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Existence of positive solutions for a class of BVPs
in Banach spaces
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Abstract. In this work, we use index fixed point theory for perturbation of expan-
sive mappings by f-set contractions to study the existence of bounded positive
solutions for a class of two-point boundary value problem (BVP) associated to
second-order nonlinear differential equation on the positive half-line. The nonlin-
earity, which may exhibit a singularity at the origin, is written as a sum of two
functions which behave differently. These functions, depend on the solution and
its derivative, take values in a general Banach space and have at most polynomial
growth. An example to illustrate the main results is given.
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1. Introduction

The theory of ordinary differential equations in Banach space is a rapidly growing
area of research, it is developed for example in the books by Guo et al. [12], Guo and
Lakshmikantham [11], Lakshmikantham and Leela [14], Deimling [2], and Zeidler [19]
or in the papers by P. Li et al. [15] and by Y. Liu [16].

In the past decades, the study of BVPs defined on compact intervals has been
considered by many authors with application of a huge variety of methods and tech-
niques. However, BVPs defined on unbounded intervals are scarce, as they require
other types of techniques to overcome the lack of compactness. Historically, these
problems began at the end of nineteenth century with A. Kneser [13]. In this work,
the lack of compactness is overcome with some techniques and specific tools.

Let P be a cone in some Banach space F, that is a closed convex subset such
that aP C P for all positive real number a and P N (—P) = {0}.

Notice that E is partially ordered by cone P, i.e. x < y if and only if y —x € P.
For details on cone theory see [11].
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Throughout this paper, (E,|.||) denotes a Banach space and P is a cone in
E. Being given a positive real parameter k and f: Rt x P x E — P a continuous
function, we are interested in the study of the existence of bounded positive solutions
to the second-order boundary value problem:

—a"(t) + kK2 (t) = m(t) f(t,z(t),2'(t)), t € (0,+00).
2(0)=0, lim x(t) =0, (1.1)

where the coefficient m € C((0, +00), RT)NL((0, +o0), RT) may be singular at t = 0
and it does not vanish identically on any subinterval of (0, +00).
Also, we consider the problem

-y +cy + Ay = m)g(t,y(t),y'(t)), te(0,+00)
y(0) = lim y(t) = 0 (12)

where ¢, \ are positive constants and g: Rt x P x E — P is a continuous function.
Letting k = /A + % and z(t) = y(t)e” %!, the problem (1.2) leads to the problem
(1.1) for the new unknown z and modified nonlinear term

F(ta(t), 2 (1) = e g (t, eSta(t), esta!(t) + ge%tm(t)) :

Notice that the problems (1.1) and (1.2) arise in many applications in physics,
combustion theory and epidemiology (see [4, 8, 9, 17, 18] and the references therein).
We will list some papers which provide a motivation for the introduction of this work.
In [5], using the Krasnosels’kii fixed point theorem in cones for strict set-contractions,
Djebali et al. investigated the existence of single and twin positive solutions to the
following two-point boundary value problem of second-order nonlinear differential
equations posed on the positive half-line:

{ —2"(t) + K2z(t) = m(t) f(t,z(t)), te (0,+00),
z(0) =0, . lim «(t) =0,

—+o0

where the nonlinearity f € C (R* x P, P) satisfies a general polynomial growth con-
dition. Motivated by the results obtained in the scalar case E = R in [7], the main
purpose of this work is to discuss some existence results for the problem as that of
[5], when f depends also on the derivative. For this purpose, we employ the general-
ized fixed point index for the sum of an expansive mapping and a f-set contraction
developed by Djebali and Mebarki in [6].

Now we describe in more details the structure of this work. This paper is de-
vised in three sections. The first one is devoted to the preliminaries, recalling some
basic concepts, and developing a new non compactness result that is needed for our
purposes. The main results are presented in section 2. We conclude with an example
of application in section 3.
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2. Preliminaries

2.1. Measure of noncompactness and set-contraction

In this paper, the concept of set contraction is related to Kuratowski’s measure
of noncompactness («-MNC for short) [3, 10]. Recall that the Kuratowski measure
of noncompactness a (V') of a bounded subset V' of a Banach space E is the infimum
of positive numbers § such that there exist finitely many sets of diameter at most §
which cover V.

