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Existence of solutions for an impulsive
boundary value problem with nonlinear
derivative dependence on unbounded intervals
via variational methods
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Abstract. In this paper, we employ the critical point theory and iterative methods
to establish the existence of solutions for an impulsive boundary value problem
with nonlinear derivative dependence on the half-line.
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1. Introduction

In this paper, we consider the solvability of an impulsive boundary value problem
with nonlinear derivative dependence on the half-line. More precisely, we consider the
problem

_pew @) = fu)w @), ae t=0,t4t,
u(0) = u(+o0) = 0, (1.1)
Alp(t)w'(t;)) = g(t)(ulty)), 7e{L,2,...},

where f : [0, +00) x R x R — R is measurable in ¢ € [0, +00) for each (z,&) € R xR,
and continuous in (x,€) € R x R for a.e. t € [0, +00). We assume that the impulsive
functions I; : R — R are continuous where tg = 0 < t; <t < ... <t; < ... <
tm — 400, as m — 00, are the impulse points.

The coefficient p : [0, +00) — (0, +00) satisfies % € L'(0,+00), and

M:/()Jroo(/;oop(ls)ds)dt<+oo.
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We define the jump
Ap(ti) () = p(t] )/ (8]) — p(t; )/ (£ ),
where v/ (tj) = lim+ u'(t) and v'(t;) = lim /(?) stand for the right and the left limits
t—t t—t;
of u’ at t;, respectively. Finally g : [0, +00) — [0, +00) is a continuous function that
satisfies

+oo
Zg(tj) < +o00.
j=1

Recently, in [2, 3], the authors obtained the existence of solutions for BVPs asso-
ciated to impulsive equations on unbounded domains by using variational methods. In
[4], de Figueiredo, Girardi and Matzeu proved the existence of solution for semilinear
elliptic equations with dependence on the gradient through an iterative technique.
However, there are few papers that have studied the existence of solutions for im-
pulsive boundary value problems similar to the problem (1.1) by using variational
methods coupled with the iterative methods.

In order to use variational methods, we consider a family of boundary value
problems with no dependence on the derivative. Namely, for each w € Hj (0, 400),
we consider the problem

—(p)d'(t)) = f(t,u(t),w'(t)), ae t>0,t#t;,

u(0) = u(400) 0, (1.2)

Alp(ty)u'(t) = g(t)I(u(ty)), Je{1,2,...}.
The class of problems (1.2) is of variational type and we can resolve them by varia-
tional methods and the existence of a solution for the initial problem is obtained by
iterative methods.

Now we need to define the following Banach space and this before giving the
variational formulation of (1.2).
H; ,(0,400) = {u € AC[0,400),R) | u(0) = u(+00) =0, \/pu’ € L*(0,+00)},

equipped with the norm

+oo +oo
||U|0,p:\/ / p(t)u(t)dt + / w2 (t)dt,

or the equivalent norm

lully = llullz2 + [Vpu'|l 22
Moreover the space Hy ,(0,+00) is reflexive (see [2]).

Lemma 1.1. On H{ ,(0,400), the quantity |u| = \/f0+°o p(t)uw'?(t)dt is a norm which
is equivalent to the Hj ,(0,+00)-norm.

Now let us recall the following essential embeddings (see [2]).
Lemma 1.2. (Hg ,(0,+00), | - [|) embeds in (Co[0,+00), [|ullo), where

Colos+00) = {u € C([0,+00)R) | lim (1) = 0} and filoo = _sup _[ul?)]
€10,400
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Lemma 1.3. H{ ,(0,400) embeds continuously in Co[0,400) and in L*(0,+00).
Lemma 1.4. The embedding H; ,(0,400) < Co[0,+00) is compact with

[ulloo < M fjull,

1
My = \/lI=llzr-
p

where

2. Preliminaries

First we recall some basic definitions and lemmas which are used in this paper.

