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Local existence and blow up of solutions
to a logarithmic nonlinear wave equation
with time-varying delay

Abdelbaki Choucha and Djamel Ouchenane

Abstract. In this work, we are concerned with a problem of a logarithmic nonlin-
ear wave equation with time-varying delay term. We established the local exis-
tence result and we proved a blow up result for the solution with negative initial
energy under suitable conditions. This improves earlier results in the literature
[11] for time-varying delay.
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1. Introduction

In this paper, we are concerned with the following problem
Uy — Au A+ pyug(z, t) + pouy(x,t — 7(t)) = ululP~2In|ul”
u(z,t) =0,z € 09,
u(z,t —7(0)) = fo(z,t —7(0)), (z,t) € Q x (0,7(0))
u(xz,0) = up (z),us (z,0) = uy (z),2 € Q,
where
(z,t) € Q x (0,+0),
and 7(t) > 0 represents the time varying delay and p > 2, k, yi; are positive constants,
Lo is a real number.
This type of problems is encountered in many branches of physics such as Nuclear

Physics, Optics and Geophysics. It is well known, from the Quantum Field Theory,
that such kind of nonlinearity appears naturally in inflation cosmology and in super
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symmetric field theories (see [1], [2], [7], [8], [14]).
In [10], the authors considered the following problem
g — Au+u — ulog [ul* + us + ulu|*> = 0,2 € Q,t € [0,T]
u(x,t) =0,z € 09, (1.2)
u(z,0) = ug (z),us (z,0) = uq (z),z € Q.
The authors studied the global existence of weak solution. Another related mathe-
matical work involving the logarithmic terms by Cazenave and Haraux [6], where they
established the existence and uniqueness of a solution for the following problem in
the (R?)
e — Au+ uy — ulog lul? =0,
u(z,t) =0,z € 00, (1.3)
u(x,0) =ug (x),u (2,0) =uy (z),2 € Q,

We can also mention some other works on the logarithmic Schrodinger equation as in
51, 4], [9].

In the case of constant delay, that is for 7(t) = 7, the system (1.1) has been studied
by Kafini and Messaoudi [11], they considered with the following delay wave equation
with logarithmic nonlinear source term

e — Au+ pug + poug(z,t —7) = ufulP2Infulf , reQ, t>0
u(z,t) =0, x €N

ug(z,t — 1) = folz,t — 1), t€(0,7)

u(x,0) = ug (z),us (z,0) = uy (z),2 € Q,

(1.4)

under the assumption |us| < p1, they established the local existence by the semigroup
theory and proved a finite time blow up result.

The case of time-varying delay in the wave equation has been studied recently by
Nicaice et al [13], they proved the exponential stability under the condition

p2 < V1—du
where d is a constant satisfies
T'(t) <d<1,Vt>0 (1.5)

For the wave equation ant with a time-varying delay, in [13] the authors which con-
siders the system

Ut — Au=0
u(z,t) =0
du

%(m, t) = prug(z,t) + poue(x, t — 7(1)),

where the time-varying delay 7(¢) > 0 satisfies
0< 7(t) <7 VE>0 (1.6)
'(t) < 1,Vt >0 (1.7)
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and

7(t) € W2>°([0,T)),VT > 0 (1.8)
They proved the exponential stability, under suitable conditions.
This paper is organized as follows: in the section 2, under the assumption

lp2| < V1 —dps, (1.9)

we establish a local existence and in section 3, we prove a blow-up result under
assumption on the delay by the energy method and Lyapunov function.

2. Local existence

In order to prove the existence of a unique solution of problem (1.1)-(2.6), we
introduce the new variable

z(x, p,t) = ug(z, t — 7(t)p), (2.1)

then we obtain

{ )z, pt) + (1 = 7' (1)p)2p (3, p, 1) = O o)
2(x,0,t) = ug(x, t)
consequently, the problem is equivalent to
{ g — Au+ pyug(z,t) + poz(x, 1,t) = ululP~2n|ul*. (2.3)
T(t)ze(z, p,t) + (1 = 7'(t)p)2(w, p,1) = 0

where

(x,p,t) € 2 x (0,1) x (0, 00).
with the initial and boundary conditions

u(z,t) =0, in 00

u(z,0) = up(x), ue(x,0) = uy(x) (2.4)