Let J C R*. The Kuratowski measures of noncompactness of a bounded set in
the spaces E, C(J, E), C}(J,E) and X are denoted by ag(.), ac(.), aci(.) and ax(.)
respectively.

The following known results are used in this work.

Lemma 2.1. [10, Theorem 1.2.6]. Let J = [a,b]. If H C C'(J, E) is bounded, H and
H' are equi-continuous, then

acr (H) = max (ElelgaE(H(t)),iggaﬂH’(t))) ,

where H(t) = {u(t) |u € H}, t € J.
Lemma 2.2. [10, Theorem 1.2.2] If H C C(J, E) is bounded and equicontinuous, then
a(H(.)) is continuous on J,

ac(s,p)(H) = sup a(H (1)),
teg

o (/Jx(t)dt |z € H> < /Ja(H(t))dt,

Let A: D C E — E be a continuous operator. The operator A is said to be
bounded if it maps bounded sets into bounded sets, completely continuous if it maps
bounded sets into relatively compact sets, and compact if the set A (D) is relatively
compact. The operator A is said to be a f-set contraction, for some number £ > 0, if
it is bounded and a(A(V)) < lo(V) for every bounded set V' C D. If ¢ < 1, we say
that A is a strict set contraction.

We finish this part by giving the definition of an expansive mapping, let (X, d)
is a metric space. A mapping T : D C X — X is said to be expansive if there exists
a constant h > 1 such that

d(Tx,Ty) > hd(z,y) forall z,y € D.

and

2.2. The Green’s function

The following lemmas are concerned with the linear problem associated to (1.1).
They provide useful estimates of the kernel G and their proofs are omitted.

Lemma 2.3. Let v be a function such that v € C((0,+0), E) and f lo(t)]|dt exists.
Then the problem

z(0) =0, hm z(t)=0

——+o00

{ —2"(t) + k*z(t) = v(t), te€ (0,4),
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has a unique solution x given by

+oo
x(t) = G(t, s)v(s)ds,

0

where G is the Green function of the problem, namely

G(t,s) =

1 7krs kt _ _—kt . <t <
{ (ek e "), if 0<t<s< oo, (2.1)

2k | e Ft(e e k), if 0<s<t<oo.

Throughout this work, 0 < v < § will denote some fixed numbers. The interval [y, ]
will play a key role in estimating the solutions of the problem (1.1). Let

Ay = min(e k0 ek — k),
- mi k o—ké oky 4 k=1 ,—k

A = mln(er e+ e 7), (2.2)
_  k -ks

A2 = ) € .

Obviously, these constants are less than 1. Some fundamental properties of the kernel
G are given hereafter. The proofs are omitted.

Lemma 2.4. The Green’s function G satisfies the following estimates:

) G(t,s) >0, Vit seRT.

) G(t,s) <G(s,s) < 5, VitseRT

) G(t,s)e ™ < G(s,s)e ™, Vt,seRT, Vu>k.
) G(t,s) > AG(s,s)e™* Vte[y,d], Vse R

Remark 2.5. The problem (1.2) is equivalent to the integral equation:

+o00o
y(z) = / €55 m(s) Gz, 5) f (5, y(5), ¥/ () ds. (2.3)

The boundary conditions y(0) = y(4+o00) = 0 follow from G(0,s) = 0, Vs > 0, and
hr}rl e3*G(x,s) =0, ¥s >0, since k > 5, where G is given by (2.1).
T—r+00
To show our existence results we will use the following lemma which contains
some recent results of the fixed point index theory on the cones of Banach spaces for
the sum of two operators (see [6]). Let X be a real Banach space and K C X a cone.

Lemma 2.6. Let U be a bounded open subset of IC and W be a subset of K such that
0 e UNW. Assume that T : W — E is an expansive mapping with constant h > 1,
F:U — E be a {-set contraction with 0 < ¢ < h—1, and F(U) C (I —T)(W). Thus
we have the following: if

|Fz+T0|| < (h—1)|z| and Tax+ Fz #x forall z€dUNW,

then i (T + F,UNW,K) = 1.
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3. Main results

We begin by a new representation formula for the measure of noncompact- ness
in the space X.

