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Salagean-type harmonic multivalent functions
defined by ¢-difference operator
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Abstract. We introduce a new subclass of Saldgean-type harmonic multivalent
functions by using g—difference operator. We investigate sufficient coefficient es-
timates, distortion bounds, extreme points, convolution properties and neighbor-
hood for the functions belonging to this function class.
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1. Introduction

The study of harmonic functions which are multivalent in the open unit disc
D={z:|z| <1}

was initiated by Duren, Hengartner and Laugesen [4]. Let H(m), (m > 1) be the class
of harmonic multivalent and sense-preserving functions f = h+4g, where h and g have
the following power series

o0 oo
h(z) =2"+ Zan+m_1z"+m_1, g(z) = Z brm_12" T by <1 (1.1)
n=2 n=1
that are analytic and m—valent in I. The class H(1) of harmonic univalent functions
was studied by Clunie and Sheil-Small [3]. For more details of harmonic multivalent
functions, one may refer to [2] and [6].

Jackson [7, 8] in 1909-1910 developed quantum calculus, popularly known as
g—calculus. Since then it has found applications in physics, quantum mechanics, an-
alytic number theory, Sobolev spaces, representation theory of groups, theta func-
tions, gamma functions, operator theory, and more recently in geometric function
theory. For definitions, properties and references of g—calculus one may refer to [1].
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In fact, g—calculus methodology is centered on the idea of deriving g—analogues re-
sults without the use of limits. Let us first recall certain notations and definitions of
the g—calculus.
Definition 1.1. Let ¢ € (0,1). The g—derivative (or ¢g—difference operator) of a func-
tion f, defined on a subset (2 with 0 € Q of C, is given by
f(z)=f(g2)
?1711)32 , 270
(Dgf)(2) =
1/(0), z=0.

We note that lim,_,1- (Dgf)(2) = f'(2) if f is differentiable at z.
For the function f(z) = 2", we observe that

Dy2" = [n]gz" ",

where [n], = 117’1 (2) =24 Y .2, a,2" is analytic in D, then

(Def)(z) =14 Y _[n]ganz""".

Clearly, for ¢ — 17, [n]; — n. For the definitions and properties of g—derivative and
g—calculus, one may refer to [1, 5, 7, 8].

The g—Salagean differential operator of a m—valent function h given in (1.1) is
formed by

LYh(z) = h(z)

L;h(z) =

LEh(2) = Lo(LE7'h(2)).
Then

n—|—m— 1 _
LER( +Z< Jo ) U121 (1.2)

where [n+m — l]q = (%)k, g€ (0,1), k=0,1,.... Clearly, when ¢ — 1~ and
m = 1, the equation (1.2) reduces to Sélagean differential operator (see [12]).
Making use of (1.1) and (1.2), we define the g—Saldgean differential operator for

harmonic multivalent function L’“f(z) s H(m) — H(m) b

2/ (2) = Lgh(2) + (—=1)*LEg(2), (1.3)
where LEh(z) is given by (1 2) and

o0

-1
Lkg :Z(’n+m ] ) bﬂ+m 1Zn+m 1

— [mlq
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When ¢ — 1~ the equation (1.3) reduces to Salagean differential operator for multi-
valent harmonic functions given in [11]. Motivated by definition of g—S&lagean differ-
ential operator for harmonic multivalent functions, we create the following class.

Definition 1.2. For 0 < A < 1,0 < a < 1, ¢ € (0,1) and 2z € D, a function
f e H(m), (m>1) is said to belong to the class Hq(m, k, A\, o) if

Littf(z)
Re(u N2+ )\L’qff(z)) z e (14)

where LFf(2),(k = 0,1,...) is defined by (1.3). A function f in this class is called
g—Salagean-type harmonic multivalent function of order a.

