)), putting in (4.2) φ = ûε + ξ̃, where ξ̃ = (ξ, 0, 0) or

ξ̃ = (0, ξ, 0) and integrating over [0, t] we find for i = 1, 2,

t∫
0

(
∂p̂ε

∂xi
(s), ξ(s)

)
ds ≤

t∫
0

ε2

(
∂ûεi
∂t

(s) , ξ (s)

)
ds

+µ
∑

i,j=1,2

t∫
0

∫
Ω

ε2

(
∂ûεi
∂xj

+
∂ûεj
∂xi

)
(s)

∂ξ

∂xj
(s) dx′dzds

+
√

2α

t∫
0

∫
Ω

(∣∣∣D̃ (ûε + ξ̃
)∣∣∣− ∣∣∣D̃ (ûε)

∣∣∣) dx′dzds
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+µ
∑
i=1,2

t∫
0

∫
Ω

(
∂ûεi
∂z

+ ε2 ∂û
ε
3

∂xi

)
(s)

∂ξ

∂z
(s) dx′dzds−

t∫
0

(
f̂i (s) , ξ (s)

)
ds.

The Hölder inequality and estimates (4.3)-(4.5) show the continuity of the linear
functional

ξ →
t∫

0

(
∂p̂ε

∂xi
(s), ξ(s)

)
ds,

which proves (4.16) for i = 1, 2. In addition, case i = 3 follows from the choice
φ = ûε (t)± ξ with ξ ≡ (0, 0, ξ). �

4.3. Convergence uε and pε

To establish a limit solution of the problem, we introduce the following space,

Vz =

{
v = (v1, v2) ∈ L2(Ω)2 :

∂v

∂z
∈ L2(Ω)2; v = 0 on ΓL

}
.

From [6] , L2(0, T, Vz) is a Banach space. We show the following result:

Theorem 4.3. Under the hypotheses of theorem 4.1, for any solution {uε, pε}, there
exist u? = (u?1, u

?
2) ∈ L2(0, T, Vz) and p? ∈ L2(0, T, L2

0(Ω)) such that when ε tends to
0 we have the following convergences in L2(0, T, Vz) :

(ûε1, û
ε
2) ⇀ (u?1, u

?
2) , ε2

(
∂

∂t
ûε1,

∂

∂t
ûε2

)
⇀ 0 (4.17)

the following convergences in L2(Q) :

εûε3 ⇀ 0, ε3 ∂û
ε
3

∂t
⇀ 0, ε

∂ûεi
∂xj

⇀ 0, ε2 ∂û
ε
3

∂xj
⇀ 0, ε

∂ûε3
∂z

⇀ 0 (4.18)

(1 ≤ i, j ≤ 2) , and the convergence p̂ε ⇀ p? in L2(0, T, L2
0(Ω)).

Moreover, p? depends only on x′.

Proof. In particular (4.3), (4.4) we have∥∥∥∥∂ûεi∂z
∥∥∥∥2

L2(Q)

≤ C and ‖ûεi‖
2
L2(Q) ≤ C̃,

for i = 1, 2, we deduce the first convergence of (4.17). Similarly, from (4.15) and (4.5)
we find the second. For the rest of the proof, we use the same steps in the stationary
case as in [1, 5]. �
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5. On the limit model

By a classical semi continuity argument and using the convergence results of the
theorem 4.3, we deduce that (4.2) leads to the system

2∑
i=1

µ

∫
Ω

∂u?i
∂z

(t)
∂

∂z
(φ̂i − u?i (t))dx′dz

−
∫

Ω

p?(x′, t)

(
∂φ̂1

∂x1
+
∂φ̂2

∂x2

)
dx′dz

−
∫
ω

p?(x′, t)

(
φ̂1(x′, h(x′))

∂h

∂x1
+ φ̂2(x′, h(x′))

∂h

∂x2

)
dx′

+

2∑
l

i=1

∫
Γ1

u?i (t)
(
φ̂i − u?i (t)

)
dτ

+α

∫
Ω

(∣∣∣∣∣∂φ̂∂z
∣∣∣∣∣−
∣∣∣∣∂u?∂z (t)

∣∣∣∣
)
dx′dz +

∫
ω

k(|φ̂| − |u? (t) |)dx′

≥
2∑
i=1

(f̂i (t) , φ̂i − u?i (t)) ∀φ̂ ∈ Π (K) ,∀t ∈ ]0, T [ ,

u?i (x
′, z, 0) = û0,i, i = 1, 2



(5.1)

where

Π (K) =
{(
φ̂1, φ̂2

)
∈ H1(Ω)2 : φ̂ =

(
φ̂1, φ̂2, φ̂3

)
∈ K

}
.

Theorem 5.1. Under the assumptions of theorem 4.1, the limit solution {u?, p?} sat-
isfies:

− ∂

∂z
σ?i (t) = f̂i (t)− ∂

∂xi
p? (t) , i = 1, 2, in L2(Ω), (5.2)

u?i (0) = û0,i, i = 1, 2 (5.3)

for a.e. t ∈ ]0, T [, where σ? = (σ?i )i=1,2 checks the constitutive law of Bingham fluid,
as follows 

σ? = µ
∂u?

∂z
+α

∂u?/∂z

|∂u?/∂z|
, if

∣∣∣∣∂u?∂z
∣∣∣∣ 6= 0,

|σ?| ≤ α, if

∣∣∣∣∂u?∂z
∣∣∣∣ = 0

in Q (5.4)

Proof. Let ψ = (ψ1, ψ2) ∈ H1
0 (Ω)

2
, putting in (5.1) φ̂ = u? (t) ± λψ ( λ > 0) and

dividing the inequality obtained by λ, as λ tends to zero, for any t it follows that

2∑
i=1

µ

∫
Ω

∂u?i
∂z

(t)
∂

∂z
ψdx′dz −

∫
Ω

p?(x′, t)

(
∂ψ1

∂x1
+
∂ψ2

∂x2

)
dx′dz

+

2∑
i=1

α

∫
Ω

{∣∣∣∣∂u?∂z (t)

∣∣∣∣−1
∂u?i
∂z

(t)

}
∂

∂z
ψidx

′dz =

2∑
i=1

∫
Ω

f̂i (t)ψidx
′dz
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when ∣∣∣∣∂u?∂z (t)

∣∣∣∣ 6= 0.

By Green’s formula, we obtain

−
2∑
i=1

∫
Ω

µ
∂2u?i
∂z2

(t)ψidx
′ +

2∑
i=1

∫
Ω

∂p?

∂xi
(x′, t)ψidx

′dz

−
2∑
i=1

α

∫
Ω

∂

∂z

{∣∣∣∣∂u?∂z (t)

∣∣∣∣−1
∂u?i
∂z

(t)

}
ψidx

′dz =

2∑
i=1

∫
Ω

f̂i (t)ψidx
′dz.

Therefore, from this equality and fact that f̂ ∈ L2 (Q) we get (5.2). Similarly, the
second case of (5.4) can be recovered by [7]. The condition (5.3) is a consequence
directly of (4.17), (4.18) and the condition ûε(0) = ûε0. �

Now we are in a position to deduce the equations corresponding for problem
(5.1)-(5.4).
Remark 5.1. Note that the term related to inertia effects does not exist in the limit
equation in (5.2), means that the limit problem (5.2) - (5.4) is in equilibrium at each
time instant. Therefore, the Reynolds equation is obtained in a manner similar to the
stationary case as in [1], and from [2] the Tresca boundary condition can be recovered.
Indeed, the case α = 0 corresponds to the Stokes flow, and has been studied in [8].
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