Let p: RT — (0,+00) be a continuous function. Denote by X the space consist-
ing of all weighted functions y, continuously differentiable on R which satisfy

sup ([lly(@)l + Iy (@)l]p(2)) < o

z€R

Equipped with a Bielecki’s type norm |ly||, = sup ([ly(z)| + |/ (z)|]p(x)), it is a
zeRT

Banach space.
In the following, we develop a new non-compactness result in order to use it to
show that an operator is /-set contraction in the space X.

Lemma 3.1. Let B C X be such that the functions belonging in the sets
pB ={z]2(t) =y(t)p(t), y € B},
B'={z]z(t) =y'(t)p(t), y € B},

are almost equicontinuous on R and B is a bounded set in the sense of the norm

1yllg = S;le([l\y(t)II +ly' @®llla(1)),

where the function q is positive, continuous on RY and satisfies

p(t) _
N
Then
() = mox (s g (BOWO) . suwp g (B)Op(e)). 61

where B(t) = {u(t) | u € B} fort e R*.
Proof. Let B C X be bounded in the sense of the norm

1yllg = sup Uy + ly' @) a(t))-

Thus there exists r > 0 such that lylly < r for all y € B. Since the function ¢ is

positive on Rt and satisfies hm % = 0, for any ¢ > 0, there exists 7" > 0 such

that

ly(t1) p(t1) — y(t2) p(t2)|l

< pglny@nHMm>+§g3Hyugnq@a (3.2)
< B (gl + Iy @)l a(t) + 253 (ly(e)l + 1y @2)1) altz) <&,
and
iy (t1) p(t1) — y'(t2) p(t2)|l
< 3xwyummun+ﬁ:Myummua (3.3)
< B (g + Iy @)l a(t) + 253yl + 1y @2)]) alts) <&,

uniformly with respect to y € B as t1,to > T.
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We first claim that
ax(8) < mox  sup . (BOWO) . s s (B 00(0) )
teR+ teRT

Denote by Blj,r) and B'|jg. 7y the restriction of B and B’ on [0,T]. Since the sets
B(t)p(t) and B’(t)p(t) are equi-continuous on [0, 7], Lemma 2.1 ensures that

ac (Bplo,) = max< sup ap(B(t)p(t)), sup ap (B’(t)p(t))>
te[0,T te[0,T]

< max ( sup an(BOP(D), sup aE<B'<t>p<t>>) ,

teR+ teR+

where Bpljo, 71 = {y(t)p(t) : y € B, t € [0, T}
n

By the definition of the MNC ag:1, there exists {B;}?_; such that B = |J B; and for
i=1

i=1,..m '

diame: (Bipljo,r]) < max (SUP ag(B(t)p(t)), sup OéE(B/(t)p(t))> +e, (3.4)
teR+ teR+

where diame:(.) denotes the diameter of the bounded subsets of C1([0,T], E).
Furthermore, for ¢ = 1,...,n, fixed, for all y;, y2 € B; and t > T, we deduce from
(3.2)-(3.4), for i = 1,...,n the following estimates:

[[(y1.(£) — w2(2)) || p()
< (@) + g1 O+ (w2 (8) = o)+ [[(y2(t) + 2 (D)) p(¢
< () + 1 O)la) + I (w2(t) + v O)la®) 28 + (w1 () — v(1)[[p(t)
< e+t ||y1() (t) =y (T ) (M) + lly1 (T)p(T) = yo(T)p(T)|
+ lya(T)p(T) yé p(t)]l
< 2¢+ max (sup ap(B(t)p(t)), sup aE(B’(t)p(t))) +e+e,
ER+
(3.5)
and
1(y1.(2) — 5 (8)) ]| p(£)
< (@) + g O+ 1 ya(8) = g2 O)I + [1(y2(t) + ya ()] p(t
< () + 1 O)la®) + I (w2(t) + v O)la®) 28 + [ (w1.() = y2(6)[[p(t)
< el @pt) =y (T)p(T)|| + ly2 (T)p(T) — y2(T)p(T)|
+ ly2(T)p(T) — y2(O)p(t)]|
< 2¢+ max (sup ag(B(t)p(t)), sup aE(B’(t)p(t))> +e+e
teRT teR+

