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Differential subordination for Janowski functions
with positive real part

Swati Anand, Sushil Kumar and V. Ravichandran

Abstract. Theory of differential subordination provides techniques to reduce dif-
ferential subordination problems into verifying some simple algebraic condition
called admissibility condition. We exploit the first order differential subordination
theory to get several sufficient conditions for function satisfying several differential
subordinations to be a Janowski function with positive real part. As applications,
we obtain sufficient conditions for normalized analytic functions to be Janowski
starlike functions.
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1. Motivation

The class of all analytic functions defined on the unit disk D := {z ∈ C : |z| < 1}
that fixes the origin and has derivative 1 at the origin is denoted by A. An analytic
function p is subordinate to the analytic function q, written p ≺ q, if p = q ◦ ω for
some analytic function ω : D → D with ω(0) = 0. If the function q is univalent in
D, then p ≺ q if and only if p(0) = q(0) and p(D) ⊆ q(D). The class P consists of
Carathéodory functions p : D→ C of the form p(z) = 1 + c1z + c2z + · · · that maps
the unit disk D into a region on the right half plane. For arbitrary fixed numbers A
and B satisfying −1 ≤ B < A ≤ 1, denote by P[A,B] the class of analytic functions
p ∈ P satisfy the subordination p(z) ≺ (1 + Az)/(1 + Bz). We call the functions in
P[A,B] as Janowski functions with positive real part. The class S∗[A, B] consists of
functions f ∈ A such that zf ′(z)/f(z) ∈ P[A, B] for z ∈ D. The functions in the class
S∗[A, B] are called the Janowski starlike functions, introduced by Janowski [12]. In
particular, S∗[1 − 2α,−1] = S∗(α) is the class of starlike functions of order α, see
[11, 23].

Nunokawa [21] proved that if 1 + zp′(z) ∈ P[1, 0], then p ∈ P[1, 0]. In 2007,
Ali et al. [3] determined the conditions on β and numbers A,B,D,E ∈ [−1, 1] so
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that p ∈ P[A,B] whenever 1 + βzp′(z) or 1 + βzp′(z)/p(z) or 1 + βzp′(z)/p2(z)
is in the class P[D,E]. In 2018, authors [17] obtained the sharp lower bound on β
so that the function p(z) is subordinate to the functions ez and (1 + Az)/(1 + Bz)
whenever 1 +βzp′(z)/pj(z), (j = 0, 1, 2) is subordinate to the functions with positive
real part like

√
1 + z, (1 + Az)/(1 + Bz). Recently, Ahuja et al. [1] computed sharp

estimates for β so that a Carathéodory function is subordinate to a starlike function
with positive real part whenever 1 + βzp′(z)/pj(z), (j = 0, 1, 2) is subordinate to
lemniscate starlike function. For more details, see [6, 8, 21, 25, 26]. Motivated by
work done in [1, 3, 5, 7, 9, 10, 17], by using admissibility condition technique, a
condition on β is established so that p ∈ P[A,B] when 1 + βp′(z)/pk(z) with k ∈
N ∪ {0}, p(z) + βzp′(z)/p2(z), 1 + β(zp′(z))2/pk(z) and 1/p(z) − βzp′(z)/pk(z) for
k ∈ N ∪ {0} are in the class P[D,E]. We compute a condition on α and β for p ∈
P[A,B] whenever (1−α)p(z) +αp2(z) +βzp′(z)/pk(z) ∈ P[D,E] for k = 0, 1 as well.
Additionally, a condition on β and γ is determined in a Briot-Bouquet differential type
subordination relation: p(z)+zp′(z)/(βp(z)+γ)2 ∈ P[D,E] implies p ∈ P[A,B]. As an
application, we obtained some sufficient conditions for a normalized analytic function
f in S∗[A,B]. Kanas [14] described the admissibility condition for the function to map
D on to region bounded by parabola and hyperbola. We prove our result by using the
corresponding admissibility conditions for the Janowski functions with positive real
part.

