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On a property of the generalized Brauer pairs
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Abstract. In this paper we give a generalization of a result of Puig and Zhou to
the context of group graded algebras. We use this generalization for an alternative
approach of the proof of a result involving group graded basic Morita equivalences.
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1. Introduction

The extended Brauer quotient for G-interior algebras was first introduced in [5].
The construction is useful for extending to the blocks of the normalizers of the local
pointed groups the local equivalences induced by a basic Morita equivalence. The
construction was then generalized in [4] to the case of H-interior G-algebras, where
H is normal in G. Further remarks and properties are given in [2] and [3] for the case
of G/H-graded algebras, serving for the generalization of the main rezult of [5], which
was achived in [3].

In the current paper we generalize [6, Lemma 4.18] to the case of graded alge-
bras. We obtain this generalization by employing a generalized Brauer pair and we
first state and prove, without referring to graded algebras, Theorem 4.2. Secondly
we give Corollary 4.4. This approach is necessary due to some technical difficulties
involving the blocks of the generalized Brauer pairs. On the other hand the mentioned
generalization can be used for giving an alternative proof for the main result of [2].
We discuss these situations in section 4.

In Sections 2 and 3 we introduce the standard notations and the basic results
needed for the main result.

This work was supported by a grant of the Romanian Ministry of Education and Research, CNCS -
UEFISCDI, project number PN-III-P1-1.1-TE-2019-0136, within PNCDI III.
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2. Assumptions and general settings

Throughout this paper O denotes a discrete complete valuation ring with k :=
O/ J(O) its residue class field, of characteristic p. G is always a finite group such that p
divides its order. All modules and algebras are finitely generated or of finite dimension.
A G-algebra over O is an algebra A such that there exists a group homomorphism
G — Autp(A) compatible with the algebra structure of A. For any a € A and any
g € G we denoted by a9 the result of g acting on a.

A G-interior algebra over O is an algebra A endowed with a group homomor-
phims G — A* such that g — g-14 = 14 - g, where A* denotes the units of A. Any
G-interior algebra is becomes a G-algebra via conjugation with the elements of G.
Explicitly for any a € A and g € G we have a9 =g~ ' -a - g.

For all subgroups K in G, on a G-algebra A, we denote by AX the set of all
K-fixed elements of A. If L is also a subgroup of G with L < K then the O-module
homomorphism

Tef - AL o AK with TrE (a Z a?,
geK/L

for all a € AL, is called the relative trace map. In this sum g runs through a set of
representatives of K/L. For a p-subgroup P in G we denote by A(P) the quotient

ALY AR

R<P
and by Brp the Ng(P)-algebra epimorphism
AP — A(P).
Any G-interior algebra is naturally endowed with a G x G-module structure given by

(91,92) a=g1-a-gy"

for any g1,92 € G and a € A. If A’ is another G-algebra a homomorphism of G-
algebras is any homomorphism of O-algebras ¥ : A — A’ that verifies ¥ (a¥) = ¢¥(a)?,
for any a € A’ and g € G.

If H is a normal subgroup of G, an H-interior G-algebra A is an algebra simul-
taneously endowed with an H-interior and G-algebra structure with G acting on the
natural algebra homomorphism

OH — A.

We refer the reader to [7] for the language of pointed groups and defect pointed groups
on G-algebras. Throughout the proof of Theorem 4.2 we freely use the fact that, for
any finite group G, the epimorphism of G-interior algebras

OG — kG (2.1)

induces a defect group preserving bijection between the blocks of the two group al-
gebras. Furthermore, if G is normal in some finite group G the epimorphism of G-
algebras 2.1 also induces a defect group preserving bijection between the G-invariant
blocks of OG and those of kG. We also frequently use the results of [1].
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3. The extended Brauer quotient

Let A be a G-interior algebra and consider P, a p subgroup of G. For any
¢ € Aut(P) we set A,(P) : P — P x P the p-twisted diagonal subgroup of P x P
defined as

Ap(P) ={(u, p(u)) | u € P}
Since A is a G x G-module we use the definition of A, (P) to introduce the O-module
AR — L€ A| (u,p(u))-a=a for all u € P}. (3.1)

We briefly present here the construction of the extended Brauer quotient. Let R be a
subgroup of P, we also introduce the O-module

»(P) Ay (P)
AN = a7 (D) (a) [a € A%, (3.2)

It is easily checked that A%¢(P). A2v(P) C A%#v(P) for all ¢, 4) € Aut(P). Denote by
¢y € Aut(P) the group homomorphism ¢, (u) = g~ 'ug for al g € Ng(P) and u € P.
Then the external direct sum

NPy = P Aare® (3.3)
pEAut(P)

is an Ng(P)-interior algebra via Ng(P) 3 g — g-14 € A%¢s(P) while the sum

1= P <ZA2E§)> (3.4)

@EAut(P) \R<P
is a two-sided ideal of Nﬁut(P)(P).