(3.6)
Therefore (3.4), (3.5) and (3.6) guarantee that

diamy (B;) < max (Sup ap(B(t)p(t)), sup aE(B’(t)p(t))> +4e

teRt teR+



Existence of positive solutions for a class of BVPs 729

Noting that B = |J B;, we infer
i=1

ax(5) < max  sup @ (B0, sup as (B (0p(0)) +
teR+ teR+
and ¢ being arbitrary, we deduce that

ax(B) < max (tse%g s (BOMO). s aE<B’<t>p<t>>) |

Conversely, we prove that max (sup ag(B(t)p(t)), sup aE(B’(t)p(t))) < ax(B).
teR+ teR+
Given € > 0, there exists {B;}; such that B = |J B; and diamx(B;) < ax(B)+e.
i=1
Thus, for fixed i, for every ¢t € R* and all y;, y2 € B;, we have

(1 () — w2 (O] < llyr = 32lle < ax(B) +e,
and
1(wa () =y (O] < llyr — yellw < ax(B) +e.

Since B(t) = Dl B;(t), we have ag(B(t)p(t)) < ax(B) +e.

Now & being arbitrary, we deduce that sup ag(B(t)p(t)) < ax(B).

teR+
In accordance with B'(t) = | Bi(t), we get sup ag(B’'(t)p(t)) < ax(B), where
i=1 teR+
H'(t) ={y'(t)] y € H}, t € R", whence the reversed inequality and then the desired
result. O

Let w > 0 be a given real parameter. Consider the Banach space with weight
function e~**

X = {x eCYRT,E) : sup (el + 2’ @) e™") < 00},
teR+t

endowed with the norm

lzllw = sup ((z@)] + 2" (®)]) e .

teRT
Define the cone _
K={zeX:2>0 on R'}

With K we denote the set of all equi-continuous families in K.
Take ¢ € (0,1) and p,q > 0 arbitrarily. Let A, By, Bo, Bs, R, 7 be positive constants
such that

G(t,s) +|Ge(t,s)| < A, t,s€[0,00),
and )

0<7< T A (B; 4+ B2RP + BsRY) < min{r, R}.

Define the conical shell
Kr={zreK:|z|. < R}
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Assume that
(H1). f € C(RT x P x E,P) be such that
£t 2, 9)|| < ao(t) + ar(t)||z|[” + az(t)[|y[|?

for any (t,z,y) € RT x P x E, where a; € C(RT,R"), i € {0,1, 2},
/ m(s)ag(s)ds < By, / m(s)ai(s)e”*Pds < Ba, / m(s)az(s)e?*?ds < Bs.
0 0 0

Theorem 3.2. Assume (H1). Then the problem (1.1) has at least one positive solution
x in K such that

sup (=@l + =" @®)I) e™") < R.

Proof. For x € X define the operators
Tz(t) = (1+e)x(t),
Fz(t) = —¢ /OC G(t,s)m(s)f(s,z(s),2'(s))ds, t€ (0,00).
0

1. Note that T': Kr — X is an (1 + €)-expansive operator.

2. Now we will prove that the operator F : Kr — X is continuous. From the
assumption (H1), we can show that

sup e ([Fz(®)] + |(Fa) (®)]) < oo,

which imply that
F(Kgr) C X.
Let {xp }nen, {7} C Kg with ||z, —z|l, — 0, as n — oo. Hence, {2, }nen is bounded in
Kr. Then there exists a positive constant r such that max{||z,|.,n € N, ||z[,} < 7.
We have
/ e PGty s)m(s) || f (s, 2n(s), 27,()) — f(s,2(s), 2/ (s)) | ds
0
< /O e IG(t, s)m(s) (I1f (s, 2n(s), 2, ()| + [Lf (5, 2(s), 2 (s))]]) ds
< / e “'G(t, s)m(s) (200(8) + ax(s) ([[n(s)[[” + [lz(s)[I)
0

+az(s) ([, ()17 + 12" ()1 >d5

2B1 A+ ABy (|lzn g + l|2[12) + ABs ([[enllE + [[]IE)
2A (Bl + Bor? + Bgrq), t e (0, OO)7

IN A
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and

/OOO e Gy(t, s)Im(s)I|f (s, 2n(s), 2, (5)) — f(s,2(s), ' (s)) | ds

< /000 e Gt s)lm(s) (ILf (s, 2n(s), 2, ()| + [1f (5, 2(s), 2"(s))]) ds

< /O e Gi(t, s)|m(s) (200(5) + ax(s) ([len ()1 + llz(s)[”)
+ax(s) (25, ()17 + [l2"()11) )ds