Z(J?, 12 0) = fO(xa _pT(O))7
for all (x, p,t) € Q x (0,1) x (0,00), where the function 7(t) satisfies (1.5), (1.8) and
the condition

0<71o<7(t)<7,Vt>0. (2.5)
Let v = u; and denote by
U= (u,v,2)T, and JU)=(0,u|uP"2Inul*,0)T

Therefore, (1.1) can be rewritten as

{ U(t)+ AU(t) = J(U(t)), t>0 26)
U(0) = U,
where Uy = (ug,u1, fo(., —p7(0))T and the operator A is defined by
u —v
Al v | = —Autpv+pzz(z,1,t) (2.7)

1-7'(t
=)\ g,
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We define the energy space
H = Hj(Q) x L*(Q) x L*(Q,(0,1))

‘H is a Hilbert space with respect to the inner product

<UU >y /VuVudx—l—/ Uvdx—l-// zzdpdx (2.8)

for all U = (u,v,2)T,U(u,v,%z)"
The domain of A is

u,v,2)T € H uw e H2(Q),v € HI(Q), z(x,1,t) € L*(Q
py< (0T ER [ e H@ 0 HE. 1 P@ )
z,z, € L*(9,(0,1))), 2(z,0,t) = v
Before establishing the local existence result, we need the following lemma
Lemma 2.1. For any € > 0, there exist A > 0, such that the real function
i(s) =1s""*mls|, p>2

satisfies

i(s)] < A+ [s[P2e
Proof. Since ‘ |lim (Tsl‘il) = 0, then there exists B > 0, such that

s|——+oo
In |s]
<1, V|s|>B

|s[*

So
7(s)| < [s[P~2

since p > 2, then |j(s)| < A, for some A > 0 and for all |¢| < B
thus

i(s)] < A+ [s[Pm2
then, we have following local existence result. O
Theorem 2.2. Assume that (1.5)-(1.9) and

2(n—-1) .
D> 2, if n=1,2

then for all Uy € H, problem (2.6) has a unique weak solution U € C([0,T], H).

Proof. We will show that A is a monotone maximal operator on H and J is a locally
Lipschitz function on H.

First, for all U € D(A), we define the time-dependent inner-product on H, (which is
equivalent to the classical inner product).

< U,U > /VuVud:v+/ vodx

+E7(t // z(z, p)z(x, p)dpdz, (2.11)
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where £ satisfies

|2 ( |2 )
<E< | 2u1 — . 2.12
=8 (m- = (2.12)
Thanks to hypothesis (1.9).
Let us set .
()2 +1)2
it = D2

27(t)
In this step, we prove the monotony of the operator A(t) = A(t) + 7(t)I.
For a fixed t and U = (u,v, 2)T € D(A(t)), we have

<AQU,U > = /Ll/ 2dx+u2/vz(x 1)dx

+g// (1= 7'(8)p)2(x, p)zp(x, p)dpde. (2.13)

/ / 1—7( —z2dpd;v
= —/ / 2% (x, p)dpdx
2 Jo Jo

1
/ 22(x, 1)(1 = 7/(t))dx
0
1
/
whereupon

< AU U >y = ul/fdx—i—;@/vz(a:,l)d:z:
Q Q

+§T;ﬁ)/01/01z2(x”0)dpdw
+§/01 22(x,1)(1 = 7/(t))dz — f/ (2.15)

By using Cauchy-Schwartz inequality and (1.5), we get

1
< AU U >y = <u1— 12| —€>/ vide
0

Observe that

/ / 1 —7'(t)p)z(z, p)z,(x, p)dpdx

!
2

(z,1)
1 22(x,0)dx (2.14)
2 b b

2v1—-d 2
1— V1— !
+ (f( d) _ |,LL2| d)/ 22($,1)d]}
2 2 0
—k(t) <U,U > .
Condition (2.12) allows to write
1-— V1-—
2v1—d 2 2 2



176 Abdelbaki Choucha and Djamel Ouchenane

Consequently, the operator A(t) is monotone. To show that .4 is maximal, we prove
that each

