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Fekete-Szego inequalities for certain subclass
of analytic functions associated with
quasi-subordination
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Abstract. In this present investigation, we introduce a certain subclass Sg(\, 7, h)
of analytic functions which is specify in terms of a quasi-subordination. Sharp
bounds of the Fekete-Szeg6 coefficient for functions belonging to the class
Sq(A, 7, h) are obtained. The results presented give improved versions for the
classes involving the quasi-subordination and majorization.
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1. Introduction and definitions

Let A denote the family of normalized functions of the form:

o0
f(2) :z—f—Zanz", (1.1)
n=2
which are analytic in the open unit disk U = {z: |z| < 1}.
A function f in A is said to be univalent in U if f is one to one in U. As usual, we
denote by S the subclass of A consisting of univalent functions in U. Let g and f be
two analytic functions in U then function ¢ is said to be subordinate to f if there

exists an analytic function w in the unit disk U with w(0) = 0 and |w(z)| < 1 such
that

9(2) = f(w(z)) (2 €U).
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We denote this subordination by g < f.
In particular, if the f is univalent in U, the above subordination is equivalent to

9(0) = f(0) and f(U) C g(U).

Further, [14] function g is said to be quasi-subordinate to f in the unit disk U if there
exist the functions w (with constant coefficient zero) and ¢ which are analytic and
bounded by one in the unit disk U such that

9(2) = ¢(2) f(w(2))
and this is equivalent to
£ </ Geu)

We denote this quasi-subordination by
9(2) <4 f(2) (2€0).

It is observed that if ¢(z) =1 (z € U), then the quasi-subordination <, become
the usual subordination <, and for the function w(z) = z (z € U), the quasi-
subordination <, become the majorization '<’. In this case:

9(2) <q f(2) = g(2) = 6(2) f(w(2)) = g(2) < f(2), (z€0).

The concept of majorization is due to MacGregor [8].

In geometric function theory, study a functional made up of combinations of the
coefficients of the original function is a typical problem. Initially, a sharp bound of
the functional |ag — va3| for univalent functions f € A of the form with real v was
obtained by Fekete and Szeg6 [3] in 1933. Since then, the problem of finding the sharp
bounds for this functional a3 — va3| of any compact family of functions f € A with
any complex number v is generally known as the classical Fekete-Szeg6 problem or
inequality. Fekete-Szeg6 problem for several subclasses of 4 have been studied by
many authors (see [1], [2], [4], [12], [13], [15], [17], [18]).

Throughout this paper it is assumed that functions ¢ and h are analytic in U.

Also let

() = Ag+ Az + Ax2? +--- (|¢p(2)] <1, z€ ) (1.2)

and
h(z) =14 Byz+ Baz? 4 - - (B € RY). (1.3)
Motivated by earlier works in ([5],[6],[11],[16]) on quasi-subordination, we introduce

here the following subclass of analytic functions:

Definition 1.1. For 0 < A <1 and v € C\{0}, a function f € A given by (1.1) is said
to be in the class Sq(\, 7y, h), if the following condition are satisfied :

1 2f'(2)
?((1 — Nz +Af(z) 1) =g (h(z) = 1), (1.4)

where h is given by (1.8) and z € U.
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It follows that a function f is in the class Sy(A, v, ) if and only if there exists an
analytic function ¢ with |¢(z)| <1, in U such that

;( 2O N

Y\ 0-Nz+27()
¢(2)

where h is given by (1.3) and z € U.

If weset ¢(z) =1 (z € U), then the class (A, 7, h) is denoted by S(A, 7, h) satisfying
the condition that

) < (h(z) — 1)

1((1_ z2f'(2)

1+~
~ ANz + Af

In the present paper, we find sharp bounds on the Fekete-Szeg6 functional for func-
tions belonging in the class Sy(A, 7, h). Several known and new consequences of these
results are also pointed out. In order to derive our main results, we have to recall here
the following well-known lemma:

Let 2 be class of analytic functions of the form

ol 1) < h(z) (2 €U).

w(z) = w1z + waz? + ... (1.5)
in the unit disk U satisfying the condition |w(z)| < 1.
Lemma 1.1. ([7], p. 10) If w(z) € Q, then for any complex number v:
wi] <1, lwo —vwi] <1+ (Jv] = Dwi| < maz{1,|v]}.

The result is sharp for the functions w(z) = z or w(z) = 22.

2. Main results

Theorem 2.1. Let 0 < A <1 and v € C\{0}. If f € A of the form (1.1) belonging to
the class Sq(A, 7y, h), then

17| B1
las| < 5 (2.1)
and for any v € C
B B
laz — val| < ?L;max{1,|B% KB}, (2.2)

where

KZ”(Z(;(B—_/\;\22 - 2i)\)'

The results are sharp.

