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On a subclass of convex functions

Olga Engel and Róbert Szász

Abstract. In this paper we study a subclass of convex functions. Among others
we prove an interesting property regarding the composition of functions from this
class. The basic tool of the proof is the theory of differential subordination.
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1. Introduction

Let U = {z ∈ C : |z| < 1} be the unit disk in the complex plane C. We denote
by A the class of the functions f of the form

f(z) = z +

∞∑
n=2

anz
n,

defined in U. We say that f is starlike in U if f : U → C is univalent and f(U) is a
starlike domain in C with respect to 0.

It is well-known that f ∈ A is starlike in U if and only if

Re

(
zf ′(z)

f(z)

)
> 0, for all z ∈ U.

The function f ∈ A is convex in U if and only if f : U → C is univalent and
f(U) is a convex domain in C. The function f ∈ A is convex if and only if

Re
zf ′′(z)

f ′(z)
+ 1 > 0, z ∈ U.

The subclass of A which contain convex functions will be denoted by K.
We define the class S∗∗∗ by the equality

S∗∗∗ =

{
f ∈ A :

∣∣∣∣1− zf ′′(z)

f ′(z)

∣∣∣∣ <
√

5

4
, z ∈ U

}
. (1.1)
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We will prove in the followings that S∗∗∗ ⊂ K, we will determine the order of star-
likeness of the class S∗∗∗ and we will show that if

f, g ∈ S∗∗∗, then f ◦ g is starlike in the disk U(r0),

where r0 = sup{r > 0|g(U(r)) ⊂ U}.

2. Preliminaries

In order to prove the Main Result, we need the following results. These lemmas
can be found in [1], p.24-25, and [2], p. 201-203.
Let Q be the class of analytic functions q in U which has the property that are analytic
and injective on U \ E(q), where

E(q) =

{
ζ ∈ ∂U : lim

z−→ζ
q(z) =∞

}
,

and are such that q′(ζ) 6= 0 for ζ ∈ ∂U \ E(q).

Lemma 2.1. [Miller-Mocanu] Let q ∈ Q, with q(0) = a, and let p(z) = a+ anz
n + . . .

be analytic in U with p(z) 6≡ a and n ≥ 1. If f 6≺ q, then there are two points
z0 = r0e

iθ0 ∈ U, and ζ0 ∈ ∂U \ E(q) and a real number m ∈ [n,∞) for which
p(Ur0) ⊂ q(U),
(i) p(z0) = q(ζ0)
(ii) z0p

′(z0) = mζ0q
′(ζ0)

(iii) Re z0p
′′(z0)

p′(z0)
+ 1 ≥ mRe

(
ζ0q

′′(ζ0)
q′(ζ0)

+ 1
)
.

The following result is a particular case of Lemma 2.1.

Lemma 2.2. [Miller-Mocanu] Let p(z) = 1 +anz
n + . . . be analytic in U with p(z) 6≡ 1

and n ≥ 1.
If Re p(z) 6> 0, z ∈ U, then there is a point z0 ∈ U, and there are two real numbers
x, y ∈ R such that
(i) p(z0) = ix

(ii) z0p
′(z0) = y ≤ −n(x

2+1)
2 ,

(iii) Re z20p
′′(z0) + z0p

′(z0) ≤ 0.

We also need the following result, which is a particular case of the Theorem 3.2d.
from [1]. The next result is Theorem 3.2i. from [1].

Lemma 2.3. Let h be convex in U, with h(0) = 1 and let n be a positive integer. If q
is the analytic solution of

q(z) +
zq′(z)

q(z)
= h(z), q(0) = 1,

and if Re q(z) > 0, z ∈ U, then q is univalent. If p(z) = 1 + anz
n + an+1z

n+1 + . . .
is an analytic function in U, and

p(z) +
zp′(z)

p(z)
≺ h(z),
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then p ≺ q, and q is the best dominant.

We also need the following result, which is a particular case of the Theorem 3.2d.
from [1].