Definition 3.1. The extended Brauer quotient associated with the interior G-algebra
A and the p-group P is the N¢(P)-interior algebra

NYO(P) = NPT

© (¥ a)

oEAut(P) R<P

P Aa

pEAUL(P)

Remark 3.2. Definition 3.1 can be given for any subgroup of Aut(P). It was gener-
alized to the case of H-interior G-algebras, where H is normal in G and P < G, in
[4]. In this situation the authors restrict the constructions presented in 3.1 through
3.4 for all automorphisms ¢ € Aut(P) that satisfy ¢(u) € uH for all u € P. Further
generalizations of the extended Brauer quotient are given in [3]. We present them
here. Assume H is normal in G and B is an H-interior G-algebra. Then

A:=BR®og OG
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is a G-interior algebra via g — 1 ® g with the multiplication ginev by
(a®g)(b®h) =ab? & gh for a,be A and gh € G.

Obviously A is a G := G/H-graded G-algebra with A := B® g for any g € g
and any g € G. Furthermore if € G and g € G then (Ay)* = Agz. Set P = PH/H.

Any element ¢ € Aut(P) determines an element ¢ € Aut(P) with ¢(u) = ¢(u) for
all u € P. According to [3, Paragraph 4] quotient of the groups

Auts(P) = {p € Aut(P) | ¢(u) = u9 for some g € G and for all u € P}

and

Auti(P) = {p € Aut(P) | ¢(u) =7 for all u € P}

Aut(P)

determine the graded structure of N (P). In the case B = OH,

NAUE)(P) ~ kNg(P)
as Ng(P)/Cu(P)-graded Ng(P)-interior algebras.

4. A property of the generalized Brauer pairs

We use the notations above, and chose H a normal subgroup of G and b a block
of OH that is G-invariant. Let @ denote a p-subgroup of G and consider the Brauer
homomorphism with respect to @

Brg : OH? — kCy(Q).

Let (Q,eq) be a (G, H,b)-Brauer pair. That is eq is a block of kCx(Q) that verifies
Brg(b)eg = eq. Since Cy(Q) is a normal subgroup of N (@), the latter group acts on
Z(kCr(Q)) hence it makes sense to consider the stabilizer of eg in N¢ (@), denoted
Ng(Q,eq). Consider the group homomorphism

Na(Q) — Aut(Q) (4.1)

Let T denote a subgroup of the image of Ng(Q, eq) in Aut(Q). We denote by NZ(Q)
the inverse image of T via 4.1.

Finally we denote N4(Q) = N&(Q) N H and @1 = Q N Ny (Q) and we assume that
(21 is not trivial.

Remark 4.1. As [6, 4.1] states for the case H = G any block of kC'y (@) remains a block
of kH where Cg(Q) < H < NA(Q). In our situation it might happen that a block of
kCp(Q) is not primitive in Z(kN%4(Q)). It could happen that is also not primitive in
ENE (Q)Ng(Q), unless Q@ < NZ(Q). In any case the injective homomorphism 4.3 can
be constructed and used for its purpose in the proof.

Theorem 4.2. There exists a point v of Q- NE&(Q) on OHb with Brg(v) = eq, and for
any local pointed group R. on OHb satisfying @ < R and R, < Q - Ng(Q),,, there is
a local pointed group N (Q)e on ONE(Q)eq such that there exists a NE(Q)-interior
algebra embedding

(kNG (Q))e — N(Tc)Gb)e(Q) (4.2)
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determined by the structural homomorphism

NE&(Q) = Noau(Q)-
Moreover, R. is a defect pointed group of Q - NEZ(Q), on OHb if and only if
NE(Q)BYQ(E) < Ng(Q){GQ} 18 @ maximal local pointed group with this property over
kCu(Q)eq. In particular, N%(Q) is a defect group of eq as a primitive idempotent
of (kJCH(Q))Ng(Q) if and only if R is a defect group of eq as a primitive idempotent
of (k(Q1- NE(Q)Ne(@.

Proof. The block eg lies in kCy (Q)Q'NE(Q), where it remains primitive. It is clear that
it lifts to a point v C (OH)Q'NE?(Q) via Brg . Since Brg(b)eg = eg we obtain bv = v
giving v C (OHb)N &(@, For any T' chosen as above eq is a primitive idempotent
in (’)NE(Q)Q'Ng(Q) and in O(Q; - NE(Q))Q'NCI;(Q) according to [8, Lemma 2.1].

