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On the starlikeness of iterative integral operators

Parviz Arjomandinia and Rasoul Aghalary

Abstract. The main object of the present paper is to investigate starlikeness of
certain integral operators, which are defined here by means of iterative in the
open disk Dr = {z € C: |z| < R} with R > 1. Also we prove that these result
are best possible.
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1. Introduction

Let A denote the class of normalized analytic functions f(z) in the unit disk
D = {z € C: |z| <1} which are in the form

f(2)=z+az* + - +a,z"+- -

Also, let S and S* denote the subclasses of A consisting of the univalent and starlike
functions respectively. Studying the geometric properties of certain integral operators
were considered by many authors during the last years. For example, some results
of integral operator F( fo (t)/t)*dt were obtamed by Merkes and Wright [3].
Other type of integral operator such as G fo ))*dt was studied by the
authors in [3] and [6]. Recently, the authors in [ ] deﬁned 1ntegra1 operators L* f(z)
and Ly, f(z) which are iterative and take normalized analytic functions into the class
S when restricted to D. In this note, we define two new iterative integral operators
F™"(v)(f(2)), Fu(7)(f(2)) and investigate the starlikeness of them in D.

2. Integral Operators F"(v)(f(z)) and F,(v)(f(2))

Suppose that Ag denote the class of normalized analytic functions f(z) in Dg
with radius of convergence R and R > 1. We recall the generalized Bernardi integral
operator F(y): A — A, with v > —1 as following (see [4])

FONE) =52 [0t s (e D, f e ). (2.1)
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Note that all powers in (2.1) are principal ones.
We now introduce the following two operators defined on Ag with R > 1.

Definition 2.1. For f(z) =z + Y po, arz® € Ag, let

FUOE) = FONSE) = 2+ Y —as*
k=2

FOUE) = FOERE) =2+ 3 (HD *
In general, for n € N we define
POEN = PO Ue) =+ 3 () w2
Definition 2.2. For f(2) = z + 3°°° , apz* € A we define
FO)E) = FOE) = =+ ) st
R = HEDEED [ 0 i,
- z+§: Sl DICh o) B (2.3)

(v+Ek)(y+k+1)

and in general we have
1+ 2+ n+ tn—1 to
R = LD [ T .,

(1+7)(24+7)..(n+7) K
— . 2.4
Z+Z A+ +kt D)(yt ktn—1)" (2.4)

The aim of this note is to show that for f € Ar with R > 1 there exists a
positive integer N such that for n > N, F"(v)(f(2)) and F,(v)(f(z)) are starlike.
Also, we show that these results are sharp.

To prove our main results, we need each of the following lemmas.

Lemma 2.3. ([2]) If f € A satisfies

—1 7—11 t
— |, t= dt
«@ fO 1+t . (Z c ]D)

1 111-¢
1_Ef0t 1+t dt

R(f'(2) + azf"(2)) >

1 X .
for a > 3, then f € S*. The result is sharp.

Theorem 2.4. ( Bieberbach’s Theorem [1] ) If f € S, then |a,| < n. The equality
holds if and only if f is a rotation of the Koebe function.
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3. Main Results

Theorem 3.1. Suppose that f € Agr, where R > 1. There exists a positive integer N
such that for every n > N, F"™(v)(f(z)) when restricted to D is starlike.

Proof. Let n € Nya > 1 and f € Ag. From (2.2) we obtain

(F*(7)(f( —1+Zk(1+7> a1

and
o0

)(1
az(F™(y Z 7+k (L+)" ap 21,

So we obtain

Re{(F"(7)(£(2)) + az(F"(v)(f(2)))"} == 1+ G(2)

where
G(z) = ’; k(1 + O‘Ei J_r ;))751 +7)" Re(akzk 1)

From last equality we observe that

Gl < 3 MLl Z IR ) <),

P (y+ k)™

Since the radius of convergence of f (i.e. R) is greater than one, so there exists an
€ > 0 such that C := % + e < 1. In view of R = ——L— and the property of limit

limsup |a| *

superior, there exists N; € N, N; > 3 such that for every k > N; we have |ax| < C*.

Let Cy = max{|as|, |as], ..., |an,—1|}, then we obtain
Ni—1 00
— k(14 a(k— El+alk-1))
< n MeTRRRT ) MeTARR— o))
@@ < (1+7) (I; ey ZN e
T+9\" 1+'y>n
< CiMy| —— ) + M
- 1(2+v) 2<7+N1
where
Ni—1
Zk: +a(k —1)) Zkl—l—a —1))C* <
k=N,

Now from the last 1nequahty we observe that there exists N € N such that for n > N

we have |G (z)] < 1= ﬁ, where
e 1—t
O<[3:7/ tel—— dt < 1.
(67 0 1 + t
With this N we see that, 1 + G(z) > ﬁﬁ and by lemma 2.3 we conclude that

F"™(y)(f(2)) is starlike in D whenever n > N. O
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Theorem 3.2. Let f € Ag with R > 1. There exists N € N such that for every
n > N, F,(v)(f(2)) is starlike in D.