2. Janowski functions

Let ψ(r, s, t; z) : C3 × D → C be a function and let h be univalent in D. An
analytic function p satisfying the second-order differential subordination

ψ(p(z), zp′(z), z2p′′(z); z) ≺ h(z), (2.1)

is known as its solution. The univalent function q is a dominant of the solutions of
the differential subordination (2.1) if p ≺ q for all p satisfying (2.1). A dominant q̃
which satisfies q̃ ≺ q for all dominant q of (2.1) is known as best dominant of (2.1)
and it is unique up to a rotation. Let Q be the class consisting of all analytic and
injective functions q on D \E(q), where E(q) = {ξ ∈ ∂D : limz→ξ q(z) =∞} such that

q′(ξ) 6= 0 for ξ ∈ D \E(q). Let Ω be a set in C, q ∈ Q and n be a positive integer. The
class Ψn[Ω, q] of admissible functions ψ : C3 × D → C that satisfy the admissibility
condition:

ψ(r, s, t; z) /∈ Ω (2.2)

whenever

r = q(ξ), s = m ξ q′(ξ) and Re

(
t

s
+ 1

)
≥ mRe

(
ξq′′(ξ)

q′(ξ)
+ 1

)
for z ∈ D, ξ ∈ D \ E(q) and m ≥ n ≥ 1. In particular, let Ψ1[Ω, q] = Ψ[Ω, q]. For
more details, see [4, 13, 15, 16, 19, 24]. For this class Ψn[Ω, q], the following result is
well-known.
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Theorem 2.1. [20, Theorem 2.3b, p. 28] Let the function ψ ∈ Ψn[Ω, q] with q(0) = a.
If the function p ∈ H[a, n] satisfies

ψ(p(z), zp′(z), z2p′′(z); z) ∈ Ω, (2.3)

then p(z) ≺ q(z).

We begin by describing the class of admissible function Ψn[Ω, q] when q : D→ C
is the function given by q(z) = (1 +Az)/(1 +Bz) where −1 ≤ B < A ≤ 1. Note that
q(0) = 1 and E(q) ⊂ {−1}. Clearly, the function q is univalent in D \ E(q). Therefore
q ∈ Q and the domain q(D) is

∆ = q(D) =

{
w ∈ C :

∣∣∣∣ w − 1

A−Bw

∣∣∣∣ < 1

}
.

For ς = eiθ and 0 < θ < 2π, we have

q(ς) =
1 +Aeiθ

1 +Beiθ
, q′(ς) =

A−B
(1 +Beiθ)2

and q′′(ς) =
−2B(A−B)

(1 +Beiθ)3
.

and a simple calculation yields

Re

(
ςq′′(ς)

q′(ς)
+ 1

)
=

1−B2

1 +B2 + 2B cos θ
.

Thus we get the following condition of admissibility: ψ(r, s, t; z) /∈ Ω whenever
(r, s, t; z) ∈ domψ and

r =
1 +Aeiθ

1 +Beiθ
, s =

m(A−B)eiθ

(1 +Beiθ)2
and Re

(
t

s
+ 1

)
≥ (1−B2)m

1 +B2 + 2B cos θ
(2.4)

where 0 < θ < 2π and m ≥ n ≥ 1 and the class of all such functions ψ satisfying the
admissibility condition is denoted by Ψ(Ω;A,B).

When q(z) = (1 + Az)/(1 + Bz), Theorem 2.1 specializes to the following first
order differential subordination result:

Theorem 2.2. Let p ∈ H[1, n] with n ∈ N. Let Ω be a subset of C and ψ : C2×D→ C
with domain D satisfy ψ(r, s; z) /∈ Ω for all z ∈ D, where r and s are given by (2.4).
If (p(z), zp′(z); z) ∈ D and ψ(p(z), zp′(z); z) ∈ Ω for z ∈ D, then p ∈ P[A,B].

We investigate functions that naturally arise in the investigation of univalent
functions to be admissible. In the first result, we show that ψ(r, s; z) = 1 + βs/rk is
an admissible function.

Theorem 2.3. Let β 6= 0, −1 ≤ B < A ≤ 1 and −1 ≤ E < D ≤ 1 satisfy the condition

(i) |β|(A−B) ≥ (D − E)(1 + |A|)k(1 + |B|)2−k + |Eβ(A−B)|; (k = 0, 1, 2) or
(ii) |β|(A−B)(1− |B|)k−2 ≥ (D−E)(1 + |A|)k + |Eβ(A−B)|(1 + |B|)k−2; (k > 2).

If p is analytic in D and

1 + β
zp′(z)

pk(z)
∈ P[D,E]; k ∈ N ∪ {0},

then p ∈ P[A,B].
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Proof. Let Ω = {w ∈ C : |(w − 1)/(D − Ew)| < 1}.
The function ψ : (C \ {0})× C× D→ C is defined as

ψ(r, s; z) = 1 + β
s

rk

where k is a non-negative integer. Using the values of r, s from (2.4), we have

ψ(r, s; z) = 1 + β
m(A−B)eiθ(1 +Beiθ)k

(1 +Aeiθ)k(1 +Beiθ)2
.