For special values of parameters ¢, m,k, A and «, we obtain several new and
known subclasses as special cases; for example:

(i) If kK =0, we get a new subclass H,(m, A, &) as below

m{uiiifkﬂw)z“

(ii) If k =0, m =1, we get a new subclass H4(X, a) as below

Re( ) 2

(ili) f £k =0, m =1, ¢ — 17, we get a known class S;; (A, «) defined in [13] in the

following
zf'(2)
&{u—xw+xﬂ@)>“'

(iv) Ifk=0,m=1,A=1,q — 17, we get a known class S;,(«) defined in [9] in

the following
2f'(2)
Re( 7)) 2

(v) fm=1,A=1,¢g— 1, we get a known class Sy (k, @) defined in [10] in the

following
LE+1 f( Z)
Re| ———% | >
e( LFf(2) > *
We also introduce a new subclass of g—Salagean-type harmonic multivalent func-
tions using negative coefficients. Let TH,(m, k, A, &) denote a subclass of #(m) that
consists of harmonic functions f = h 4+ g so that h and g are of the form

o0 oo
h(z) = 2" - Z |antm—1]2" Y g(2) = (=1)* Z b1 ]2 (b < 1.
n=2 n=1
(1.5)
In Section 2, we first obtain coefficient characterization for our main class. Using
this characterization, we obtain distortion and covering theorems. Finally, we obtain
extreme points, convolution properties and neighborhood results for our class.
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2. Main results

We first obtain two lemmas that we need for proving other results.
Lemma 2.1. Let 0 <A <1,0<a<1,¢q€(0,1), 2z€D, and f =h+g with h and g
of the form (1.1). If

ZQ (m, b, Ay @) |Gy — 1|+Zx1/ (m, kA, @) |bpgm—1] <1 —a, (2.1)

" ftm kA = (P Hqﬂ[n T *
" Walm ) = (P 1]q>k[[n ) Y

then f € Hq(m, k, A, ).
Proof. In view of (1.4), and using the fact that Re(w) > « if and only if
1—a+w >|1+a—uw,
it suffices to show that
Lyt f(2)
(1= X)zm + )\L’;f(z)
We observe that left side of this inequality
= Ly f(2) + (1= a)[(1 = A\)z™ + ALy f(2)]|
—‘Lk‘*‘lf 2)— 1+ a)[(1=X)z"+ /\L’;f(z)]’
‘ +Z<n—|—m—l ) [[n+m_1]q+(1—a))\]an+m—1z"+m_l

[mlq

kz<n+mq1 )k[[n+m1]q (1Q)A]W

[mlg

_‘ o ;i L

-0y (M ) [ s

> 2(1— a)|2|™ - i <[" rm= ”")k [[" tmole g a))\] g2

"2 [m]q [m]q

-y (I ) [t aga]

[mlg

Lyt f(2)

Lot (= Nem + ALEf(2)| =

—‘1—&-@—

oo

R

= [mlq [mlq
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-3 ( sl ) e s o

2
23 ( Hmil} > [[n ST e

k
[n+m—1]4 [n+m—1]4 —a
s [m]q [m]q
22(1—@{1—2 s [EP—

n=2

k

& ([”*[IZ]J“) anquq +O‘A]

- Z 1 |bn+m1|} 2 07
—

n=1

by (2.1). This completes the proof. O

The g—Salagean-type harmonic multivalent functions

l-a l-«a e
_ n+m—1 n+m—1
=z" 4 § Q ~ 7 7 Ifntm-1% + § (m ) Ol) Yni4m—1% ,

oo oo
Z |xn+mfl‘ + Z |yn+m71| =1
n=2 n=1

shows that the coefficient bound given by (2.1) is sharp.
We now show that the condition (2.1) is also necessary for functions f = h + g,
where h and g are of the form (1.5)

Lemma 2.2. Let 0 < A<1,0<a<1,¢q€(0,1),z€D, and f =h+g with h and g
of the form (1.5). Then f € THq(m, k, A, «) if and only if

> Q(m kN a)antm1]+ Y g(m, kA @) bypma| S1—a,  (2.4)
n=2 n=1

where Qq(m, k, A\, ) and U,(m, k, X\, ) are, respectively, given by (2.2) and (2.3).