< 2B1IA+ ABy ([|l#nllg + ll212) + ABs ([[anlld + [[2]IE)

< 24 (Bl +Bg’l"p+Bg’l"q), te (0,00)

Thus, the Lebesgue dominated convergence theorem both with the continuity of f
imply
sup (e"“!|(Fz,)(t) — (Fz)(t)||) = 0, as n— oo,

teR+

and
sup (e “'||(Fxz,)'(t) — (Fz)'(t)]]) = 0, as n— oo.
teR+

As a result,

|Fz, — Fx|, —0, as n— oo,

i.e., the operator F' is continuous.
3. We have F' : K — X and for z € K we get

(IFz @)l + [I(Fz) ()] e
< Ee*wt/o (G(t,s) + |Ge(t, s)|) m(s)|| f(s,z(s),2'(s))|ds

S eemA /ooo m(s) (ao(s) + a1(s) ()P + as(s)]}a’ ()] ds

oo

< ee A m(s) (ao(s) + a1(s)e*P*RP + ay(s)e*?*R?) ds
0
< e “'A(By + BoRP + B3RY)
< cA (Bl +BQRP +33Rq)
< rT¢
< E, t € (0,00).
4

Hence,

g
Fzll, < -.
|Pall, < 5

Therefore F(Kg) is uniformly bounded. Since F' : Kr — X is continuous, we have
that F(Kg) is equi-continuous. Consequently F : Kr — X is a O-set contraction.
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4. Let y € g be arbitrarily chosen. Set

2(t) = / Gt sym(s) fls,y(s), o (8))ds, € (0,00).

We have that z € K and using the above computations, we have

(=@ + "B e < 6_‘”/0 (G(t, 5) + |Ge(t, s)]) m(s)[1 £ (s,y(s), ' () | ds
< A(B;+ BaR? + B3RY)
< A(Bj+ B3RP + BsRY)
< R,
50, ||z|lw < R. Therefore z € Kr. Also,
(I-T)(t) =

—ez(t
- —s/ Gt s)m(s) (s, y(s),y (5))ds
= € (0,00).
Thus o
F(Kg) Cc (I -T)(K).
5. Note that 0 € Kr and for any z € K g we have
[ Fz + 10| [ Fl
cA (Bl + BoRP + B3Rq)
eR

= &l

<
<

Assume that there exists an © € 9Kg such that
Fe+Tx =z

Then

(@l + [l ()11 e

(L +e)e (lz)]l + "))

— /ODO (G(t,5) + |Gi(t,5)]) m(s)| £ (s 2(s), 2/ () | ds

L+e)e™ (@ + 2" ®)1)
—cA (B1 + BoRP + BgRq) , te (0, OO),

v

%

or
eA(By + BaRP + B3R7) > ee™" (||lz(8)]| + [l ()I]), ¢ € (0,00),
whereupon
A(By + BoRP + BsRY) > R.
This is a contradiction.
By 1, 2, 3, 4, 5 and Lemma 2.6, we conclude that the operator T+ F has a fixed
point z € Kg, which is a solution of the problem (1.1). This completes the proof. O
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Remark 3.3. A discussion on the existence of a positive real R that verifies an
inequality of the type A (B;+ Ba2RP + B3sR?) < R, with respect to p and q,
is given in [7, Remark 3.2]. So that the same constant R checks the inequality
A(By; 4+ B2RP + BsRY) < 7 < i it is necessary that ABy < 7.

In the case when the last inequality does not hold, or in a general way the
inequality A (B; + BoRP + B3R?) < 7 < 1 is not satisfied, additional conditions on
the nonlinearity f are needed to show that the operator F' is a {-set contraction.

To overcome the problem pointed out in the remark we consider the conditions
(H2) and (H3).
(H2). For every r > 0 and all subinterval [a, b] C R, the nonlinearity f is uniformly
continuous on [a,b] x Bg(0,7) x Bg(0,7), where Bg(0,7) ={z € E: |z| < r}.
(H3). There exist a positive functions ly,ly € L*(R™) such that
a(f(t7B17 BQ)) < ll(t)a(Bl) + lQ(t)a(BQ)7 te RJr,

for every bounded subsets By, B, C E, where

+oo
A/ m(t) (11 () + l2(t))dt < 1.
0
And we present the following theorem.