Proof. Let f € S4(A, 7, h). In view of Definitionl.1, there exist then Schwarz functions
w and an analytic function ¢ such that

L ) B e
(s iarm Y = #@BwE) ~1) (D) (2.4)
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Series expansions for f and its successive derivatives from (1.1) gives us

! 2/(2) oo asz —Nas — —Na22+. ..
5((1_)\)24_)\]0(2,)_1)_7[(2 Nazz +[(3— AN)az — A(2 — Na3]z“ + ].(2.5)

Similarly from (1.2), (1.3) and (1.5), we obtain
h(w(2)) — 1 = Bywyz + (Bywy + Bow?)z? + -+
and
o(2) (Mw(2)) — 1) = AgBiwiz + [A1 Bywy + Ag(Biws + Bow?)]z* + -+ . (2.6)

Equating (2.5) and (2.6) in view of (2.4) and comparing the coefficients of z and 22,
we get

_ YAoBiw
az = o\ (2.7)
and W
A4 B | By w2
as = o )\[Alw1+A0{w2+( s +Bl) 2}). (2.8)
Thus, for any v € C, we have
a2 B By o\, (VIB=A) A
BTV T TN {Alwl + (“’2 ) wl)AO ( 222 2- A)BlAOwl}
_ ’YB & 2 - 2, 2
- = [Alw1 ¥ (wg tg wl)Ao KBlAOwl}, (2.9)

where K is given by (2.3).
Since ¢(z) = Ag + A1z + Az2? + - -+ is analytic and bounded by one in U, therefore
we have (see[10], p. 172)

|Ag| <1 and Ay =(1- A3y (y<1). (2.10)
From (2.9) into (2.10), we obtain

az — vai = . B/\ [ywl + (w2 + §1 %)AO - (Ble% + ywl)Ag}. (2.11)

If Ap=0 in (2.11), we at once get

(2.12)

But if Ay # 0, let us then suppose that
G(Ao) = ywi + (’U)g + Fw%)AO — (Ble% + ywl)Ag
1

which is a quadratic polynomial in Ay and hence analytic in |Ag| < 1 and maximum
value of |G(Ap)| is attained at Ag = e/ (0 < 6 < 27), we find that

max|G(Ag)| = max |G(e)] =|G(1)]

0<o<2m

B,
‘U’? - <KBl B )w%‘
1



Fekete-Szegd inequalities for certain subclass 469

Therefore, it follows from (2.11) that

[v|B1 By
lag — va3| < m’wg - (K81 - B—l)w% ) (2.13)
which on using Lemmal.l, shows that
B B
laz — va2| < |37|_ L a1, |§i — KBy},
and this last above inequality together with (2.12) establish the results.
The results are sharp for the function f given by
1 2f'(2)
1+ f( — 1) = h(z2),
A\T Nz A7) *
1 zf'(2) 2
1+ =( —1) = h(z
YNNI =XNz+ Mf(2) (=)
and ) 7(2)
zf'(z
1+7( fl)zzhz—l.
AT Nz 270 (b=
This completes the proof of Theorem 2.1. O

For A =1 the Theorem 2.1 reduces to following corollary:

Corollary 2.2. If f € A of the form (1.1) satisfies

1zf'(2)
;( o 1) < (h(z)=1) (2 €T, 7€ C\{o}),

then
laz| < |v|B1,
and for some v € C

B B
lag — va3| < |7|2 ! max{l,‘B—Z +’Y(1—21/)B1’},
1

The results are sharp.

Remark 2.3. For ¢ = 1, v = A = 1, Theorem 2.1 reduces to an improved result of
given in [9].

The next theorems gives the result based on majorization.

Theorem 2.4. Let 0 < A <1 and v € C\{0}. If f € A of the form (1.1) satisfies

! 2f'(2)
5((1 —Nz+ M) 1) < (h(z) 1) (z€D), (2.14)
then
lag| < |;|_B)1\

and for any v € C

where K is given by (2.3). The results are sharp.
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Proof. Assume that (2.14) holds. From the definition of majorization, there exist an
analytic function ¢ such that

1 )
- ~1) =6(:)(h(z) = 1) (: €V).
ey 9()(h(z) = 1) (z€U)
Following similar steps as in the proof of Theorem 2.1, and by setting w(z) = z, so
that w; = 1, w, = 0,n > 2, we obtain

0 — YAo By
2T 2
and also we obtain that
B
as — vad = ;1Pﬁ%%oK&ﬁ. (2.15)
On putting the value of A; from ( .10) into (2.15), we obtain
as — val = [+fm—@m+@%] (2.16)
If Ag =0 in (2.16), we at once get
MBl
— 2.17
|las Va2| =3\ ( )