Proof. Since THq(m, k, A\, ) C Hq(m, k, A, a), we only need to prove the ”only if”
part of this theorem. Let f € THq(m, k, A, @), then it satisfies (1.4) or equivalently

n=2
O4(m, k, A, )

00
(1 - a)zm - Z Qq(mv k, A, a)|an+m*1|zn+m71
Re{

+

o]
(*1)%71 > Yalm, b, A @) |brgm—1 Zrtmol
n=2
>0

@q(mvka )\70[) } ’
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where
ner 1], F
O4( AZ( > |angm—]2" T
Z ( n—l—m ] ) |bn+m 1|Zn+m 1
ot mlg
The above required condition must hold for all values of z € D, |2| = r < 1. By

choosing the values of z on the positive real axis where 0 < z = r < 1, we must have

(1—a)= Y Q(m, kN a)|anym—1|r"?

n=2

% - %
1-AY <[n+[$] ”q) |t |rm =t + A 3 ([M[z]:l]ﬁ L

n=2 n=1

Z ¢q(m7 ka )‘7 O‘)‘bn-‘rm—l |Tn71
> 0.

k
1- ) Z ([”erl) [ S R Z (["er]ql> [P
(2.5)
If the condition (2.4) does not hold, then the numerator in (2.5) is negative for r
sufficiently close to 1. Thus there exists a point zg = ¢ in (0, 1) for which the quotient

in (2.5) is negative. This contradicts the required condition for f € TH,(m, k, A, )
and so the proof is complete. O

We now obtain distortion bounds of the class THq(m, k, A, o).

Theorem 2.3. If a function f belongs to the class THqy(m, k, A, a), then we have

1—a) 14+ al
< m m—+1 .
FOIS A babrm + g0 20 (1= 152l ) (2.6
and
1—al 14+ a
> (1 — |bp|)r™ — 1- b | )™, 2.
11> 0= e = a2 (1= 152 )r (2.7
where

0u(m, b, A ) = ([erl]q)k{[erl]q M}

[mlq [mlg

and for all z € D.
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Proof. Let f € THq(m, k, A, ). Taking the absolute value of f and using Lemma 2.2,
we obtain

FE < 4™ + 3 (anmot]| + a7

n=2
< (14 [bm|)r +Z |anm—1] + [Bosm1 )rm
n=2
< (1 + [bml)r™ + M
X i Wﬂ%ﬂn—ﬂ + b1 [)rm™ Tt
(1+ bl + m
X Z {mk/\o‘)|%+m_1| + Wwwm—ﬂ}rmﬂ
<@+ { G il

The proof of the inequality (2.7) is similar to the proof of (2.6) and is omitted. O

The following covering result follows from the inequality (2.7) by letting r approaches
to 1.

Corollary 2.4. If f € THq(m, k, A, «), then

Next, we give the extreme points of this class.

Theorem 2.5. Let f = h+ g be given by (1.5). Then f € clcoTHq(m, k, A, o) if and
only if

0o
= Z(anrmflhnqufl(z) + yn+mflgn+m71(z))»
n=1

where
hin(2) = 27, B (2) = 27 — = O _mml (> )
m — ) n+m—1 — Qq(m, k, )\7 Oé) ) =
11—«
b — ,m -1 k- =  —Znt+m-1 > 1
g + 1(2) < +( ) \I’q(m,k,A,OL)Z ? (n— )
and -
Z(In+m—1 + yn+m—1) - 17
n=1

where Tpym—1 > 0 and Ypym-1 > 0. In particular, the extreme points of
THq(m, kN a) are {hptm—1} and {gntm—1}-
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Proof. For a function f of the form
f(z) = Z(mn+mflhn+mfl(z) + Yntm—19nt+m-1(2)),
n=1

o0

where > (Zntm—1 + Yntm—1) = 1, we have
n=1

'S ') 1 o

_ E E B n+m—1
- n=1(xn+m—l + yn+m 1 o m k‘ )\ a) xn+m—lz

11—«

\I/ m k )\ )yn+m—1§n+m71-

Then, f € clcoTHq(m, k, A, ) because

> m,k,\ « (m,k, A\«
Z %Mn-ﬁ-m 1|+ Z ﬁ)|bn+m—l

n=2 n=1

0 S
= Zl‘n-&-m—l + Zyn—i-m—l =1-x, <L
n=2 n=1

Conversely, suppose f € clcoTHq(m, k, A, ). Then, by Lemma 2.2

| < 11—«
Upam—1| < ———mMm
* ' Qq(ma k7A7O¢)
and
b < 1—«
nm=1l = U, (m, kA a)
Putting
Qu(m, k, A\, «)
Tn4+m—-1 = qlTMner—l‘a
U, (m,k,\ a
Ynt+m—1 = %lbn-&-m—ﬂa
—«

oo o0
and T =1— Y Tpim—1— Y. Yntm—1 > 0, we obtain

n=2 n=1
00 00
-1 k T ntm—1
_ 2 :an+m712n+m + (_1) § bn+m712n+m 1
n=2 n=1
00

1—«
— ,m _ n+m—1
2 Qo kna)