Lemma 2.1. (Minimization Principle[l]) Let X be a reflexive Banach space and J a
functional defined on X such that
(1) lim J(u) =400 (coercivity condition),

llu|l =00
(2) J is sequentially weakly lower semi-continuous.
Then J is lower bounded on X and achieves its lower bound at some point ug.

Definition 2.2. Let X be a real Banach space, J € C1(X, R). If any sequence (u,,) C X
for which (J(uy)) is bounded in R and J'(u,) — 0 as n — +o0 in X’ possesses a
convergent subsequence, then we say that J satisfies the Palais-Smale condition (PS
condition for brevity).

Lemma 2.3. ([5, Theorem 2.2], [6, Theorem 3.1]) [Mountain Pass Theorem| Let X be
a real Banach space and J € CY(X,R) satisfying the (PS) condition. Suppose that
J(0) =0 and

(1) there are constants p,a > 0 such that J(u) > a for all uw € X with |ju| = p,

(2) there exists ug € X such that ||ug|| > p and J(ug) < a.

Then J possesses a critical value such that ¢ > «. Moreover, ¢ can be characterized
as

c=inf max J(u),
vel uev([0,1])

where

I'= {7 € C([0,1], X) : v(0) =0, v(1) = UO}-

3. Variational setting

Take v € H(:)L’p(O7 +00), multiply the equation in problem (1.1) by v and integrate
over (0,+00), we obtain

+o0 +oo
_ / (p(t)e (£)) v(t)dt = / St u(t), o (8)yo(t)dt.
0 0
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The first term is

+oo +oo 1
- [ euwoywa == [ ey v

j=0"t
+oo +00
=3 g(t) T (ulty))o(t;) + / p(t)u/ () (t)dt.
j=1 0
Hence

400 +oo “+o00
| st a ==Y gt naet) + [ et

Definition 3.1. We say that a function u € H&p(O, +00) is a weak solution of Problem

(1.1) if
“+o00 400 +oo
/0 p(t)u () (t)dt + Z g(t5) L (u(t;))o(t;) — /O ftu(t), u'(t))v(t)dt = 0,

for every v € Hj ,(0,400).,

Proposition 3.2. Suppose that the following conditions hold:
(Hy) There exists constant o > 2 and two positive functions ¢, such that
© € LY(0,400),1 € L>®(0,+00) with

If (¢ z,8)] < o®)|z|7w(E), forae te]0,+00),z€R,EER.
(Io) There exist positive constants ¢y and v such that
|Li(z)| < colz|”, VreR, je{l,2,...}.

Then, for each w € Hg ,(0,+00) fized, the functional Jy, : H ,(0,400) — R defined
by

400 u(ty;) 400
Tofw) = gl + 0t [ L= [ P @)

where F(t,u,§) = fo f(t,s,&)ds, is continuous, differentiable and
+o0 too
(a0 = [ pow @ o+ 3 a1 u)o)
j=1

+oo a
- / £t u(t), 0 (£)w(t)dt,

for all v e Hg ,(0,+00).
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Proof. Claim 1. Let w € H&,p(0,+00) fizxed. Then J,, is Gateauz-differentiable.
Indeed, for all v € Hj ,(0,400), we have

1

+oo
Jw(u+ hv) — Jy(u) = 5/0 p(t) (v (t) + h' (t))%dt

400 u(t;)+ho(t;)
> gty / I(7)dr
j=1 0
—+oo
- / F(t,u(t) + hv(t),w'(t))dt
0
1 400 u(t;)
- 5/0 u'?( dt—Zg / I;(7)dr

+oo
+ /0 F(t,u(t),w (t))dt

+oo 2
= 0 [ ooy [ e

too u(t;)+ho(t;) u(ty)
gty / I, (r)dr — / I,(r)dr
j=1 0 0

+oo
- /0 [F(t,u(t)—khv(t)w’(t))—F(t,u(t),w’(t))]dt

+o0 2
Jp(u+ hv) — Jp(u) = h/ "(t)dt + h2/0 p(t)v' 2 (t)dt
+ th i)+ env(t;)(t;)