F=(fi,fa f5)" €H
there exists U(u,v, 2)T € D(A), such that (I + A)U = F
u—v=fi
v — Au+ v+ pez(z,1,t) = fo (2.17)
S0 Y
Noting that v = u — f1, we have deduce from (2.17)3
2(z,0) = v(x),z € Q. (2.18)

Following the same approach as in [11], we obtain

p
Z(ﬂc,p)=v(w)6””(”+T(t)€7’”(t)/ fa(@,y)e™Ody, if T'(t)=0
0

Z(Jj’ p) = 'U(x)en/’(t) —+ en/’(t) /p ]%Jf3(x7y)eny(t)dy7 Zf T/(t) 7é 07

0

where 7, (t) = :,((?) In(1 —7'(t)p). Whereupon, from (2.17);, we obtain

2, p) = u(@)e 7 — fre= 7" 7 (t)e P / fa(a,y)er™Vdy,

o ) (2.19)
o, p) = u(@)e® — frem® 4 n® /0 Ty @ e o
and in particular
{ 1) = u(@)e O + 20(0), if (=0 (220)
2(x,1) = u(x)e™® 4 20(x), if T'(t) #0,
where
o) =~ 10 470 [ e Oy, if 7 =0
o) - _—
zo(x) = —frem® 4 en® /0 Ty 2@ e ™ Wy, if () #0,
with
20 € L(Q).
Substituting (2.20) in (2.17)2, we get
ITu—Au=G,
where

D=1+p4pe ™, if 7(t)=0
{ M1+ U2 f (t) (2.21)

G = fa+ (14 m)f1 — pazo € L*(9),
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and

D=1+ +p2em®  if 7'(t)#0
{ H1 T Hee if T'(t)# (2.22)

G=fo+ (1+p1)f1 — pezo € LQ(Q).

Now, we define, over H{(€2), the bilinear and linear forms
Bwo) =T [(wo+ [ Vuvo. L) =Go
Q Q

It is easy to verify that B is continuous and coercive and L is continuous on H} ().
Then, Lax-Milgram theorem implies that the equation

B(u,¢) = L(¢), V¢ € Hy(), (2.23)

has a unique solution u € H} (). Hence, v = u — f; € HZ ().
Consequently, from (2.19), we have z, z, € L*(Q x (0,1)). Thus, U € H.
Using (2.23), we get

r/Qu¢+/QVu.v¢:/QG¢, Vo € HL(Q).

The elliptic regularity theory implies that u € H{ (2) and, in addition, Green’s formula
and (2.17)2 give

/Q[(l + u)v — Au+ pgz(x,1,t) — folp =0, Vo e Hé(Q)

Hence
(14 p)v — Au+ poz(x,1,t) = fo € L*(9).
Therefore,
U = (u,v,2)" € D(A).
Therefore, the operator I + A is surjective for any fixed ¢ > 0. Since 7(¢) > 0 and
I+ A(t) = (1+ k(@) + A1),

we deduce that the operator I + .A(t) is also surjective for any ¢ > 0 and then A(t) is
maximal.
Consequently, from the above analysis, we deduce that the problem

Y (2.24)

U+ AU =0
U(0) = U,

has a unique solution U € C([0, 00), H).
Now, let

U(t) = DT (1),



178 Abdelbaki Choucha and Djamel Ouchenane

with 8(t) = fOtT(S)dS, then we have using (2.24)

Uty = 7)POT(t) + DTL(1)
()’ DT (t) — LSO AT
SO (6T (t) - A1)
PO AT
= A@t)ePOT
= A®U(?)

Consequently, U(t) is the unique solution of problem.
Finally, we show that J : H — H is locally Lipschitz. So, if we set

F(s) = s~ 2s1ns|",

then
F'(s) = k[L+ (p— 1) In]s|]|s["~2.
Hence
IJO) = JOF = 10, ufulP~?n [ul* —a[ul’~?n [u]*,0,0)]3,
l[ful?~? In ul* —afal?~> In [a]*|7
IF(U) - FO)|7- (2.25)

As a consequence of the mean value theorem, we have, for 0 < 0 < 1,

[F(U) = F(U)| [F'(Bu + (1 - 6)u)(u — )|
k14 (p—1)In|0u+ (1 — 0)al]|ou + (1 — 0)u’2|u — 1
k6w + (1 — 0)alP~2|u — 7