Proof. Let n € N and f € Ar. From (2.4) we have

PN (1+79)(247)...(n +7)kax B
(Fn()(f(2)) =1 +kZ:2 TR D) hin l)z’c 1

and
oo

a(l+9)2+7)..(n+Nk(k = Dag ;.
Fu(y .
oz Z Y+ +k+ 1) (y+k+n—1)"

=2
So we obtain

R{F(N(f(2) + ez(Fa(1)(£(2))"} = 1+ H(2),

where
(oo}
I+72+7)..(n+7)E(1+alk-1)) b1
H(z) = R .
(=) kZ::Q TR+ h+ Doy +hfn—1) ele=)
Now the last equality implies that
(1+v)(2+ n+y)k(l+alk—1
‘<Z '7 7) ( 7) ( ( >)|ak|§ (ZE]D))

P v+k)(v+k+D.(y+Ek+n—1)

Since the radius of convergence of f is greater than one, hence there exists an € > 0
such that B = % 4+ ¢ < 1. Now using lim sup |ak|% = F and the property of limit
superior, there exists N; € N, Ny > 3 such that for k > N; we have |ay| < B*. Let

C1 = max{|as|, |asl, ..., |an, —1]}, then we obtain
lel [e ]
1+ 7k + a(k—1))
H < ( Ank(1+ a(k —1))B*
e < oy SR D 3 Ak k- 1)
k=2 k=N,
1+~
= M| ———— A, M} 1
¢y 1(n+7+1>+n25 (3.1)
where
N;—1
Zkl—i—a —-1)) Zkl—i—a —1))B* <
k=N1
and

(1+7)(2+7)...(n+7)
(Y+Ni)(y+ N1+ 1)..(y+ N1 +n—1)
It is easy to see that lim, . A, = 0. Using this fact, the relation (3.1) shows that

there exists N € N such that for n > N we have |H(z )| < 1= ﬁ, where

A, =

1/t 11—
O<B:7/ t*‘—dt<1
a Jo 1+1¢

With this N we see that, 1 + H(z) > % and F,(7)(f(z)) is starlike in D for
n> N. O
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Now we shall see that the radius of convergence of f (i.e. R > 1) is best possible.
To this end, let

(+7), ifk=@+ ) 1eN,

0, otherwise. (3.2)

L(z)=z+ Zakzk, where a;, = {
k=2

Since limsup |ax|* = 1, so the radius of convergence of L(z) is one. In fact, this shows
that L(z) € A. We then show that F™(y)(L(z)) and F,(y)(L(z)) are not starlike in
D for every positive integer n.

Theorem 3.3. F"()(L(z)) is not starlike in D for every n € N.
Proof. For fixed n € N, we have

(k+y)™

FU(7)(L(2) = 2+ Y _buz", with by = 0 otherwise

k=2
Let v > —1 and k = (3 + |7])!, then we obtain

A+ 1+~\" I+ 1\
%‘w+hw+w9« 2)(@+mw)'

{(HWW””’ﬁkCHLﬂVJeN

Since

lim <1+7>? Lty =00
Sx\"2 ) BEpr ™
there is N € N such that for [ > N we have

AN
<2 ) Grope o 2T

(Y (12 Y s -

Therefore we conclude that by > k, and by theorem 2.4 F™(y)(L(z)) is not starlike
in D. Since n € N is arbitrary, the proof is complete. O

or equivalently

Theorem 3.4. F,,(y)(L(2)) is not starlike in D for every n € N.
Proof. For a fixed n € N we obtain F,,(7)(L(2)) = z + Y ey ck2", where

o= { Q@A) if = (34 |9)), L €N,

(Y FE) (Y+k+1)...(y+k+n—1) >
0, otherwise.

There is N1 € N such that for [ > N; we have
0<y+B+ v +n-1<23+|y)"
Now for v > —1,k = (3 + [v])! and I > N; we obtain
L+ +7)-(n+7)( +7)
(r+ B+ ) +n-1)"

(1+’Y)(2+’y)...(n+’y)< I+~ )l
2 B+vhr)

Ck

(3.3)
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As in the proof of theorem 3.3, it is easy to see that there is N € NN > N; such
that for [ > N we have

1+7)2+7)...(n+7) <( l+'y)n>l > @B+ =k

2n 3+ 7]
Hence for I > N we have ¢ > k, and F,,(7)(L(2)) is not starlike in . This completes
the proof. O
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