+oo
_h / F(tu(t) + Opo(t), w' (1))o(t)dt,
0

where 0 < 0, <1 and 0 < ¢, < 1 from the Mean Value Theorem. Thus

u v) — Jyp(u +o0 . , +o0 )
Juw( +hh) Juw(u) /0 p(t)u' (t)v (t)dt+;/0 p(t)'2(t)dt

+ Zg i)+ env(t))v(t;)

“+o0
- /0 FIEu(t) + Ono(t), 0/ (£))o(t)dt.
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By (H1), (Ip) and the Lebesgue Dominated Convergence Theorem, we obtain

lim Jw(u + hv)
h—0 h

— u +oo =
%<%:A PO (0 (D)t -+ 3 a(t) 1, (u(t,)o(t;)

+oo
—A £t ut), ! (£)o(t)dt,

so that, J,, is Gateaux-differentiable and

+o0 too
(JL(U)W):/O p(t)u'(t)v’(t)dHZg(tj)fj(U(tj))v(tj)

+oo
—A St u(t), w (£)yo(t)dt,

for all v € Hol7p(07 +00). Therefore a critical point of J,, is a weak solution of Problem
(1.2).

Claim 2. J), is continuous.

Indeed, let (u,) be a sequence in H (0, +00) such that u, — u as n — +oo. From
Lemma 1.4, we have (u,,) converges uniformly to w on [0, +00) as n — +oc0. Since f
and I; are continuous, then

Ftun(t),w'(8)) — [t u®),w' (1), Li(un(t;)) — I;(u(t;))
as n — +oo and it follows from (H;) that
[ (t un(t), w' (1) () |un (1) (w' (2))]
|

() [[unl|Z |9 (w' (1))
MY p(t)[Jun |7 [ (w' (£)]

IAIN A

And by (Ip), we have

|1 (un(t;))| colun(t;)]”
collunllZ

My coffunl|”

INIAIA

Then from the Lebesgue Dominated Convergence Theorem, we obtain
+oo

+oo
lim f(t,un(t),w’(t))dt:/o f(t,u(t),w (t))dt,

n—-+o0o 0

and

+o00 too
lim > () I(un(t;)) = Zg(tj)fj(u(tj))~

n——+00 £
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So
+oo
(T (un) = Ty (u),v) = /0 p(t) (i, (8) — ' (8))v'(t)dt

+oo
gt [1y(ua(t) = Iy(ult) o)

+oo
- [ [ o) - e @)

Passing to the limit in (J] (u,) — J.,(u),v) when n — 400, using assumptions
(Hy), (lo) and the Lebesgue Dominated Convergence Theorem, we obtain that
Il (un) — J,(u), as n — +o0.

Consequently, J,, € C'(Hj (0, +00), R). O

4. Main results

4.1. Nontrivial weak solution

Theorem 4.1. Assume that f satisfies (H1), I; satisfies (Io) and the following hy-
potheses:

(Hg)lin%% =0, uniformly int € [0,+00) and { € R.
z—

(H3) There exist positive functions ci,co € L*(0,+00), and pu > 2 such that
(a) F(t,z,8) > c1(t)|z|* — ca(t), for a.e. >0, andall x €R, £ ER,
(b) uF(t,z,&) < zf(t,z§), fora.e. t >0, and all x € R, £ € R.
(I1) There exists 0 < v < 2 such that

fy/z Ii(s)ds > xl;(xz) >0, Ve € R\ {0}, Vj e {1,2,...}.
0

Then there exist positive constants di,ds such that, for each w € H&,p(O,—Foo),
Problem (1.2) has at least one nontrivial weak solution u,, satisfying

dy < Juy|| < da.

Proof. Claim 1. Let w € Hj ,(0,400) fired. Then J, satisfies the (PS) condition.
Indeed, let (u,) C Hj,(0,+00) such that (Jy,(u,)) is bounded and J;, (u,) — 0 as
n — +oo. Using (H3)(b) and (I7), there exists some d > 0 such that

d> ,Un]w(un) - (J;;(un)vun)
> (51 llual?