Lemma 2.4. Let β, γ ∈ C and let n be a positive integer. Let Rβa+γ,n be given by

Rc,n(z) = 2Cn
(z + b)(1 + bz)

(1 + bz)2 − (z + b)2
, Cn =

n

Re c
[|c|
√

1 + 2 Re(c/n) + Im c].

Let h be analytic in U, with h(0) = a, and let Re[βa+ γ] > 0. If

βh(z) + γ ≺ Rβa+γ,n(z),

then the solution q of the equation

q(z) +
nzq′(z)

βq(z) + γ
= h(z),

with q(0) = a is analytic in U and satisfies Re[βq(z) + γ] > 0, z ∈ U.
If a 6= 0, then the solution is given by

q(z) = zγ/n[H(z)]βa/n
(
β/n)

∫ z

0

[H(t)]βa/nt(γ/n)−1dt

)−1
− γ/β,

where

H(z) = z exp

∫ z

0

[(h(t)− a)/at]dt.

Lemma 2.5. If x > 0, and y ∈ R, then

Re(x+ iy)
1
4 ≥ x 1

4 .

Proof. We have

Re(x+ iy)
1
4 = (x2 + y2)

1
8 cos

(
1

4
arctan

y

x

)
and in order to prove the lemma we have to show that

(x2 + y2)
1
2 cos4(

1

4
arctan

y

x
) ≥ x. (2.1)

Since

cos4
(

1

4
arctan

y

x

)
=

1

4

1 +

√
1 + x√

x2+y2

2


2

the inequality (2.1) is equivalent to

1

4

1 +

√
1 + x√

x2+y2

2


2

≥ x√
x2 + y2

.
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Since x√
x2+y2

∈ [0, 1] it follows that there is a real number α ∈ [0, π2 ] such that

x√
x2+y2

= cosα, and the previous inequality can be rewritten as follows

cos4
α

4
≥ cosα, α ∈

[
0,
π

2

]
.

This inequality is equivalent to(
1− cos2

α

4

)(
7 cos2

α

4
− 1
)
≥ 0, α ∈

[
0,
π

2

]
,

and the proof is done taking into account that 7 cos2 α4 ≥ 7 cos2 π8 > 1. �

We need also the following lemma which can be found in [2], p.271.

Lemma 2.6. Let g : [−π, π][0, 1] → C a function such that g(eiθ, .) is integrable on
[0, 1], for each θ ∈ [−π, π]. If α : [0, 1]→ (0,∞) ia also integrable and

Re
1

g(eθ, t)
≥ 1

α(t)
, θ ∈ [−π, π], t ∈ [0, 1],

then

Re
1∫ 1

0

g(eiθ, t)dt

≥ 1∫ 1

0

α(t)dt

, θ ∈ [−π, π].

3. Main results

Theorem 3.1. If f ∈ A and ∣∣∣∣1− zf ′′(z)

f ′(z)

∣∣∣∣ < √7, z ∈ U,

then it follows that f ∈ S∗.

Proof. We will prove that p(z) = zf ′(z)
f(z) > 0, z ∈ U.

It is easily seen that

1− zf ′′(z)

f ′(z)
= 2− p(z)− zp′(z)

p(z)
,

and consequently the following equivalence holds∣∣∣∣1− zf ′′(z)

f ′(z)

∣∣∣∣ < √7, z ∈ U ⇔
∣∣∣∣2− p(z)− zp′(z)

p(z)

∣∣∣∣ < √7, z ∈ U. (3.1)

If the condition p(z) =
zf ′(z)

f(z)
> 0, z ∈ U, does not hold, then according to the

Miller-Mocanu lemma (Lemma 2.2) there is a point z0 ∈ U, and there are two real
numbers x, y ∈ R such that

p(z0) = ix,

and

z0p
′(z0) = y ≤ −1 + x2

2
.
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These equalities imply∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ =
∣∣∣2− i(x− y

x

)∣∣∣ =

√
4 +

(x2 − y)2

x2

≥

√
4 +

(
3x

2
+

1

2x

)2

≥
√

7.

