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Abstract. In this paper, two new subclasses of bi-univalent functions related to
conic domains are defined by making use of symmetric ¢-differential operator.
The initial bounds for Fekete-Szeg6 inequality for the functions f in these classes
are estimated.
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1. Introduction

Let o7 denotes the set of all functions which are analytic in the unit disc
A={zeC:|z| <1}
with Taylor’s series expansion of the form

) =24 anz" (1.1)
n=2

which are normalized by f(0) = 0, f'(0) = 1. The subclass of & consisting of all
univalent functions is denoted by .. A function f € & is said to be a starlike

function if
R (:{é?) >0 (zeA).
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A function f € & is said to be a convex function if

1

ZIC )) >0 (z € A).

f'(z)

Goodman [10, 11, 12] introduced the classes uniformly starlike and uniformly convex
functions as subclasses of starlike and convex functions. A starlike function (or convex
function) is said to be uniformly starlike (or uniformly convex) if the image of every
circular arc ¢ contained in A, with center at £ also in A is starlike (or convex) with
respect to f(€). The class of uniformly starlike functions is represented by % .7
and the class of uniformly convex functions is represented by €% . The class of
parabolic starlike functions is represented by .#,,. Rgnning [24] and Ma-Minda [18, 19]
independently gave the characterization for the classes ./}, and Z€? as follows.

A function f € &7 is said to be in the class .#, if and only if

Zf’(Z)) 2f'(2)
R > -1 z€A).
(F) =155 -1 ceo
A function f € & is said to be in the class Z €Y if and only if

(o ) EFS eo

R (147

Also, it is clear that

JEUCV < 2f'(2) € .Fp.
Kanas and Wisniowska [16, 15], introduced k-uniformly starlike functions and k-
uniformly convex functions as follows.

kyy—{f; fe. and afe(zf/( > k‘zfl —1], zean, kzo}
f(z)
k—%‘ﬁ“f/:{f: fe. and §R(1+Zf()>>k f(z),zeA,kzo}.
f(z) (2)

Bharati, et al. [8], defined k—..7(B) and k— % €V (B) as follows. A function f € &/
is said to be in the class k — .7 (p) if and only if

Zf’(2)>
R —
( f(2)
A function f € <7 is said to be in the class k — Z € ¥ (5) if and only if

Zf”(2)> 2f7(2)

§R<1+ —-B8>k z € A). 1.3

76) el Ged )

Sim et al.[26], generalized above classes and introduced k — .7 (a, () and

k—%€Y (a, B) as below:
A function f € & is said to be in the class k — .7 («, B) if and only if

%(Zf'(z)) _ g k|2 —a‘ (z € A), (1.4)

(z € A). (1.2)

f(z) f(z)
where 0 <8 <a<land k(1-—a)<1-—3.
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A function f € & is said to be in the class k — Z € ¥ («, B) if and only if

2f"(z) 2f"(z)
§R<1—|— f,(z)) ,6>k:‘1+ o o e, (1.5)
where 0 < f<a<land k(1 —a)<1-—3.

In particular, for a« =1, 8 =0 the classes k — ./ (o, B) and k — %€V (o, B)
reduces to k — .7 and k — W€V respectively. Further, for « = 1 these classes
coincides with the classes studied by Nishiwaki and Owa [20] and Shams et al. [25]. In
2017, Annamalai et al. [7], obtained second Hankel determinant of analytic functions
involving conic domains.

Now we give the geometric interpretations of the classes f € k— .7 («, 5) and
k—%€Y (o, B) as follows:

A function f € k — ST («a, f) and k — %€V (a, B) if and only if

2f"(z)
f'(2)

)
i)

1+

, respectively takes all the values in the conic domain 2, o, g

Q, o, p={w: weCand klw— a| < R(w) — B}

or

o, = {w: we Cand ky/[Rw) — ol + [SW)F < R(w) - 8},

where 0 < f < a < land k(1 —a) < 1—p4. Clearly 1 € Q, o g and Q, o, g is
bounded by the curve

OV, o, = {w: w=u+ivand k*(u— a)® + k*v® = (u— B)*}.