“+o0
- /0 (0 (1) 0 (1)) = £ 08, 0! (0) (1) )
too u'n(tj)
+Zg(tj) <M/O Ij(r)dr Ij(un(fj))un(tj)>

n
> (5 1) luall®
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Since p > 2, it follows that (u,) is bounded in Hj ,(0,400).
Then there exists a subsequence of (u,) still denoted (u,,) such that (u,) converges
weakly to some u in Hj ,(0,400) because (uy) is bounded in the reflexive Banach

space Hj (0, +00). Lemma 1.4 implies that (u,) converges uniformly to u on [0, 400).

Thus
+oo

Jim 3 g(t5) (Ij (un(ty)) — I (u(tj))> (un(tj) —u(t;)) =0
and
+oo
Jm | (F(tun(®), 0/ () = £ u(t), ' (£))) (un(t) = u(t)) dt =0.

Since lim;, oo J'(u,) = 0 and (u,) converges weakly to some u, we get

lim (J,(un) — J. (u), u, —u) = 0.

n—-+oo

From (3.1), we have

(o (un) = Ty (u), un —w) = Jlup — ul]?

+oo
+ > 9(t) (L (un(t;) = L (u(t))) (un(ts) — ult;))
j=1

+oo
—/0 (f(t un (), w' () = F(t,ut), w'(£))) (un(t) — u(t)) dt.

Hence lirJrrl [|tt, — u|| = 0. Thus (uy) converges strongly to u in Hj ,(0,+00).
n—r-+0o0 )

Consequently J,, satisfies the (PS) condition.
Claim 2. Let w € H&p(O, +00) fized. Then there exist p > 0 and « > 0, independent
of w, such that Jy,(u) > o, Yu € Hg,(0,+00), [lul]| = p.
Indeed, let 0 < e < ﬁ By (Hs), there exists 6 > 0 such that
[z <6 = [f(t, 2, )| <elz|, Vte0,+00),6 €R.

We have |Jul|2, < M||ul|? (see [2]) , so we deduce that
Hoo € €
/ |F(t,u(t), w (t))dt| < §Hu||%2 < §M\|u||2, for a.e. t >0,
0
whenever |lul|o < 6.

By choosing 0 < p < Mil and o =
we get

5(1—eM)p?, hence for |lul| = p (note |Julloc <8 ),

too u(t;) +oo
Julw) = ;|u||2+;g<m | = [ P,

v

400
gl = [ Pl @)

Y

1
5(1 — EM)||U||2 =a.
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So there are p > 0 and o > 0 such that J,,(u) > o, Yu € Hg (0, +00) with [Ju|| = p.

Claim 3. Let w € Hj ,(0,400) fized. Then there exists Ty > 0, independent of w, such
that

Juw(Pu*) <0, VO > Ty,
where u* € Hp (0, +00) with |[u*|| = 1.
Indeed, from (I7), there exists ¢z > 0 such that

T
/ I;(s)ds < cs|z|7, for every x € R.
0

Take an arbitrary u* € Hj ,(0,400) with [[u*|] = 1 and using Lemma 1.4, (Hs)(a),
we obtain

1oy i X Pu (1))
Tuo') = 51 P+ 3oat) [ L
j=1

+oo
_ / Pt 0 (1), w (1)) dt
0 .

1 *
5192 +esl0] w2 g(t;)

Jj=1

+oo “+o0
_W/o cl(t)|u*(t)\”dt+/ ca(t)dt

0

IN

+oo
1
3%+ el A gl

IN

“+oo —+o0
_ |19|ﬂ/ cl(t)|u*(t)\“dt+/ ca(t)dt < 0,
0 0

when 9 > T} for some Ty large, since pu > 2 > ~.

By Proposition 3.2, the functional j,, is in C*(Hj (0, +00), R). Lemma 2.3 guarantees
that J,, possesses a critical point which is a weak solution of Problem (1.2).

Claim 4. Let w € H(},p((), +00) fized. Then there is a constant di > 0, independent of
w, such that ||uy|| > di, for all solution u,, obtained above.