Theorem 3.4. Assume (H1) — (H3). Then the problem (1.1) has at least one positive
solution x in KC such that

sup ((l=@®1 + =" @) e™") < R.

Proof. The proof of this theorem is similar to that of Theorem 3.2, we will only show
how the operator F' is a ¢-set contraction with £ < ¢ under conditions (H2) and (H3).
Firstly, using Lemma 3.1 for p(t) = e~ and q(t) = e # with u < w, we get the
following result.

Lemma 3.5. Assume that (H1) holds. If V be a bounded subset of Kr, then

ax(FV) = max (tselgg ag (e7'FV(1)), tselﬁg ap (e_“’t(FV)’(t))) .

Proof. Let V C Kr be arbitrary.
(a) F(V) C X is a uniformly bounded set with respect to the norm ||.||,. Indeed,
as in Theorem 3.2, we obtain

2]l < e A(By + Ballx|[f, + Bsllz|[§), Vo € V.

(b) The families {e~“*(FV (t)) }ier+ and {e“*(FV)'(t))};cr+ are almost equi-
continuous on R*. The proof is similar to the one in [5, Lemma 1.3.3]. O

Now, Suppose that V' C Kg; we prove that there exists a constant 0 < ¢ < ¢ such
that ax (FV) < lax (V). Lemma 3.5 tells us that it is enough to verify that

max (Sup ag (e7“'FV(t)), sup ag (e_“t(FV)’(t))) <lax (V). (3.7)
teR+ teR+
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Let z € V. we introduce, for each n > 1, the approximating operator F;, by
Foz(t) = 76/ G(t,s)m(s)f(s,z(s),z'(s))ds.
0

Step 1. From (H1)and (H3), for every ¢ € (0,00), we have that
e |Fa(t) — Fua(t)]
L7 et Gt sym(s)| (s, 2 (s), 2 (s)) | ds
e A(f, m(s)ao(s)ds + [l [T er<sm(s)as (s)ds
el [T et m(s)az(s)ds).
Similarly, we also have
e~ [(Fnz)'(t) = (Fz)' (1)]]
< AT m(s)ao(s)ds + [[alf?, [ eresm(s)a (s)ds
L [ s m(s)as(s)ds).

As a consequence, we get

IN N

|Fx — Frpx||w
= sup (e ([Fa(t) = Fuat)] + (P () = (Fa) (O)])

IN

2e A([7 m(s)ao(s)ds + [|z]|, [7° eP“sm(s)ai (s)ds
ll2llg [ er*m(s)az(s)ds).
The convergence of the integrals guarantee that

. +o0 _
ngr}rloo L7 m(s)ag(s)ds = 0,

3 + wS
nEI-lr-loo fn Ter m(S)al(S)dS =0,
. +oo qus _
ngrfoo L. et m(s)az(s)ds = 0.

Then, for all x € V and ¢ € (0,000), we have
d(e™ " (Faz)(t), e (FV)(t))

= yig]fg{e‘“’t (IFaz(t) = Fy(t)|| + [|(Faz)'(t) — (Fz)'(8)[])}
< e (|Fax(t) — Fa()|| + [|(Faz)' (t) — (F2)' @)])
— 0, as n — oo,

hence for every t € (0, c0)

sup d(e Y (Foz)(t), e “"(FV)(t)) = 0, as n — occ.

Similarly, for every ¢ € (0, 00)

2161‘[; d(e Y F,V)(t),e “"(Fz)(t)) — 0, as n — oo.

Then the Hausdorff' distance
Hy(e “'FV(t),e “'F,V(t))



Existence of positive solutions for a class of BVPs 735

tends to 0, as n tends to +oo for all ¢ in (0,00). The Lipschitz property of the MNC
« guarantees

ngrfooa (e™“'F,V(t)) = a(e"“"'FV(t)), Yt € (0, +00), (3.8)
and
nEIEooa (e Y E,V) (1) = a (e “(FV)' (1)), Vit € (0,+00), (3.9)

Step 2. In what follows, we estimate o (e"“*F},V(t)). Using Assumption (H3), Lemma
3.1 and the properties of the Green function lead to estimations:

(e FV(D) = lm_a(e(FV)(0)
= 5ngm o ({6*‘” fo (t,s)m(s)f(s,z(s),2'(s))ds}, x € V)
< eA hm fo a(f(s,z(s),2'(s)), x € V)ds
< EA hm fo l1( Ja (e V(s)) + la(s)a (e *V'(s))) ds
< ax (V)EA hm fo (s)(11(s) + l2(s))ds
< sAf s)(l1(s) +12(s))ds.

