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Majorization for certain classes of analytic
functions defined by convolution structure
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Abstract. In this paper, we investigate majorization properties for certain classes
of analytic functions defined by convolution structure. Also we point out some
new and known consequences of our main result.
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1. Introduction

Let f(z) and g(z) be analytic in the open unit disc U = {z € C : |z| < 1}.
For analytic function f(z) and g(z) in U , we say that f(z) is majorized by g(2)
in U (see [10]) and write

f(z) <<g(2) (z€U), (1.1)
if there exists a function ¢(z), analytic in U such that
()| <1 and  f(2) = ¢(2)9(2) (2€U). (1.2)

It may be noted that (1.1) is closely related to the concept of quasi-subordination
between analytic functions.

If f(z) and g(z) are analytic functions in U, we say that f(z) is subordinate to
g(z), written symbolically as f(z) < g(z) if there exists a Schwarz function w, which
(by definition) is analytic in U with w(0) = 0 and |w(2)| < 1 for all z € U, such that
f(z) = g(w(z)), z € U. Furthermore, if the function g(z) is univalent in U, then we
have the following equivalence, (see [11, p.4]):

f(z) < 9(2) & f(0) = g(0) and f(U) C g(U).
Let A (p) denote the class of functions f(z) of the form:

oo

f)=2"+ > b, (peN=1{1,2,....}) (1.3)

k=p+1
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which are analytic and p—valent in the open unit disc. We note that A (1) = A. Let
g(z) € A(p), be given by

o0

g(z) = 2P + Z b2,
k=p+1
the Hadamard product (or convolution) of f(z) and g(z) is given by

(f*xg)(z) =2"+ Z arbrz" = (g% f)(2). (1.4)

k=p+1

For A, > 0,p e Nym € Ng =NU{0} and f(2), g(z) € A(p) , A. O. Mostafa,
[12] defined the linear operator D',  (f * g) as follows:

Dy (f*g)=2"+ Z arbrz". (1.5)

k=p+1

From (1.5), it is easy to verify that ( see [12]),

Nz (DY, (f % 9)(2) = (E+p) DY Eo(Fx9)(2) = [p (1= X) + €] DXy, (f*9)(2). (1.6)

We note that:

(i) For by = 1 or g(z) = 12:),2 we have DY, f(2) = IJ'(A\0)f(2), where the
operator I"(\, £) was introduced and studied by Catas [4], which contains intern the
operators D", (see [2] and [8]) and DY (see [1]).

(ii) For by = ¢ ﬁlgjilkifﬁ)(?jiﬁ)pk_p’ the operator

DYy (f#g)(2) =1\ (on, B1) f(2),

where the operator 1" (} ralat, B1) f(z) was introduced and studied by El-Ashwah and

Aouf [6], a1, 9, ..., and B1, Bo, ..., Bs are real or complex number (§; € C\Z; =
{0,-1,-2,..};5=1,...,8)(¢< s+ 1;¢q,s € Ng,p e N;z € U) and
@), =0ty _[1 (v =0;0 € C* = C\{0}),
YT re) 1 00-1)..(0+v-1) (veN;#eC).

[p—i—f—i—)\(k—p) m
p+Y

Also, for many special operators of the operator I (} ralan, B1)f(2) (see [6]).

(iii) For m =0, b, = (ﬁlgjilk7€ﬁ§?ji]zi)pk7 , the operator
Nep(F*9)(2) = 85 4 s(v;01) f(2),
where the operator SJ . (v;a1)f(z), was introduced and studied by El-Ashwah [5].

(iv) For m = 0 and b, = %, the operator D7, \ (f*g)(2) = Q5 5(f)

(>0,8> —1,p € N), where the operator Q; 5 was introduced by Liu and Owa [9].
For h(z) given by

h(z) = 2P + Z cr2”

k=p+1
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A function f(z) € A(p) is said to be in the class S;fgp(fy) of p—valent functions of
complex order v # 0 in U, if and only if

L (DR (f e RENIH
Re{”w< D7, (F = ()T p“)} =Y

peN; jeNg=NU{0};4,A>0;ve€C*; z€U). (1.7)
Clearly, we have the following relationships:

(1) Sxg1(7) = S0y € C),

(i) Sp.1(7) = () (v €C),

(iii) Sy, (1—a) = S*(a) (0 < a<1).

The classes S(v) and k(7) are classes of starlike and convex functions of complex
order v # 0 in U which were studied by Nasr and Aouf [13] and S*(«) is the class of
starlike functions of order « in U.

Also, for m = 0 the operator S]Z (h;v) was introduced and studied by El-Ashwah
and Aouf [7].

Definition 1.1. Let -1 < B< A<1,pe N;j € Np,v € C*,
WA=B)+@-j)Bl<(-j), f<AD).

Then f € S;\"Lgp (v; A, B), the class of p—valent functions of complex order v in U if

and only if
(DR, (FRENY O\ 14 4s
{1+7< (DY (f % 1)(2)) D) BN N el (1.8)

A majorization problem for the subclasses of analytic function has recently been
investigated by Altintas et al. [3] and MacGregor [11]. In this paper we investigate
majorization problem for the class S;"fp (v; A, B) and some related subclasses.