Indeed, let u,, be a solution of Problem (1.2). Then

00 +o00
w1 + Zg(tj)fj(uw(tj))uw(tj) :/o F(E i (8), ' () )y () d.

It follows from (H;) and (Hs) that,

[f(t, 2, 8)| <elz]+ ¢@)|z|7¢¥(E), forte[0,+00),z R, EeR.
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Then
+oo
luwl> < Nuwl® +D 7 g(t) L (s () 1 (£5)
j=1

oo
_ /0 F 1t (£), 0 (£) s ()

“+oo “+oo

< . / ()2 + / () 1 ()] (! ()
0 0

< eMlunl? + el ]l lIZH

< eMlunl® + MT il g 9]z 7

which implies that
(1 —eM)luw|® < M7l L [ poe [l |7
Hence
|l > di, for some dy > 0.

Claim 5. Let w € H(},p(O, +00) fized. Then there is a constant dy > 0, independent of
w, such that ||uy|| < da, for all solution w,, obtained above.
Indeed, by the characterization of the critical point and (Hs), it follows that

Jw w S Jw 19 * b
| o ()| pnax (Yu*)

where u* is given in Claim 3.
From (H3)(a), we get

1 = +oo .
Tofwa) € max § S0 @l Y gle) o [ el @par
: =
+oo
+/ Cg(t)dt} .
0
We define K on [0, +00) such that
1 +o0 +o0 +o00
K() = §ﬁ2 + c3|9| T MY Zg(tj) - |19|“/ e () |u™(t)|"dt +/ co(t)dt,
j=1 0 0

and since p > 2, K () can achieve its maximum at some .
Hence

|Jw<uw)| < K(%)-
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On the other hand, we have

2
(1—)uww
i

2quw»—-%amxuw»uw>

Uy (t)

n 2/O+oo [F(t,uw(t),w/(t)) -
+ 229 [

Using (Hs)(b), (I1) and (J),(uy), uy) = 0, we obtain

(1= 2) ol < K(00)

K (Vo) :

Pt (), ' (8)) | at

wmm—Awm@mmy

Hence

uwl <
< do, (4.1)
K(9) )"
we can choose dy = ( 7 02 ) , which is independent of w. O
w

Theorem 4.2. Assume hypotheses (Hy) — (Hs), (Io), (I1) hold and
(Hy) there exist positive constants Ly and Lo such that

[f(t,2,8) = f(ty, )] < Lafz —y|, VEe€[0,400), z,y € [0; Midy], § €R,
|f(t,z,&) — f(t, 2, &) < Lol = &'|, Vte[0,400), z € [0; Midy], £,&" € R,
(I2) there exist positive constants o such that
[1j(x) = Ii(y)| < ajle —yl, Va,y € [0;Mids], j € {1,2,.. .}
Then Problem (1.1) has at least one nontrivial weak solution provided that
LoM
T M} Y5 g(t))ay

<1

Proof. We construct a sequence (u,) C Hg ,(0,+00) as solutions of the problem

—(p(t)ul, (1)) = f(t,un(t),u,_1(t), ae t>0,t#t,,
(Pn) un(o) = Un(+00) = 0,
Alp(ty)un(t;) = g(t)L(un(ty)), jed{1,2,...},

given in Theorem 4.1, starting with an arbitrary ug € H&p(O, +00).
It follows from (4.1) and Lemma 1.4 that



524 Sihem Boumaraf and Toufik Moussaoui

Using (Pn+1) and (P,), we obtain

+oo
/O (Bt 1 (8) (U1 (F) = Zg 3 (1 () (unga (8) — un(t)))

+oo
4 / F (g1 (), () (21 (£) — 1 (),
0

and
+oo too
/0 P(t)us, (8) (uly o (8) — uly ()dt = = g(t5) L (un (£)) (ng1 (£) — ua(t;))
j=1