The Caratheodory functions p € & is said to be in the class P(px, o, g) if and
only if p takes all the values in the conic domain Qy, ,, 3. Analytically it is defined as
follows:

Pk, o, 8) ={p: p€ P and p(A) C Q. o, 58},
Pk, o, 8) ={p: p€ P and p(z) < vk, o, g, 2 € A}.
It is interesting to note that 0, o, g represents conic section about real axis.
In particular, €, o, g represents an elliptic domain for £ > 1, parabolic domain for

k = 1, hyperbolic domain for 0 < k < 1. Sim et al. [26] obtained the functions
Pk« g(2) which play the role of extremal functions of P(pg, o, ) as

1+1-252 for k = 0
1—=z ’

2o~ B), o 1+ /ar) )
. = log (1—\/M>’ fork=1
Pr,a p\Z) = _ 1+ / _ k2

o ﬂcosh u(k) log 1_\/;273 } 51_6227 for0<k<1

o sin? m f dt n ak? —
k? =1 2K (k) 5 V1 =121 — 12k2 k2 -1

o+

for k > 1,
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2 Z+ pr
h k)= Zcos 'k = d
where u(k) —cos™ k, ug(2) T+ o an
eA -1\’
(eA—|—1> s fork:].
1 2
exp( ( )arccoshB> -1
pr = “klz , for0<k<1
exp< arccoshB> +1
ksin [2 () arc SinC] , for k> 1
T
ith A 1ze ! (1—k2—B+4ak?), C L (k2 =1+ B — ak?)
w = T, = - - ) - - - :
2(a— ) a—f a—0
Also
K(x) /w dt (0<r<1)
R) = oY ’
0 VI_BVI_ B

1
K'(k)=K(HW1-r2) (0<k<1),

= cosh (Zﬁ}ff) |

1
According to Koebe’s 1 theorem, every analytic and univalent function f in A has

an inverse f~! and is defined as

FUE) = 5 Ged) ad [ @) =w (lol <n(in() =)

Also the function f~' can be written as
fHw) = w — agw? + (2a3 — az)w® — (5a3 — Sagaz + ag)w* + - . (1.6)

A function f € & is said to be bi-univalent if both f and analytic extension of
f~!in A are univalent in A. The class of all bi-univalent functions is denoted by .
That is a function f is said to be bi-univalent if and only if

1. f is an analytic and univalent function in A.
2. There exists an analytic and univalent function g in A such that f(g(z)) =

g(f(2)) =z in A.

The class of bi-univalent functions was introduced by Lewin [17] in 1967. Re-
cently many researchers [1, 2, 4, 3, 14, 21, 22, 23, 28, 29, 30, 31, 33, 32, 34, 35]
have introduced and investigated several interesting subclasses of the bi-univalent
functions and they have found non-sharp estimates of two Taylor-Maclaurin coefli-
cients |asg|, |as|, Fekete-Szegd inequalities and second Hankel determinants. In 2017,
Altinkaya and Yalgin [5, 6] estimated the coefficients and Fekete-Szegd inequalities for
some subclasses of bi-univalent functions involving symmetric g-derivative operator
subordinate to the generating function of Chebyshev polynomials.
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Jackson [13], defined g—derivative operator Dy of an analytic function f of the form
(1.1)as follows:

fa) = 1),
qu(Z) _ (q—l)z 9 f #07
1(0), forz=0

Dgf(0) = f(0) and D} = Dy(Dqy f(2)).
If f(z) = 2™ for any positive integer n, the g-derivative of f(z) is defined by

(qz>n _ Zn _
qz — z - [n]qz" 1’

n o _
D,z" =

n—1
where [n], = 1 T As ¢ — 1~ and k € N, we have [n], — n and

I (D () = £'(2)

where f’ is normal derivative of f. Therefore

D,f(z) =1+ i[n]qanz”_l.
n=2

Brahim and Sidomou [9], defined the symmetric g—derivative operator Eq of an an-
alytic function f of the form (1.1) as follows:

f(qz) *f(qflz)’ for 2 40,

(Dgf)(2) = (g—q7 1)z
1/(0), forz=0
It is clear that Dyz" = qu”_l and D, f(z) =1+ n§2 mqanzn_17 where
. ¢ —q "
o= =T

The relation between g-derivative operator and symmetric g-derivative operator is
given by

(Dyf)(2) = D2 f(q*2).