Let R. be as mentioned. Since @) is normal in R and since we deal with per-
mutation algebras we get that Br57(e) # 0 implies BrgH (e) # 0. Furthermore

Brg(e)eg = Brg(e), we set € = Brg(e) and since BrgCH(Q)(é) # 0 it is clear that
NZE(Q)e is a local pointed group on kC(Q)eq. The injective algebra homomorphism

(kCr(Q)eq)(N&(Q)) = (kN (Q)eq) (N£(Q)) (4.3)
determines a point € C (kNE(Q)eQ)ng(Q) satisfying

- ENE _
§-e=eand BrNg“(’é??)(e) £0. (4.4)

The construction of the extended Brauer quotient and [4, Theorem 3.1] give the
NE(Q)-interior algebra isomorphism

N(Toc:b)e(Q) = (Nng(Q))E-
We apply [3, Remark 2.4] and 4.4 to obtain that the group homomorphism

N&(@Q) = (N (@)
given by
g g-b € (OGh) V)
induces the mentioned NE(Q)—interior algebra embedding.
First assume that R, is a defect pointed group of Q - NX(Q), on OHb.

T
Then v C (@Hb)g'NG(Q) and v - e¢ = e. Applying Brg on the last equality we
T
get eg - Brg(e) = Brg(e) and eq € kC’H(Q)NG(Q

NE@Q
BrkCH(Q)(e ) #0 "
NE@) \"@ :

Conversely, by our assumptions we have eq - Brg(e) = Brg(¢), eg € kCu(Q)

;. According to 4.4 we obtain

NG (Q)

NE(@Q)’

Brfvc;ﬁéé?Q))(eQ) £ 0, for some local point € C (OHB)Q Vi@ Using the O-algebra
R

epimorphism

.NT NG
(OHb)g,Ng“gg; — (kCq (Q)GQ)gN%Eg;
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we see that v in relatively R = @ - Ng(Q) -projective and v - € = €. This concludes
the proof of the first equivalence.

We use [8, Lemma 2.1] again to obtain that eg € k(Q: -NILTI(Q))Q'Ng(Q) is
still a primitive idempotent. The last assertion follows immediately from the above
statements by using Q1 - N5(Q) in place of H and eg in place of v. O

Remark 4.3. Although the block eg is not necessarily primitive in Z(kN%5(Q)) or in

kN (Q)Ng(Q), the theorem above covers [6, Lemma 4.18] when applied in the case
H = G, which gives @1 = @, and by substituting C(Q) for NL(Q) in the second
statemen of the theorem. We can obtain another generalization as it follows from the
next corollary.

Corollary 4.4. There ezists a point v of Q- NE&(Q) on OHb with Brg(v) = eq and for
any local pointed group R. on OHb satisfying Q@ < R and R < Q - Ng(Q)V, there is
a local pointed group NE(Q)e on kCr(Q)eq such that there exists a Nj(Q)-interior
NE(Q)/Cu(Q)-graded algebra isomorphism

(kNg(Q))é - N(Tocb)g(Q) (4.5)

determined by the structural homomorphism

NE&(Q) = Noau(Q)-
Moreover, R. is a defect pointed group of Q - NX(Q), on OHb if and only if
NE(Q)BIQ(E) < Ng;(Q){eQ} is a mazimal local pointed group with this property over
kCr(Q)eq. In particular, NE(Q) is a defect group of eq as a primitive idempotent
of (kCH(Q))Ng(Q) if and only if R is a defect group of eq as a primitive idempotent
of (kQ1 - Cr(Q)9Ne (@,

Remark 4.5. 1. Notice that we can also consider T such that NL(Q) =
Ng(Q,eq), but in this situation the statement of Corollary 4.4 only points
out the Ng(@Q,eq)/Cu(Q)-graded isomorphism 4.5 and the fact that the
primitive idempontents of kJC’H(Q)NG(Q’eQ) are the primitive idempotents of
(EQ1CH(Q))Ne(@¢@) admitting the same defect group R that includes Q.

2. [2, Lemma 6.6] is an important ingredient of the proof of the main result [2,
Theorem 6.9], and it can be deduced from the above corollary when applied
in the general situation. Indeed, if T' is a defect group of eg as a primitive

idempotent of kCH(Q)Ng(Q) then @ - T is a defect group of v as a primitive
idempotent of OHQ N, & (@), At this point we denote by €g the primitive idem-
potent of OC (Q)N& (@ corresponding to eg via 2.1. Note that ég is primitive
in OCH(Q)Q'Ng(Q) and Brg(ég) = eg. Consider the decomposition
QNG (Q)
. K . K
OHOVE@ — 0y (QRVEQ P | T (0m),
Q'<Q
Since the sum on the right lies in the radical of OH it follows that v C
(’)CH(Q)Q‘Ng(Q) and then v = ég. This means that eg has defect group @ - T



On a property of the generalized Brauer pairs 611

as a primitive idempotent of kC (Q)QNE (@) At last, if Q C NE(Q) then up
to a Ng(Q)-conjugate we have @ - T =T forcing Q C T.
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