By subtracting, we obtain
[t g1 — un|® = Zg [ (un+1(t5)) — Ij(un(tj))] (un1(t;) — un(t;))
+oo
[ [t @00, = £ (0.6 O)] (i 6 = o)
then
[t g1 — un|® = Zg [ (un+1(t5)) — Ij(un(tj>)] (un1(t;) — un(t;))
+<>o
+ /O [f(t, Un1(t), 1w (8) = f(t, un (D), u%(t))} (un+1(t) — un(t))dt
“+oo
[ [ 0.00,0) = £t 0,20 a0 = w0

By (Hy) and (I3), we get

[tng1 — un* < Zg )ajlun1(ty) = un(ty)]?
j=1

+oo
S [ ()~ w0
0

+oo
L / ly (8) — 3 (1) g (£) — (1) .
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Using the Cauchy-Schwarz inequality, we have

“+oo
||un+1 _unH2 S ||un+1 _unHZo Zg(tj)aj +L1||Un+1 _un”%,Q
j=1
+L2Hu;1 - u’II'L—1||L2 ||un+1 - un“L"’
+oo
< M12||un+1 - un||2 Zg(tj)aj + LlMHunJrl — Un||2
=1

FLoM|[un — up—a [ [[tnt1 = unl,

which implies that

|| I < Lol || H
Up41 — Un = Foo Up — Up—1]|-
1—L1M—M12 j=1 g(tj)aj
Since
LoM

0< — <1,
L= LM — M? Y72 g(ty)ay

it follows that (u,) is a Cauchy sequence in the reflexive Banach space H&p(O, +00).

Then the sequence (u,) strongly converges in Hg (0, +00) to some u € Hj (0, +00).

Since [Juy|| > d1, Vn € N, it follows that u # 0.

Consequently, we obtain a nontrivial solution for Problem (1.1). O

~

Now we prove the existence of a solution for the problem (1.1) by using the Mini-
mization principle.

4.2. The sublinear case

Theorem 4.3. Suppose that the following conditions hold:
(Hs) There exist a constant « € [0,1) and positive functions ay,b; € L*(0,+00) such
that

[f(t,2,8)| < ar(t)|z|* + b1(t), for a.e. t €[0,400) and all z € R, & € R.
(Is) There exist constants ¢4 > 0 and 8 € [0,1) such that
I1;(s)] < cals]?, Vs €eR, j€{1,2,...}.

Then there exists positive constant ds such that, for each w € H&p(O, +00), Problem
(1.2) has at least one weak solution u,, satisfying

Huw” < d3-

Proof. Claim 1. Let w € Hj ,(0,400) fized. The functional J,, is well defined.
Indeed, take u in Hj ,(0,400). From (Hs), we deduce that

ax(t)
a+1

[F(t,ut), w'(1))] < u(t)[*F + by () ().
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Thus, by using Lemma 1.4

—+oo —+oo —+o0
/ F(t,ua),w’(t))dt\ < fuljt / ar (1)t + [ufl o / b (1) dt
0 0 0
Mlo¢+1 i “+o0 “+ o0
< ——|ul|* atdt+Mu/ bi(t)dt
< Sl [ adangul [ no
Moc+1 N
< M et ey o+ Ml by

a+1
It follows from (I3) that

too u(t;) ca ﬁ+1+°°
t; Li(1)d < — t
Dot [ 5| < SIS a)
C4M B+1
<
< Mg Zg

Hence

1 C4M
o)l < Sl + =5 HuHﬁ“Zg

Ma—i—l
+ o el lla s + Malfullloa]l s

< Q.