1 - m_lzn—i-m—l

Wy (k)

=2"+ Z(hn+m—l(z) - Zm)xn+m—1 + Z(gn+m—1(z) - Zm)yn+m—l~

n=1 n=1
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NgE

Consequently, we obtain f(z) = (Tntm—-1Pntm—1(2) + Yntm—-19n+m—1(2)) as re-

n=1

quired. O

Using definition of convolution and Lemma 2.2, we show that the class
THq(m, k, A\, a) is closed under convolution. Recall that the convolution of two
complex-valued harmonic multivalent functions

o o
f(Z) — M Z |an+m_1|zn+m71 + (71)k Z ‘bn-i—m—l Enerfl
n=2 n=1
and

F(Z) — M _ Z |An+m—1 Zn+m71 + (71)19 Z |Bn+m—1 27L+7TL71

n=1

is defined by

(f*F)(2) =2"+ Z |@ntm—1|lAntm—1|z" "1
n=2

oo
+(_1)k Z Ibn-‘rm—lHBn-l-’rn—l‘szrmil-
n=1
Theorem 2.6. For 0 < 8 < a < 1, suppose
feTHe(m, kX a) and F € THq(m, k, X\, ).

Then
f*F€THg(m kX o) CTHy(m kX B).
Proof. Let
f(z) =2" = Z |an+m71 Zrtml + (_1)k Z ‘bn+m71|§”+m—1
n=2 =1

be in THq(m, k, A, &) and

F(2) = 2" = Apgm|2" ™ 4+ (=)%Y | Bogmoa 777,
n=2 n=1
be in THy(m, k, A, B). Since F € THy(m, k,\, 3), we note that |A,4m—1] < 1 and
|Brtm—1] < 1. We want to show that if f % F satisfy the condition given in Lemma
2.2, then

= Q,(m, kA, ) (m, k,\, @)
Z ?mnﬁ-m 1||An+m 1| + Z ?|bn+m—1||3n+m—l|
n=2 n=1

mk/\a (m, k, A\, «
< Z )|an+m 1 +ZT)‘bn+m—l| <L

n=1

In view of Lemma 2.2, it follows that f« F € TH,(m, k,\,«) C THy(m, k,\,5). O
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Finally, we define ¢ — §—neighborhood and then investigate a containment prop-
erty. The ¢ — d—neighborhood of a function f = h+g in Hq(m, k, A, «) is defined as
the set:

Nq,é(f) = {F(Z) =z 4 Bmfm + Z(An-s-m—lszrmil + Bn+m_1§n+m71) .

n=2
> —1,\" ~1
Z([n+m ]q) {{[n—km ]qa)\]lan+m—1An+m—1|+
n—2 [mlq [mlq
-1
{W + oz/\} b1 — Bn+m_1|} + (14 aN)|bm — B| < (1—a)d, 6 > o}.
q
Theorem 2.7. If f given by (1.1) satisfies the condition (2.1) and
1 14+ aX
5 < {1 - ] (1 - |bm|) (2.8)
[7’[77:]%}1 —al\ 1-—

then Ng s(f) C Hq(m, k, A, ).
Proof. For any f € Hq(m,k, A, a), suppose

o0
F(z) = 2"+ BpZ" + ) (Apgm-12"t""1 + Bpym1 271
n=2

belongs to Ny s(f). Then we have

(1+aN)[ By + i <[”+m_ HQ)k{ [[’”m_ o —a)\] Aot |+

g’ [mlq [mlq

R
< (14 aN)| By — b + (14 )b +§2 (W)
o5 () { [ e
< (1 -0+ (1 + Vbl + gz (1~ ) (14 aN)bu] <1 -0, (29)

[l O

by given condition (2.8). Therefore, it follows that F' € Hq(m, k, A, o). This completes
the proof this theorem. O
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