Since ¢ is arbitrary
sup a (e (FV)(t)) < lax(V),

teR+t
Similarly, we find that

sup o (e*“t(FV)’(t)) < lax(V),

teRT

where, { = ¢ A f;roo m(s)(l1(s) + la(s))ds.
From Lemma 3.5, we immediately deduce that

Oéx(FV) S EaX(V),

meaning that F : Kr — X is a f-set contraction with £ < ¢. O

4. An example

Consider the following nonlinear boundary value problem for system of n scalar
differential equations in the Banach space £ = R™ with the Euclidean norm

= (32 )

with z = (z1,...,2,) | @, €R, i=1,...,nand let 0 < p,q < 1:

—a () + K2ai(t) = S 5 (L4 (@(0)P + (2}(1)7), ¢ > 0
2;(0) =0, thr+n z;(t)=0, i=1,2,...,n
— o0

(4.1)

Let P ={z = (x1,22,...,2,) ER" |2; >0, i=1,2,...,n}. Then P is a cone in R”
and clearly System (4.1) can be rewritten in the form (1.1) in E. In this case,

z= (21, a), Y= Yyn), f= Y0 )
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where for any i € {1,...,n}, f() is defined by

f(i)(taxla"'7xn,y17"'7yn) = l_t.ct,_olst(l—,_xf—’_yg)v f0ft20~

Then, we have f() is uniformly continuous on [a,b] x Bg(0,r), for all [a,b] C I and
e—pwt

r > 0. The singular coefficient is given by m(t) = =y for t > 0. Then

1o )? = SO, y)?2

(1—cost)?
< AR (n

Hence,
1z, 9)ll < ar(@®)]z]|” + a2 (®)[ly[|* + ao(?),

where a1 (t) = as(t) = 2 1555+ and as(t) = 2v/n 1555

Moreover, since in the vicinity the origin, 1;2"\0/553 ~ ﬁ and for any a > 0,

“+o0 —as
/ eid:v < o0
o (s+1)/s ’

we deduce the convergence of the integrals

+00 Foo
1—
/ eP*’m(s)ai(s)ds = 2/ zﬁds,
0 0 S \/g(S + 1)

oo - 2 (1 — cos s)e Pws <
/0 m(s)ap(s)ds = Zf/o BN ds.

Also, the integral

+oo +oo 1— (g—p)ws
/ e1*m(s)az(s)ds = 2/ ( ;OS 5)e ds,
0 0 s2/s(s +1)

is converge provided p > gq.

Here the real numbers p, ¢ satisfy 0 < p,q < 1, then there exists R > 0 such that
A (By + B2RP 4+ B3RY) < R (see [7, Remark 3.2]).

Finally, for every bounded subsets Dy, Dy C E and for all t € RY, 2 € Dy, y € Do,
we have

1 —cost
£ty < 25
Moreover, for all 0 < t; < ty < +00, ¢ € D1, and y € Dy, we have

(n A+ 2l + lyl*7) < 4 (n+ [l + [ly]*7) -

t1—ta
< lim (el +y)) - SRR (Ll + )
< lim (U [lzl5 + lelli) |55 = 55) | =0, Vi=1...n.
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Then lim ||f(t1,2,y) — f(t2,z,y)|| = 0 and
t1—t2

lim [fOt2,y) = lim fO(s,2,y)]

t——+oo
< L lim b1 al +yf) -0/ =0,Vi=1,...,n.

HEI’ICG, t—lgknoo Hf( )(t,.’E, y) - SE{POO f( )(S,x,y)H = 0.
As a consequence, Corduneanu’s compactness criterion ([1], p. 62) ensures that
f(t, D1, D) is relatively compact in R™. So, a(f(t,D1,Dz2)) = 0, for all t € R
and all bounded subset D1, Dy C E.

Theorem 3.4 ensures the sub-linear singular problem (4.1) has a bounded positive
solution for every constants k and all 0 < p, ¢ < 1.
Acknowledgments. We would like to thank the anonymous referees for their careful
reading and helpful suggestions which led to a substantial improvement of the original
manuscript.
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