Claim 2. Let w € H&p(O, +00) fized. Jo, is sequentially weakly lower semicontinuous.
Indeed, let (u,) be a sequence in H&p(O, +00) such that u, — u in H&’p(O, +00), as
n — oo. Lemma 1.4 implies that (u,) converges uniformly to u on [0,+00) and by
the fact that the norm is weakly lower semicontinuous, we have

T
tmninf | > [

Using the Lebesgue Dominated Convergence Theorem and the continuity of the func-
tions f and I;,j € {1,2,...}, we obtain

+o0 Wn (t5)
- U T
tim nf Ju () = Tiinf 2] +Zg(tj)/0 I(r)dr

n—-+o0o
j=1

_ /O - F(t,un(t),w’(t))dt)

u(ts) +o00
f||u||2+zg V[ nede = [ e

= J(u).

v

Consequently, J,, is sequentially weakly lower semicontinuous.
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Claim 3. Let w € Hj (0, +00) fized. J,, is coercive.
Indeed, From (Hs), (I3) and Lemma 1.4, we have

1 C4M
Jo(u) > <|lul® — B+1
@) 2 Sl — g Zg
Ma+1 N
= el el = M fuf by - (4.2)

Since aw < 1 and 8 < 1, then (4.2) implies that
lim  Jy(u) = 4o0.

[[u|]| —>+o0

So, by Lemma 2.1, J,, has a minimum point u,,. Under hypothesis (Hs) and using
the same ideas as in Proposition 3.2, we get, J,, is Gateaux differentiable. Thus u,,
is a critical point of J,.

Claim 4. Let w € Hg,(0,+00) fized. Then |luyl| < ds, for some d3 > 0, for all
solutions u,, obtained above.

Indeed, let u,, be a solution of Problem (1.2). Then

+o0 too
ol = [ 7t 00 O )t = 3 605 1),
0 =
By (Hs) and (I3), we get

—+oo +oo
lual® < / 0 (8) s (£) it + / b (1) s (1)

+C4Zg |/3+1

+o0 +o0 too
< Nl / an(Ode+ o [ ba(Odt+ e D ott)
0 0 ‘
j=1
+oo
< M | lan |+ Myl b1l 2 + ey u [P g(t;)
=1
Hence
|l < ds, for some ds > 0.
Therefor u,, is a weak solution of Problem (1.2). O

Remark 4.4. In addition, if u,, € H}(t;,t;41), for all j € {1,2,...}, where
Hp(tj,tj+1) = {u € AC[0,+00),R) : /pu' € L2(t;,tj11), (pu')" € L*(t,t541)},
then u,, will be called a strong solution of Problem (1.2).

Proposition 4.5. In (Hs), assume that a1,by € L?(0,+00). Then every weak solution
is a strong solution of Problem (1.2).
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Proof. We know that w, € H(}’p(O,Jroo) is a critical point of J,. Then, for any
v e Hj,(0,+00), we have

+oo
/O Pty (£ dt+zg (uat))olty)

+oo
_ /0 F(t i (8), ' (1)) (8)dt = 0. (4.3)

For j € {1,2,...},if v € Hj ,(t;,tj41) (v =v;), then

/t T pe, (0 (t)dt = /t " wal0) 0 ()0 (1),

g J
S0 Uy, j € Hp ,(t,t41) is a solution of the equation:
—(P()uy,)" = F(t uw(t),w' (1)), t € (t5,t41), (4.4)
Since, u,, € Cp[0,+00), and by (Hs), we get
[f(t (), w0’ (0)* < 2 (a1 (8)[Juw |3+ b1(8)?) ,
thus w,,; € H} (t;,t;41). Then (4.4), implies that the limits

u'(tj),u’(t;), j€{1,2,...} exist.
Using the integration by parts in (4.3), we obtain

J=t+o0 iy =
0= - % /t (p(t)ugu(t))'v(t)dt—Z;A(p(tj)uiu(tj))v(m

j=0 7t
+oo “+00
+ 3 gt (ua(t))0(t5) — /0 J(t,w (t), w' (t))o(t)dt.
j=1
Since u,, satisfies the equation in problem (1.2) a.e. on [0, +00), we deduce that

Zg(tj)fj(uw(tj))v(tj) = Z A(p(ty)ue (t;))o(t;), for allv € Hy (0, +00).