If ¢ is the inverse of f then

=5 _ 9lqw) — g(g""w)
(Dqg)(w)_ (q—qil)w B

=1- [,ZTqagw + [f?:]/q(Za% —az)w? — [4]q(5a§ — bagas + ag)w® + - -

One could refer [27], for more details of g— calculus and fractional g—calculus and
their applications in Geometric Function Theory.

Motivated by the above mentioned work, in this paper, bi-starlike functions of
order b and bi-convex functions of order b involving ¢-derivative operator subordinate
to the conic domains are defined and the Fekete-Szegd inequality for the function in
these classes are obtained.
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Definition 1.1. A function f € ¥ is said to be in the class k — T s (o, ), where
0<p<a<landk(l—a)<1—pandbisanon-zero complex number, if it satisfies
the following conditions:

b % (W - 1) <Pk a,p(z)  (z€A) (1.7)
and for g = f~!
1+% (W1> = Pk, o, (W) (we A). (1.8)

Definition 1.2. A function f € X is said to be in the class k —
UEYV s v(a, B); where0 < f < a<1and k(l —a) <1-—0, and b is a non-zero
complex number, if it satisfies the following conditions:

1 (Dy(:Dyf(2) N
+ b ( 5q(f(z)) 1) = Dk, o, 8(2) (z€A) (1.9)
and for g = f~!
L ( Dy(wDyglw) o
14 5 ( ﬁq(g(u))) 1) = Dk, o, g(w) (w e A). (1.10)

2. Main results

In this section, initial estimates |az]|, |as| and Fekete-Szegd inequalities for the
functions f in the classes k — . Ts (e, B) and k — %€V s, »(, B) are obtained.

Theorem 2.1. If f € k — /T s, v(a, B) and is of the form (1.1) then

0] < |Py|/| Py [b?
\/|P12b (i3], - B1,) +2(P - P2) (2], - 1)2 |
las| < laliy 5 + ibpl!
(2,-1) Bl-1
and
g']Plb'l, #0< sG] <1
lag — paj3| < .
w if 5] > 1,
where
PPo(1 — p)

s(p) = —— — )
e (8], B,) + - Py (2], - 1) ]
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Proof. Let f € k— .7 p(a, B) and g be an analytic extension of f~! in A. Then
there exist two Schwarz functions u, v € A such that

1 (2D, f(2)
142 222y ) =y , 2.1
+ ( o ) Ph o, 5(0(2) (2.1)
and
1 (wDyg(w)
1+ | —2 2 1) = . 2.2
= < o ) Dby o, 0(0) (2.2
Define two functions h, ¢ € £ such that
1
h(Z) = L(/Z) = 1+h12’—|—h222+h323—|—~-~
1—u(z)
and
1+
a(w) = 2 gy Gk gt + gt 4
1 —v(w)
Then
h(Z) —1 o Plhlz Pl h% PQh% 2
Pk, o, 8 (h()+1> Sy (2<h22>+ 1)°
P (k3 P, P.
+ (21 <41 — hiho + h3> + f(zhlhg — B3+ ;hi’) B
(2.3)
and
q(w) — 1 Piqw | (P @, Pl o
=1 —_ —_ —
Ph. e (q(w)+1> Ty gyt
P (¢ P P
+ <21 (i — Q192 +Q3> + f@qw& —q)+ 83q§) w’
(2.4)
In view of (2.3) and (2.4), the equations (2.1) and (2.2) become
1 (2D, f(2) <h(z) - 1)
14+ =222 -1 = o — 2.5
b( () ) Do\ h(z)+1 (2:5)
and
1 (wDyg(w) <v(w) - 1>
b( g(w) > Pk, o, 8 v(w) +1 (2:6)
Comparing the coefficients of like powers of z in the equations (2.7) and (2.8), we get
1/~ _ Pily
. ([2]q . 1) az = = (2.7)