2. Main results

Unless otherwise mentioned we shall assume throughout the paper that, —1 <
B<A<1l,veC* ¢,A>0,peNandm,je Ng.
Theorem 2.1. Let the function f € A(p) and suppose that g € S;’fgp (v;A,B). If
(DY, (f % h)(2))Y) is majorized by (DY (g * R)(2))9) in U, then

(DFF e < |D3Fi =)D (ed<m), @)
where 1 = r1(p,7, A\, ¢, A, B) is the smallest positive root of the equation
IWA(A — B) + (p+0)B|r® — 2\ |B| + (p + £)] r*—
IWNA=B)+ (p+)B|+2\r+(p+£)=0. (2.2)
Proof. Since (g x h)(z) € S/, (v; A, B) , we find from (1.8) that

1 Z(D;\rfé,p(g*h)(z))(j+1) _ A\ 14 Aw(z)
S ( ORI ) U ) = T+ Bu()
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where w is analytic in U with w(0) = 0 and |w(z)| <1 ( € U). From (2.3), we have

2(DR, (9 + W)Y (p— ) + [1(A— B) + (p— j) Blw(2)
(D3, (g % h)(2))0) 1+ Bu(z) '

(2.4)

In view of ,
Nz (D3, (f < 9)(2) VY = (0 4+ 0) (DEENS + 9) ()
(L= X) A+ (DY, (f 5+ 9)(2)9) (2.5)
0<ji<p;,peN,A>0; z€U,
(2.4) immediately yields the following inequality:

e v+ 01+ |BlJ2)
(DYeplg M) < G+ 0 — AA—B)+ (p+ OB ||

(DY (g h)(2)9)|.
(2.6)
Next, since (DY, ,(f * h)(2))Y) is majorized by (DY (9 * h)(2))Y) in U, from (1.2),
we have ‘ ‘
(DX p(f % 1) ()9 = 0(2) (DX (g * 1) (2)) ). (2.7)
Differentiating (2.7) with respect to z, we have
2D (f + 1)) I = 20 (2) (DR (9 * 1) (2) D + 20(2)(DY'g (9 # 1) (2)VHY.
(2.8)
From (2.5) and (2.8), we have

(DRI = 220 (DR (DD + (DT g4 1) (). (29)

Thus, by noting that ¢(z) satisfies the inequality (see [14]),

’

o0 < EL (e,

1—|z?
we see that
(DA (F 5 ) ()
1—|p(2)? Azl (1 +1Bl]2) m i
< <|‘P<Z)| + 1— |Z|2 '(p_’_g) _ |’)/>\(A _ B) 4 (p+€)B| Z|> ’(D)\,Z;(g * h)(Z))( ) )

(2.10)
which upon setting

[zl =r and [p(z)|=p (0<p<1),

leads us to the inequality

(DYEA(F = ()Y
@(,0) m+1 % 2 ()
=T+ D -PMNA-B) T+ DB (eI

where
O(p) = —rA(1+|B|r) p* + (1 =) [(p+€) = IZWMA = B) + (p+ ) Bl 7] p
+rA(1+4|B|r), (2.11)
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takes its maximum value at p = 1, with rn = 7ri(p,v,\ ¢, A B), where
ri(p,v, A\, ¢, A, B) is the smallest positive root of (2.2). Therefore the function ®(p)
defined by

®(p) = —oA(1+[Blo)p® + (1= 0)[(p+{) — [YMA - B) + (p+£) Blo] p

+oA(1+|B|o) (2.12)
is an increasing function on the interval 0 < p < 1, so that
D(p) < (1) =(1—-0*)[(p+¢) — 7 (A—=B)+ (p+{)B| 0] (2.13)

(0 < 4 <1;0<o0< TO(pv’%ijﬂB)) .
Hence upon setting p = 1 in (2.12), we conclude that (2.1) holds true for |z| <
r1 =711(p, v, A\, £, A, B), where r1(p,~, A, ¢, A, B), is the smallest positive root of (2.2).
This completes the proof of Theorem 1.
Putting A =1 and B = —1 in Theorem 1, we obtain the following result.
Corollary 2.2. Let the function f € A(p) and suppose that g € S;\"fp( ).

If (DY, (f * h)(2))Y9) is majorized by (DY’ 1p(gxh)(2 N in U, then
(DR m DD < Dm“(g*h)( DOl (el <),

where 1 = r1(p,7, A, £) is given by

k—E2—4p+ 029\ = (p+0)]
229X = (p+ 1) ’

= rl(pa’ya Avé)

where k =2 4+ (p+0)) + 29X — (p+ )| .

Putting A =1, B=—1 and p = j = 1 in Theorem 1, we obtain the following
result.
Corollary 2.3. Let the function f € A and suppose that g € S;\Z}O (7).

If (DY,(f * h)(2)) is majorized by (DY',(g * h)(2)) in U, then

DY @) < (DR g mE)| (2 <o),

where 1o = ra(7, A, £) is given by

(2.14)

2
(A 0) = k— »¢k2 (1+20) 29\ — (1+@t
292 — (1 +0)|
where k =2 A+ (1 +0)) + 29X — (1 + ¢))].
Putting A=A =1, B=—-1,m={(=0, and h(z) = 1sz (or cpgp = 1) in
Theorem 1, we obtain the following result.
Corollary 2.4. Let the function f € A(p) and suppose that g € S,. If f(z) is majorized

by g(z) in U, then
'@ <1g'(2)] (2] <73),

where r3 = r3(p,7) is given by

(2.15)

k2 —4p|2y —p
212y —p

r3 =713(p;7y) =

where k =2+ p+ |2y —p|.
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Putting v = 1 in Corollary 3, we obtain the following result.
Corollary 2.5. Let the function f € A(p) and suppose that g € S, (y). If f(2) is
majorized by ¢(z) in U, then

IF'(2) < 1g'(2)] (2] <74),
where 74 is given by
() k_\/k2_4p‘2_p‘
T4 =T4\pP) = )
212 —pl

where k =2+ p+ |2 — p|

Remarks 2.6. (i) Putting p = 1 in Corollary 3 we obtain the results obtained by
Altintas et al. [3],

(ii) Putting p = 1 in Corollary 4 we obtain the results obtained by MacGregor [10].
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