By making use of Theorem 2.2, the desired subordination is showed if we prove ψ ∈
Ψ[Ω;A,B]. For this purpose, set

χ(w, D, E) =

∣∣∣∣ w − 1

D − Ew

∣∣∣∣ .
(i) When k = 0, 1, 2. A simple calculation gives

|χ(ψ(r, s; z), D, E)| =
∣∣∣∣ βm(A−B)eiθ

(D − E)(1 +Aeiθ)k(1 +Beiθ)2−k − Eβmeiθ(A−B)

∣∣∣∣
≥ |β|m(A−B)

(D − E)|(1 +Aeiθ)k||(1 +Beiθ)2−k|+ |Eβm(A−B)|

≥ |β|m(A−B)

(D − E)(1 + |A|)k(1 + |B|)2−k +m|Eβ(A−B)|
=: φ(m).

Observe that the function φ(m) is an increasing function for m ≥ 1 by first derivative
test. Hence the minimum value of φ(m) occurs at m = 1. Thus, the last inequality
becomes

|χ(ψ(r, s; z), D, E)| ≥ φ(1) ≥ 1

if the inequality

|β|(A−B) ≥ (D − E)(1 + |A|)k(1 + |B|)2−k + |Eβ(A−B)|
holds. Therefore, ψ(r, s; z) /∈ Ω which implies ψ ∈ Ψ(Ω;A,B) and we get the desired
p ≺ q.

(ii) When k > 2, we note that

|χ(ψ(r, s; z), D, E)| =
∣∣∣∣ βmeiθ(A−B)(1 +Beiθ)k−2

(D − E)(1 +Aeiθ)k − Eβmeiθ(A−B)(1 +Beiθ)k−2

∣∣∣∣
≥ |β|m(A−B)(1− |B|)k−2

(D − E)(1 + |A|)k +m|Eβ(A−B)|(1 + |B|)k−2
=: φ(m).

As previous case, note that φ(m) ≥ φ(1). Hence the last inequality is written as

|χ(ψ(r, s; z), D, E)| ≥ 1

provided

|β|(A−B)(1− |B|)k−2 ≥ (D − E)(1 + |A|)k + |Eβ(A−B)|(1 + |B|)k−2.
Therefore, we get p ≺ q. �
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Remark 2.4. When k = 0 and 1, Theorem 2.3 reduces to [3, Lemma 2.1, p. 2] and [3,
Lemma 2.10, p. 6] respectively. When k = 2 and β = 1, Theorem 2.3 simplifies to [3,
Lemma 2.6, p. 5].

For a positive integer k, next theorem gives a conditions on β so that the differ-
ential subordination

1 + β(zp′(z))2/pk(z) ∈ P[D,E]

implies p ∈ P[A,B].

Theorem 2.5. Suppose k is a non-negative integer, β 6= 0, −1 ≤ B < A ≤ 1 and
−1 ≤ E < 0 < D ≤ 1 satisfy either

(i) for 0 ≤ k < 4,

|β|(A−B)2 ≥ (D − E)(1 + |A|)k(1 + |B|)4−k + |Eβ(A−B)2|, (2.5)

or
(ii) for k ≥ 4,

|β|(A−B)2(1− |B|)k−4 ≥ (D − E)(1 + |A|)k + |Eβ(A−B)2|(1 + |B|)k−4. (2.6)

If p is analytic in D and 1 + β(zp′(z))2/pk(z) ∈ P[D,E], then p ∈ P[A, B].

Proof. By considering the domain Ω as in Theorem 2.3 and the analytic function

ψ(r, s; z) = 1 + βs2/rk

where k is non-negative integer, we need to show ψ ∈ Ψ[Ω, A, B].
(i) Let 0 ≤ k < 4. In view of (2.4), we note that

ψ(r, s; z) = 1 + β
m2(A−B)2e2iθ(1 +Beiθ)k

(1 +Beiθ)4(1 +Aeiθ)k

so that

|χ(ψ(r, s; z), D, E)| =

∣∣∣∣∣∣∣∣
βm2(A−B)2e2iθ

(D − E)(1 +Aeiθ)k(1 +Beiθ)4−k − Eβm2

(A−B)2e2iθ

∣∣∣∣∣∣∣∣
=

|β|m2(A−B)2

|(D − E)(1 +Aeiθ)k(1 +Beiθ)4−k − Eβm2

(A−B)2e2iθ|

≥ |β|m2(A−B)2

(D − E)(1 + |A|)k(1 + |B|)4−k +m2|Eβ(A−B)2|
=: φ(m).