This inequality contradicts (3.1), and consequently p(z) =
zf ′(z)

f(z)
> 0, z ∈ U holds.

�

Remark 3.2. The result of Theorem 3.1 shows that the following inclusion holds
S∗∗∗ ⊂ S∗.

We will determine the exact order of starlikeness of the class S∗∗∗ in the followings.

Theorem 3.3. If f ∈ S∗∗∗, then

Re
zf ′(z)

f(z)
>

1∫ 1

0


√

5
4 − t√
5
4 − 1


1
4

dt

=
5

4

(√
5
4 − 1

) 1
4

(√
5
4

) 5
4

−
(√

5
4 − 1

) 5
4

, z ∈ U.

The result is sharp.

Proof. The inequality
∣∣∣1− zf ′′(z)

f ′(z)

∣∣∣ <√ 5
4 , z ∈ U is equivalent to the subordination

1− zf ′′(z)

f ′(z)
≺MMz + 1

M + z
,

where M =
√

5
4 . Denoting p(z) = zf ′(z)

f(z) the subordination can be rewritten in the

following form

2− p(z)− zp′(z)

p(z)
≺MMz + 1

M + z
,

and this is equivalent to

p(z) +
zp′(z)

p(z)
≺ h(z) = 2−MMz + 1

M + z
. (3.2)

If we denote by q the solution of the equation

q(z) +
zq′(z)

q(z)
= 2−MMz + 1

M + z
= h(z)

then Re q(z) > 0, z ∈ U. Indeed if the inequality Re q(z) > 0, z ∈ U does not holds,
then there is a point z0 ∈ U, and there are two real numbers x, y ∈ R such that

q(z0) = ix,

and

z0q
′(z0) = y ≤ −1 + x2

2
.
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These equalities imply

2 <
∣∣∣2− ix− y

ix

∣∣∣ =

∣∣∣∣2− q(z0)− z0q
′(z0)

q(z0)

∣∣∣∣ =

∣∣∣∣MMz0 + 1

M + z0

∣∣∣∣ <
√

5

4
,

which is a contradiction. Thus Re q(z) > 0, z ∈ U, and h is a convex function,
consequently Lemma 2.3 is applicable and we get p(z) ≺ q(z).
According to Lemma 2.4 we have

q(z) =
H(z)∫ z

0

H(t)t−1dt

,

where H(z) =

∫ z

0

h(t)− 1

t
dt = z

(
1 +

z

M

)M2−1
.

The subordination p ≺ q implies that

Re p(z) > inf
|z|<1

q(z) = inf
|z|<1

H(z)∫ z

0

H(t)t−1dt

= inf
θ∈[−π,π]

H(eiθ)∫ eiθ

0

H(s)s−1ds

. (3.3)

On the other hand we have

inf
θ∈[−π,π]

H(eiθ)∫ eiθ

0

H(s)s−1ds

= inf
θ∈[−π,π]

1∫ 1

0

(
M + teiθ

M + eiθ

)M2−1

dt

. (3.4)

A simple calculation leads to

Re
1

M + teiθ

M + eiθ

= Re
M + eiθ

M + teiθ
≥ M − 1

M − t
, t ∈ [0, 1], θ ∈ [−π, π].

This inequality impliesRe
1

M + teiθ

M + eiθ


1
4

≥
(
M − 1

M − t

) 1
4

, t ∈ [0, 1], θ ∈ [−π, π].

Putting x+ iy = 1

M + teiθ

M + eiθ

in Lemma 2.5, we infer

Re
1(

M + teiθ

M + eiθ

) 1
4

≥

Re
1

M + teiθ

M + eiθ


1
4

≥
(
M − 1

M − t

) 1
4

, t ∈ [0, 1], θ ∈ [−π, π].
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Since M2 − 1 = 1
4 , we get

Re
1(

M + teiθ

M + eiθ

)M2−1 ≥
(
M − 1

M − t

)M2−1

, t ∈ [0, 1], θ ∈ [−π, π].