+k(p—1)|j(0u+ (1 — 0)w)||u — 7. (2.26)

IN N

By recalling Lemma 2.1, we arrive at

|F(U) - FU)| = kou+(1—0)aP lu—1a|+k(p—1)Au—a]
+k(p—1)|0u + (1 — 0)u|P~2*5|u — 1

k(Jul + [u)?~*|u —ul + k(p — 1) Alu — 1l

+k(p — 1) (Ju| + [@]))P~2 ¢ |u —a. (2.27)

IN

As u,u € HE(2), we then use Holder’s inequality and the Sobolev embedding

Hi(Q) = L"(Q), VI<r< —
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to get

U a)P 2y — wllPde = U a2y — 7|?\dx
/Q[<||+\|>| 2 /Q[<||+||> fu— )

(p—2)
(p—1)
o ([ ul-+ a2r2a)
Q

<
1/(p—1)
< (/(|u—u|)2(”_2)dx>
Q
1 1 (p—2)
< OfllullFH0) g + Il o) =D
XHU—UHLzmn(Q)
2 1 2 1
< Clllul?T) + (a2

HI(Q) HI(Q)

*|lu =l 0)-

Similarly, we estimate

Ll == =G 07~ 7
Q Q

—2)

IN

1/(p—1)
X (/ (Ju — u|)2(p_2)da:>
Q
c ( [l + e
Q

x||u —EH%Q@,D(Q).

IA

Since, p < (n —1)/(n — 2), we can choose € > 0 so small that

2e(p—1) < 2n

pr=2(p—2)+ p—2) Sn-2

Hence, we have

—\p—2+ 12 - * _up* (P:2)
[t w2 =l = Ol g + e )5

I _EH%?(P*I)(Q)

IN

* (:D—?)
Clluly g+ [T ) 55

HU—UHH[}(Q)'

2(p—2+e)(p—1) 22_1)
c / (lu] + ) S5 4o

(p—=2)
2e(p—1) (p—1)
®=2) dx

179

(2.28)

(2.29)

(2.30)
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Therefore, by combining (2.25)-(2.30), we obtain

I7@) =@ = #0 = 1A% Ju — Tl g
2 2 — —
Cllllullzhy + I3 o)™/

(el o +HUI|H1(Q )(p 2/ |lu — a3 g
< Clllullmz @), 1l g @)l = all7 q)- (2.31)

Therefore, J is locally Lipschitz. Thanks to ([12], [15]), the proof is completed. O

3. Blow up

We introduce the energy functional

Lemma 3.1. Assume that (1.9)holds and the hypotheses (1.5), (1.8) and (2.2) are
satisfied, let u(t) be a solution of (1.1), then E(t) is non-increasing, that is

1 1 k
BO) = llulf+ 31Vul}+ Sl
f 1
+*T(t)// 22(x, p,t)dpdx
2 aJo
1
—f/ |u|P In |u|*dz. (3.1)
PJa
satisfies
B(t) < —c1(|lug|3 —|—/ 22(x,1,t)dx) < 0. (3.2)
Q

Proof. By multiplying the equation (2.3)1 by u; and integrating over 2, we get
1
g gl 5 g5 IVl el + e [ (o 1.6
_ / weululP = In |ulde. (3.3)
Q

Now, we multiply (2.3)2 by £z and integrate the resulting equation over  x (0,1)
with respect to p and z, respectively, to obtain

2dt// (x,p,t)dpdx = —5// (1 —7'(t)p)zz,dpdx
+§T(t)/g/o 22(x, p, t)dpdz
_ —g/ﬂ/ljp(l—f’(t)p)zQ(x,p,t)dpda:

= 5/ (z,0,t) — 2%(z,1,t)]dx
2(’5)/9 22,1, 1)da. (3.4)
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By (3.3) and (3.4), we get (3.1) and
G50 = = (m=5) - (2= 5) [sternw

*‘U,Q/ wpz(z, 1,t)dz. (3.5)
Q
Thanks to Young’s inequality, the last term in (3.5) can be estimated as follows
,ug/ upz(z, 1,t)de < |M2| u 2dx + |M2| / x,1,t)d
Q 2v1 —
inserting (3.6) into (3.5), we obtain

a0 = ~(n-§ -5 oo

_ (g(T'(t) - W'éﬁ) /Qz(x, 1,t)de. (3.6)