A calculation shows that φ′(m) > 0 for m ≥ 1. Therefore φ(m) ≥ φ(1). The last
inequality simplifies to

|χ(ψ(r, s; z), D, E)| ≥ 1

whenever the inequality (2.5) holds. As a conclusion it is noted that ψ(r, s; z) /∈ Ω.
Thus we get the required subordination.
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(ii) Let k ≥ 4. Proceeding as in (i), we have

ψ(r, s, t; z) = 1 +
βm2(A−B)2e2iθ(1 +Beiθ)k−4

(1 +Aeiθ)k
.

so that

|χ(ψ(r, s; z), D, E)| =

∣∣∣∣∣∣∣∣
βm2(A−B)2e2iθ(1 +Beiθ)k−4

(D − E)(1 +Aeiθ)k − Eβm2(A−B)2

(1 +Beiθ)k−4e2iθ

∣∣∣∣∣∣∣∣
≥ |β|m2(A−B)2|(1 +Beiθ)k−4|
|(1 +Aeiθ)k(D − E)|+m2|Eβ(A−B)2e2iθ|

|(1 +Beiθ)k−4|

≥ |β|m2(A−B)2(1− |B|)k−4

(1 + |A|)k(D − E) +m2|Eβ(A−B)2|(1 + |B|)k−4
=: φ(m).

A calculation shows that φ(m) is an increasing function for m ≥ 1 and thus has
minimum value at m = 1. As similar analysis of previous case, we get p ∈ P[A,B]. �

In [18], a lower bound on β is determined such that

p(z) + βzp′(z)/p2(z) ≺
√

1 + z

implies

p(z) ≺
√

1 + z.

Recently, Sharma and Ravichandran [22] established similar type subordination for
analytic functions associated to Cardioid. Motivated by this work, the condition on
β is computed so that p(z) + βzp′(z)/p2(z) ∈ P[D,E] implies p ∈ P[A,B].

Theorem 2.6. Suppose −1 ≤ B < A ≤ 1 and −1 ≤ E < D ≤ 1 satisfy

(A−B)(|β|(1− |B|)− (1 + |A|)2) ≥ (1 + |A|)2((D − E) + |DB − EA|)
+ |Eβ(A−B)|(1 + |B|).

(2.7)

If p is analytic in D and p(z) + βzp′(z)/p2(z) ∈ P[D,E], then p ∈ P[A,B].

Proof. Consider the domain Ω as in Theorem 2.3.

The analytic function ψ : C \ {0} × C× D→ D is defined as

ψ(r, s; z) = r + βs/r2.

For required subordination, we need to show ψ(r, s, t, z) /∈ Ω. For the values of r, s in
(2.4), we have

ψ(r, s; z) =
(1 +Aeiθ)3 + βmeiθ(A−B)(1 +Beiθ)

(1 +Aeiθ)2(1 +Beiθ)
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so that

|χ(ψ(r, s; z), D, E)| = (A−B)|βm(1 +Beiθ) + (1 +Aeiθ)2|
|(1 +Aeiθ)2(D(1 +Beiθ)− E(1 +Aeiθ))

− Eβmeiθ(A−B)(1 +Beiθ)|

=
(A−B)|βm(1 +Beiθ) + (1 +Aeiθ)2|
|(1 +Aeiθ)2((D − E) + (DB − EA)eiθ)

− Eβmeiθ(A−B)(1 +Beiθ)|

≥ (A−B)|βm(1 +Beiθ)| − |(1 +Aeiθ)2|
|(1 +Aeiθ)2((D − E) + (DB − EA)eiθ)|

+ |Eβmeiθ(A−B)(1 +Beiθ)|

≥ (A−B)(|β|m(1− |B|)− (1 + |A|)2)

(1 + |A|)2((D − E) + |DB − EA|)
+m|Eβ(A−B)|(1 + |B|)

=: φ(m).

The function φ(m) is an increasing for m ≥ 1. So the function φ(m) attains its min-
imum value at m = 1. Then |χ(ψ(r, s; z), D, E)| ≥ φ(1) ≥ 1 provided the inequality
(2.7) holds. By Theorem 2.2, we have ψ ∈ Ψ(Ω;A,B) and this proves the result. �

In [25], authors derived condition on α and β so that subordination

(1− α)p(z) + αp2(z) + βzp′(z)/pk(z) ≺ 1 +
4

3
z +

2

3
z2 (k = 0, 1)

implies

p(z) ≺ 1 +
4

3
z +

2

3
z2.