LB e (B )] = 5 () + 5 9
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and

3 @)=

R R

From the equations (2.7) and (2.9)
hy = —q1.
Now, squaring and adding the equations (2.7) from (2.9), we get
B, 1) a3
8 (12, ~1) a3
W+ at = =
P?b
Next, adding (2.8) and (2.10), use the equation (2.12), one can get
P13 (hg + QQ)bQ

| ppo (B, - B,) + - m (B, - 1) ]

a2 =

Subtract the equation (2.10) from (2.8),

Then using the equation (2.12), we get
_ PE*(hi+qf) | bPi(he —go)
=1 : AN

8 (121, - 1) 4(

8, 1)
Using the equations (2.13) and (2.14), we get

as

a5 — pad = —P (14 s(0) + aa(—1+ s())],
4(mq—1)
where
PEb(1 — p)
s(u) = —— — :
! [be ([3]q - [Z]q) + (P — ) ([2]q - 1)2]

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

By applying the modulus for the equations (2.13), (2.15) and (2.16), we get the

required results.

O
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Theorem 2.2. If f € k— %€ Vs, v(cv, B) and is of the form (1.1), then

|C12| < |P1‘ |b| \/W
\/‘ (ﬁq ([?ﬂq - 1) - ﬁz ([Ai}q - 1)) bP? + mj (mq j 1)2 )
|as| < il +— ‘bfl‘
) mj (mq - 1)2 3], ([3]q _ 1)
and
| P10 i )
a3 — a3 < ﬁ?(ﬁz_)l)’ £0< Js(n) <1
az — paz| < Ptpaotal |
ﬁq(ﬁq—l) [s()| = 1,
where
s(p) = P21 )

[, (1, 1)~ BL (B, — 1))6P2 + BF (B, 1) 1~ )]

Proof. If f € k — %€V s, p(a, B) and g is an analytic extension of f~! in A, then
there exist two Schwarz functions u, v € A such that

! w -1|= u(z 2.17
+b< X ) P, o, (u(2)), (217)
and
1 [ Dy(wDyg(w))
1+ | —%—2 1| =pr. o glv(w)). 2.18
+b< o ) ) (218)
Then in view of (2.3) and (2.4) the equations (2.17) and (2.18) reduces to
1(Dy(zDgf(2)) .\ _ h(z) — 1
i ( D,(f (=) 1) pens (3G751). e
and
1 [ Dy(wDyg(w)) .\ _ v(w) — 1
T ( Dy (g(w)) 1) e (UW + 1) | 220
Comparing the coefficients of similar powers of z in equations (2.19) and (2.20)
2, (1, - 1) @ = 2, 2:21)

(P () eo B (Pl =) ] - 05+ B e
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and
TENCHP. =
%(ﬁq (ﬁq - 1) (2‘1% —az) — mj (mq - 1) ag) = % (QQ - qj) + PZQ%- (2.24)

From the equations (2.21) and (2.23), we get
hi=—q. (2.25)
Squaring and adding the equations (2.21) from (2.23), we get
82,2 (2, 1) a3
PEp? ’
Adding (2.22) and (2.24), and using the equation (2.26), one can get

P3(h b2
a2 = (2 + g2) (2.27)

(B, (B, - 1) ~ 2, (B, ~ )P + (@2 (B, ~1) (P — Py
Subtracting the equation (2.24) from (2.22), we get

hi+ ¢ = (2.26)

as = a3 + . (2.28)
S, (8, 1)
Using the equation (2.26), we obtain
PPv*(hi + ¢7) bPi(ha — ¢2)
ag = —5—1 — 4+ ) (2.29)
’ 82], ([3]q - 1) ([2]q - 1)2 A([3], ([3]q - 1)
Then using the equations (2.27) and (2.28), we get
a5 — pa) = ——2L [h2(1 +5(1) + @a2(—1+ s(u))] (2.30)
48], (B3], - 1)
where
2(1 —

@, (@, 1) -2 (@, 1) e+ (2, 1) - P

By applying modulus for the equations (2.27), (2.29) and (2.30) on both sides we get
the required results. O
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