Now we can apply Lemma 2.6 and it follows that

Re
1∫ 1

0

(
M + teiθ

M + eiθ

)M2−1

dt

≥ 1∫ 1

0

(
M − t
M − 1

)M2−1

dt

, θ ∈ [−π, π]. (3.5)

Finally (3.3), (3.4) and (3.5) imply

Re p(z) ≥ 1∫ 1

0

(
M − t
M − 1

)M2−1

dt

=
5

4

(√
5

4
− 1

) 1
4

(√
5

4

) 5
4

−

(√
5

4
− 1

) 5
4

. �

Theorem 3.4. We have S∗∗∗ ⊂ K.

Proof. Let f be a function from the class S∗∗∗.

We will prove that p(z) = 1 + zf ′′(z)
f ′(z) > 0, z ∈ U.

It is easily seen that

1− zf ′′(z)

f ′(z)
= 2− p(z),

and consequently the following equivalence holds∣∣∣∣1− zf ′′(z)

f ′(z)

∣∣∣∣ <
√

5

4
, z ∈ U ⇔ |2− p(z)| <

√
5

4
, z ∈ U. (3.6)

If the condition p(z) = 1 + zf ′′(z)
f ′(z) > 0, z ∈ U, does not hold, then according to the

Miller-Mocanu lemma (Lemma 2.2) there is a point z0 ∈ U, and there are two real
numbers x, y ∈ R such that

p(z0) = ix,

and

z0p
′(z0) = y ≤ −1 + x2

2
.

These equalities imply

|2− p(z0)| = |2− ix| =
√

4 + x2 >

√
5

4
.

This inequality contradicts (3.6), and consequently

Re p(z) = Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0, z ∈ U

holds. �
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Theorem 3.5. If f ∈ S∗∗∗, then
∣∣∣arg zf ′(z)

f(z)

∣∣∣ < π
4 , z ∈ U.

Proof. The inequality
∣∣∣arg zf ′(z)

f(z)

∣∣∣ < π
4 , z ∈ U is equivalent to

p(z) =
zf ′(z)

f(z)
≺
√

1 + z

1− z
= q(z), z ∈ U. (3.7)

We will prove the subordination (3.7) using again the Miller-Mocanu lemma.
If the subordination (3.7) does not hold, then according to Lemma 2.1 there are two
points z0 ∈ U and ζ0 = eiθ ∈ ∂U, and a real number m ∈ [1,∞), such that

p(z0) = q(ζ0) = q(eiθ) =

√
1 + eiθ

1− eiθ
=
(

cos
π

4
± i sin

π

4

)
x,

where x =
√
| cot θ2 |, and

z0p
′(z0)

p(z0)
= m

ζ0q
′(ζ0)

q(ζ0)
= m

eiθ

1− e2iθ
.

According to (3.6) the function f belongs to the class S∗∗∗ if and only if∣∣∣∣2− p(z)− zp′(z)

p(z)

∣∣∣∣ <
√

5

4
, z ∈ U. (3.8)

On the other hand we have∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ =

∣∣∣∣2− q(ζ0)−mζ0q
′(ζ0)

q(ζ0)

∣∣∣∣ =

∣∣∣∣∣∣2−
√

1 + eiθ

1− eiθ
−m eiθ

1− e2iθ

∣∣∣∣∣∣
=

∣∣∣∣∣∣2−
√

1 + eiθ

1− eiθ
−m i

2 sin θ

∣∣∣∣∣∣ =

∣∣∣∣∣2−
√
i cot

θ

2
−m i

2 sin θ

∣∣∣∣∣ , θ ∈ [−π, π].