But if Ay # 0, let us then suppose that

_ . B 2
T(Ay) =y + EAO - (BlK + y)AO

which is a quadratic polynomial in Ay and hence analytic in |Ag| < 1 and maximum
value of |T(Ap)| is attained at Ag = e'? (0 < 6 < 27), we find that

_ AV
max|T(Ag) = max [T(e)] = [T(1)].
Hence, from (2.16), we obtain
B B
|a3—ua§|< il 1‘[(31 2‘
B,

Thus, the assertion of Theorem 2.4 follows from this last above inequality together
with (2.17). The results are sharp for the function given by

L )
1+§(a—xp+xﬂ@‘4)—h“%

which completes the proof of Theorem 2.4. O

Theorem 2.5. Let 0 < A <1 and v € C\{0}. If f € A of the form (1.1) belonging to
the class S(A, 7, h), then

[v1B1

< —

a2l < 55

and for any v € C

B
km—y@\ggi; %J—KBH}
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where K is given by (2.3), the results are sharp.

Proof. The proof is similar to Theorem 2.1, Let f € S(A, 7, h).

If ¢(z) =1, then Ay =1, 4,, =0 (n € N). Therefore, in view of (2.7) and (2.10) and
by application of Lemma 1.1, we obtain the desired assertion. The results are sharp
for the function f(z) given by

1+1((1_ 21(2) ( )—1):h(z),

v ANz + Af(z
or ‘e
1 zf'(z 9
14— —1)=h .
(T~ e
Thus, the proof of Theorem 2.5 is completed. O

Now, we determine the bounds for the functional |az — va3| for real v.

Theorem 2.6. Let 0 < X\ < 1. If f € A of the form (1.1) belonging to the class
Sq(A, v, h), then for real v and 7y, we have

‘;‘_B)\l I:Bl(ﬁ - 23:>\>\)2 V) + %] (V S 0'1)5
lag — vad] < A (n<v<o+2p),  (218)
SR B(E - Bl 2 o+2),
where )
A2=X)  (2-)X) 1 B
= - e 2.19
TE BN BN (5, Bf) (2.19)
and )
(2-2)
= . 2.20
P (3 = A)B1 ( )

Each of the estimates in (2.18) are sharp.

Proof. For real values of v and 7 the above bounds can be obtained from (2.2),
respectively, under the following cases:

By By B
BiIK——<-1, -1<BiK——<land BIK ——2>1
1 B1 = ) >~ D1 Bl = 1 alx 1 Bl = 4
where K is given by (2.3). We also note the following:
(i) When v < o1 or v > g1 + 2p, then the equality holds if and only if ¢(z) = 1 and
w(z) = z or one of its rotations.
(ii) When o1 < v < o1 + 2p, then the equality holds if and only if ¢(z) = 1 and

w(z) = 22 or one of its rotations.

(iii) Equality holds for v = o7 if and only if ¢(z) = 1 and w(z) = Zl(it:) (0<e<),
or one of its rotations, while for v = o1 4 2p, the equality holds if and only if ¢(z) = 1
and w(z) = —% (0 <€ <1), or one of its rotations. O

The bounds of the functional az — va3 for real values of v and  for the middle range
of the parameter v can be improved further as follows:
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Theorem 2.7. Let 0 < X\ < 1. If f € A of the form (1.1) belonging to the class
Sq(A, v, h), then for real v and v, we have

B
lag — va3| + (v — o1)]az]? < |37‘_; (o1 <v<o1+p) (2.21)
and
B
o —vadl + 1+ 20— < TP o p<v<oivo) )

where o1 and p are given by (2.19) and (2.20), respectively.

Proof. Let f € S4(A, 7, h). For real v satistying o1 + p < v < 01 + 2p and using (2.7)
and (2.13) we get
B Bi(3—
3\ 2 - N2
Bi(3—A\
+|7| 1(3-A)
(2-2)?

Therefore, by virtue of Lemma 1.1, we get

las — va3| + (v — o1)laz|? (v—o1—p)ws]?

(V—01)|w1|2 .

|v|B1
3—A

lag — va2| + (v — o1)]az|? < [1—Jwi|* + w1 ],

which yields the assertion (2.21).
If o14+p < v < 0142p, then again from (2.7), (2.13) and the application of Lemma 1.1,
we have

B Bi(3—-AX
2 = a3+ o1+ 2 = Vlaal < PP gl + DR 0y = gy
Bi(3—-AX
|’7(21_( )\)2 )(01+2,0*V)|w1‘2
17| By 2 2
< 1—
< gy = fwil™ + w7,
which estimates (2.22). O
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