Then, by using (2.16) and (1.5) our conclusion holds. O

Lemma 3.2. There exists a positive constant ¢ > 0, depending on §2 only such that

</ |ul? In |u] dm) <c (/ |ul? In |u|*dz + |Vu||§> , (3.7)

for any u € LPY1(Q) and 2 < s < p, provided that

/ |ul? In [u|¥dz > 0.
Q

Proof. If/ |ulP In |u|*dz > 1, then
Q

s/p
</ |up1n|u|kdx> gc[/ luf? In [ul*dz + | Vul|2]. (3.9)
Q Q

If [, [u[?In|u|*dz < 1, then we set
O ={z e Q,ul >1}

B/p B/p
(/ |u|pln|u|kdx) < (/ |u|pln|u|kdx)
Q 2
1 ol 1 ol B(p+1)/
( [ dx) < ( [ dx) S MIARLS
Q 951

We choose 8 =2p/(p+ 1) < 2 to get

and, for any S < 2, we have

s/p
</ |u|P ln|u|kdx)
Q

IN

IA

s/p
( /Q u|p1n|u|kdx) < a2y < |Vl (3.9)

Combining (3.8) and (3.9), we obtain (3.6). O
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Lemma 3.3. There exists a positive constant C' > 0 depending on €2 only such that
full < e ([ o mputas + 17u13) (3.10)
Q

for any w € LP(), provided that [, |ulP In |u[*dz > 0.
Proof. We set

Qp = {ze€Qul>e¢e}
Q. = {zeul <e},
thus
lulp = / |u|de+/ fufPda:
o _
P
< / |u|P In |u|*dz —|—/ eP E‘ dx
Q4 Q_ e
P
< / |u|P ln\u|kda:+ep/ o
Q4 n_ '€
P
< \u|p1n|u|kdx+ep/ ’E dx
Q Q'e
< e (/ ff? In ]z + |vu§) .
Q
Using the fact that [|ull3 < cflul|? < c(||u||£)2/p, we have O

Corollary 3.4. There exists a positive constant C' > 0 depending on 2 only such that

2/p
lull3 < ¢ ( / |u|P1n|u|’“dx) IV, (3.11)
Q

provided that [, [ulP In|u|"dz > 0.

Lemma 3.5. There exists a positive constant C' > 0 depending on 2 only such that
lullj, < elllully + [ Vull3, (3.12)

for any u € LPTL(Q) and 2 < s < p.

Proof. If |Ju|l, > 1 then
[l < llully

If ||ull, <1 then, ||lull5 < |lu||2. Using Sobolev embedding theorems, we have
lully < llully < el Vul3. 0

Now we are ready to state and prove our main result. For this purpose, we define

1 1 k
H(t)=—-E(t) = - Pln |ulfde — = |lusll3 — = ||ull
(t) (t) p/QIU\ nful*de — S lluellz pQIIUHP

1
—3||vut||§—§r(t)// 2z, p dpdz. (313
2 2 aJo
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Theorem 3.6. Assume (1.5)-(1.9) and (2.10) hold. Assume further that
E(0) < 0, then the solution of problem (1.1) blow up in finite time.

Proof. From (3.1), we have

E(t) < E(0) <0. (3.14)
Hence
H()=—F() > « (nutn% - z2<x71,t>dx)
Q
> cl/ 22(x,1,t)dx > 0. (3.15)
Q
and
1
0< H(0)<H(t) < 7/ Jul? In |u|*dz. (3.16)
P Ja
We set

Kt)=H'"" —l—s/

uutdx—l—%/ u?dz. (3.17)
Q 2 Jo

where € > 0 to be specified later and

2(p—2) p—2
— < 1. 1
o <a< 5 < (3.18)

By multiplying (1.1); by u and taking a derivative of (3.17), we obtain

K'(t) = (1—a)HH'(t) + efull3 - el Vull3
+€/ u|P In |u|*dx — E/Lg/ uz(z,1,t)dx. (3.19)
Q Q
Using
1
sug/ wz(z, 1,t)de < elpa|{01|lul3 + — [ 2%(x,1,t)dz}. (3.20)
Q 461 Jo

we obtain, from (3.19),

Kt > (1—a)H—aH/(t)+guut||g—s||w||§+a/|u|P1n|u\’fdg;
Q
1

2
19, Qz (z,1,t)dz}. (3.21)