Denoting x =
√∣∣cot θ2

∣∣, it follows that x ∈ (0,∞), and in case θ ∈ [−π, 0], we have∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ =

∣∣∣∣2− (cos
π

4
− i sin

π

4

)
x+ im

x4 + 1

4x2

∣∣∣∣
=

√(
2− x√

2

)2

+

(
x√
2

+m
x4 + 1

4x2

)2

. (3.9)

If θ ∈ [0, π], then∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ =

∣∣∣∣2− (cos
π

4
+ i sin

π

4

)
x− imx4 + 1

4x2

∣∣∣∣
=

√(
2− x√

2

)2

+

(
x√
2

+m
x4 + 1

4x2

)2

. (3.10)
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Thus we get∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ =

√(
2− x√

2

)2
+
(
x√
2

+mx4+1
4x2

)2
≥
√(

2− x√
2

)2
+
(
x√
2

+ x4+1
4x2

)2
. (3.11)

The inequality between the arithmetic and geometric means implies

x√
2

+
x4 + 1

4x2
=

x

2
√

2
+

x

2
√

2
+
x2

4
+

1

8x2
+

1

8x2
≥ 5

2
6
5

> 2. (3.12)

Finally (3.11) and (3.12) imply that∣∣∣∣2− p(z0)− z0p
′(z0)

p(z0)

∣∣∣∣ >
√

5

4
.

This inequality contradicts (3.8) and consequently∣∣∣∣arg
zf ′(z)

f(z)

∣∣∣∣ < π

4
, z ∈ U. �

Theorem 3.6. If f ∈ S∗∗∗, then |arg f ′(z)| < π
4 , z ∈ U.

Proof. The inequality |arg f ′(z)| < π
4 , z ∈ U is equivalent to

f ′(z) ≺
√

1 + z

1− z
= q(z), z ∈ U. (3.13)

If the subordination (3.13) does not hold, then according to Lemma 2.1 there are two
points z0 ∈ U and ζ0 = eiθ ∈ ∂U, and a real number m ∈ [1,∞), such that

f ′(z0) = q(ζ0) = q(eiθ) =

√
1 + eiθ

1− eiθ
,

z0f
′′(z0)

f ′(z0)
= m

ζ0q
′(ζ0)

q(ζ0)
= m

eiθ

1− e2iθ
=

im

2 sin θ
.

Thus we get∣∣∣∣1− z0f
′′(z0)

f ′(z0)

∣∣∣∣ =

∣∣∣∣1− im

2 sin θ

∣∣∣∣ =

√
1 +

( m

2 sin θ

)2
≥

√
1 +

(
1

2

)2

=

√
5

4
.

This inequality contradicts f ∈ S∗∗∗. The contradiction implies that the subordination
(3.13) holds, and the proof is done. �

Now we are able to prove the result proposed in the Introduction regarding the
composition of functions.

Theorem 3.7. If f, g ∈ S∗∗∗, and r0 = sup{r ∈ (0, 1]
∣∣f(U(r)) ⊂ U}, then f ◦ g will be

starlike in U(r0).
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Proof. We have
z(f ◦ g)′(z)

(f ◦ g)(z)
=
zf ′(g(z))

f(g(z))
f ′(z). (3.14)

If f, g ∈ S∗∗∗, then Theorem 3.5 and Theorem 3.6 imply the inequalities∣∣∣∣arg
zf ′(z)

f(z)

∣∣∣∣ < π

4
, z ∈ U,

and
|arg f ′(z)| < π

4
, z ∈ U.

The equality (3.14) implies that

arg
z(f ◦ g)′(z)

(f ◦ g)(z)
= arg

zf ′(g(z))

f(g(z))
+ arg f ′(z).

Thus we get∣∣∣∣arg
z(f ◦ g)′(z)

(f ◦ g)(z)

∣∣∣∣ ≤ ∣∣∣∣arg
zf ′(g(z))

f(g(z))

∣∣∣∣+ |arg f ′(z)| ≤ π

2
, z ∈ U(r0).

This inequality means that

Re
z(f ◦ g)′(z)

(f ◦ g)(z)
> 0, z ∈ U(r0),

and consequently f ◦ g is starlike in U(r0). �
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