Thus
Alp(tj)u,(ts)) = g(tj) 1 (we(ty)), for every je€{1,2,...}.
Actually, u,, is even a classical solution, i.e., u € C? (tj,tj41), for all
je{1,2,...}, when f:[0,400) x R x R — R is continuous. O
Theorem 4.6. Assume that (Hy), (Hs), (I2) and (I3) hold.
Then Problem (1.1) has at least one classical solution provided that
LoM
S1-Loi- M7 Y20 g(ty)ay

Proof. The proof is similar to the proof of Theorem 4.2. O

<1
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Example 4.7. Consider the impulsive boundary value problem

—(etu/(t)) = % cosu’ + ﬁ, a.e. t>0,t#1,
u(0) = u(4+00) = 0, (4.5)
i . /(s .
A (7)) = lﬂ(g), je{1,2,...}.

We know that all hypotheses of Theorem 4.3 are satisfied with

V| 1

5 cos§ +

f(t,x,&) =

(1+1) (1+41¢)3’
0 =1/2, ar(t) = ﬁ bu(t) = ﬁ

1
Ij(s) = 51/35 /8 = ga Cq = la

1 > T

)= — and =,
9(t) = 7 L Ao jglg(]) 1

Consequently, problem (4.5) has at least one solution.

4.3. The limit case o« = 1

Theorem 4.8. Suppose that (I3) holds and
(Hs) there exist positive functions ag, by € L1(0,+00) with ||as||r1 < Mif and

|f(t, z,8)| < as(t)|x] 4+ ba(t), for a.e. t €[0,+00) and Vz € R, € € R.

Then there exists positive constant dy such that, for each w € H&7p(0, +00), Problem
(1.2) has at least one weak solution u,, satisfying

[t || < dy.-

Proof. Claim 1. Let w € H&’p(O, +00) fized. Jy, is sequentially weakly lower semicon-
tinuous.

Indeed, we use the same technique as in the proof of Theorem 4.3.

Claim 2. Let w € H{ ,(0,+00) fized. Jy, is coercive.

Indeed, by (Hg), we obtain

F (). 0)] < D) 4 ba(0)utr),

hence

Foo as(t)

F(t,u(t),w’(t))dt' < /;00 (2|u(t)2 + bg(t)|u(t)|> dt

0

]\4’12 2
< = llull“llazlizs + Muflullllb2]| 2
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Thus
1
Juw(u) > 5(1—M12IIG2IIL1)IIUH2—M1HUIIIIb2IIL1
C4M
“ |u||5+12g (46)

Since [laz 1 < 1= and B < 1, we pass to the limit in (4.6) when n — 400, we get
1

lim  J,(u) = +oo.

flull— o0
Therefore, J,, is coercive.
By applying Lemma 2.1, we find that J,, has a minimum point w,,. Under hypothesis
(Hg) and using the same ideas as in Proposition 3.2, we get, J,, is Gateaux differen-
tiable. Then u,, is a critical point of .J,, which is a weak solution of Problem (1.2).
Claim 3. Let w € Hg ,(0,+00) fized. Then |luyl| < da, for some dy > 0, for all
solutions u,, obtained above.
Indeed, let u,, be a solution of Problem (1.2). Then

“+o0
el = [ e (0.0 () (1t~ Zg )ttty

It follows from (Hg) and (I3) that

+o0 +oo
luwl® < / () (£) Pt + / b (1) [ (1)
0 0
_|_C4Zg ‘ﬁ+1
+00 400 too
<l / aa(®dt+ el [ b2t +callenl 2D o(t)
0 0 N
Jj=1
—+oo
1
< Mas) g fuall? + MafusalllBallzr + csMEH |51 g(5)
j=1
Thus
+oo
1
(1= M2Jasllp )l < Milluwl[balls + exME |74 Y g(t5)
=1
Hence
luw| < dy, for some dy > 0. O

Theorem 4.9. Assume that (Hy), (Hg), (I2) and (I3) hold.
Then Problem (1.1) has at least one weak solution provided that
LoM

< 5 < 1.
1= LM — MEY2 g(t))ay
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Proof. Reasoning like in the proof of Theorem 4.2, we can prove that Problem (1.1)
has at least one weak solution. g
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