—elual{0nlull3 +

el kH~%(t), substituting in

Therefore, using (3.15) and by setting d; so that, Woe =
1€1

(3.21), we get

K'(t) > [(1—a)—erlH " H'(t) + efull3 — e[| Vul3

H(t
be [ fuprnfultae - 2 2 ul, (3.22)
Q der1k
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For 0 < a < 1, from (3.13)
ep(l —a) e(1—

a)k
. Jul

‘€/|1‘|”1D|U\kdﬂlj = ep(l1-a)H(t) + e 3 +
Q

1—
+M||Vut||§ + 6a/ |u|P In |u|*dz

2 ¢

2
+8p(12_a)27(t)/9/0 2(x, p,t)dpdz. (3.23)

substituting in (3.22), we get

p(l—a

K0 > 10— a) — e i) + el a3

re | (P52 1) o

He(t
+a5/ ulP In |ul*dx — ¢ ®)
Q de1k

|2 ull3
e(1—-a)k
sep(t - a0 + LD
1_ 1
—&—Mér(t)/ / 22(x, p,t)dpdx (3.24)
2 2 aJo
Using (3.11), (3.16) and Young’s inequality, we find
HE(O)ul; < /Q|U|p111|u|kd$)“||u\|§
«
c{ |u|p1n|u|kdx)°‘+2/p + </ |u|p1n|u|kdaj> |Vui/p}
Q Q

(pa+2)
of [t tmlutan) 5 4 vl
Q

@)
+ (/ |ul? In |u|kdx> }
Q

IN

IN

(3.25)

Exploiting (3.18), we have

2
ap
< p.
9 =

2<pa+2<p, and 2<

Thus, lemma 3.2 yields

HO(0) 3 < ¢ ( [t + ||Vu||§) . (3.26)
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Combining (3.24) and (3.26), we obtain

K0 2 (0= a) - +e [P g jus

e R e

2

+e {a _ | } / |u|P In |u|*dz
deik | Jq

e(1- a)k

+ep(l —a)H(t) +

epl=a) / / (z, p,t)dpdx (3.27)

At this point, we choose a > 0 so small that

p(l —a)
2

[l

—1>0

a1 =

then we choose k so large that

. 2
e (ML) il

2 41k
and
clpzl?

a3 = a —
4k

Once k and a are fixed, we pick € so small so that
ay=(1—-a)—ex>0

Thus, for some 8 > 0, estimate (3.27) becomes

K't) = B{H(t)+HUtH§+IIVUII§+/QIUIPIH\UI'“M+HUII§

+/Q/01z2(x,p,t)dpd:c}. (3.28)

K(t) > K(0) >0, t>0. (3.29)

Next, using Holder’s and Young’s inequalities, we have

fulle = ( uzdoc)é < [( / <|u|2>1)/2cm)Z ([ 1dx)1’%r <l (330)
‘/Quutdx

and

and

< lulla-lutllz < elfullp-[lutll2
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which implies

1

T—a _1 _1
/ wugdz| > cllull I |
Q
% IL
< o [nuu-ﬂ Tl (3.31)
1 1
where — + — = 1.
w0
we take 0 = 2(1 — «), to get
o 2

l-a 1-2a ™~
Therefore, for s = 2/(1 — 2a), we obtain

/ uupdr
Q

1

1
I—a

< clllully + lluell3]-

hence, lemma 3.3 gives

ez < IVl el + ) (3.2)
Therefore,
A
Kﬁ(t) = (Hl_a—i—s/uutdx—i—gul u2da:>
Q 2 Q

IN

e[t +1 [ wdsl e 4l
Q
[H(t) + [[Vull + w3 + [[u]. (3.33)
According to (3.28) and (3.33), we get
K'(t) > A= (8), (3.34)

where A > 0, depending only on 5 and c.
A simple integration of (3.34), we obtain

o 1
K== (t) > —
Klfa (0) — )\ﬁt

Therefore, K(t) blows up in time

11—«
T<T*=___ - —
= NakCa/T=a)(0)

This completes the proof. O
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