In view of this work, next two theorems give a relation between α and β so that

(1− α)p(z) + αp2(z) + βzp′(z)/pk(z) ∈ P[D,E]

(where k = 0, 1) implies p ∈ P[A,B].

Theorem 2.7. Let −1 ≤ B < A ≤ 1, −1 ≤ E < 0 < D ≤ 1, β 6= 0 and 0 ≤ α ≤ 1.
Assume that

(A−B)(|β| − (1 + |B|)− α(1 + |A|)) ≥ (1 + |B|)(D(1 + |B|)
− E(1− α)(1 + |A|))− Eα(1 + |A|)2

+ |Eβ(A−B)|.
(2.8)

If p is analytic in D and (1−α)p(z) +αp2(z) + βzp′(z) ∈ P[D,E], then p ∈ P[A,B].

Proof. Consider the domain Ω as in Theorem 2.3. The analytic function ψ : C3×D→
D is defined as

ψ(r, s; z) = (1− α)r + αr2 + βs.

To show ψ ∈ Ψ[Ω, A, B], it suffices to prove |χ(ψ(r, s; z), D, E)| ≥ 1. It is easy to
deduce that

ψ(r, s; z) =
(1− α)(1 +Aeiθ)(1 +Beiθ) + α(1 +Aeiθ)2 + βm(A−B)eiθ

(1 +Beiθ)2
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such that

|χ(ψ(r, s; z), D, E)| = (A−B)|βm+ (1 +Beiθ) + α(1 +Aeiθ)|
|(1 +Beiθ)(D(1 +Beiθ)− E(1− α)(1 +Aeiθ))

− Eα(1 +Aeiθ)2 − Eβm(A−B)eiθ|

≥ (A−B)(|β|m− (1 + |B|)− α(1 + |A|))
|(1 +Beiθ)||(D(1 +Beiθ)− E(1− α)(1 +Aeiθ))|

+ |Eα(1 +Aeiθ)2|+ |Eβm(A−B)eiθ|

≥ (A−B)(|β|m− (1 + |B|)− α(1 + |A|)
(1 + |B|)(D(1 + |B|)− E(1− α)(1 + |A|))

− Eα(1 + |A|)2 +m|Eβ(A−B)|
=: φ(m).

Note that φ(m) ≥ φ(1) for m ≥ 1 and therefore |χ(ψ(r, s; z), D, E)| ≥ 1 whenever
the inequality (2.8) holds. Thus ψ(r, s; z) /∈ Ω and Theorem 2.2 yields the desired
subordination. �

As an implication of Theorems 2.5-2.7, each of following is sufficient condition
for function f ∈ S∗[A,B]:

(a)
zf ′(z)

f(z)

(
1 + β

(
zf ′(z)

f(z)

)−1(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)2
)
∈ P[D,E]

where −1 ≤ B < A ≤ 1, −1 ≤ E < 0 < D ≤ 1 and β satisfies following inequality

|β|(A−B)2 ≥ (D − E)(1 + |A|)2(1 + |B|)2 + |Eβ(A−B)2|,

(b)
zf ′(z)

f(z)

(
1 + β

(
zf ′(z)

f(z)

)−2(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

))
∈ P[D,E],

where −1 ≤ B < A ≤ 1, −1 ≤ E < D ≤ 1 and β satisfies an inequality (2.7).

(c) (1− α+ β) zf
′(z)

f(z) + (α− β)
(
zf ′(z)
f(z)

)2
+ β z

2f ′′(z)
f ′(z) ∈ P[D,E]

whenever β 6= 0, −1 ≤ B < A ≤ 1, −1 ≤ E < 0 < D ≤ 1 and the inequality (2.8)
holds.

Corollary 2.8. Let p ∈ P. For −1 ≤ B < A ≤ 1 , −1 ≤ E < 0 < D ≤ 1 and β 6= 0.
We assume that

(A−B)(|β| − (1 + |B|)) ≥ (D − E) + |2BD − E(A+B)|
+ |Eβ(A−B)|+ |DB2 − EAB|.

(2.9)

If p(z) + βzp′(z) ∈ P[D,E], then p ∈ P[A,B].

Corollary 2.9. Let p ∈ P, β 6= 0, −1 ≤ B < A ≤ 1 and −1 ≤ E < 0 < D ≤ 1.
We assume the following inequality

(A−B)(|β| − (1 + |B|)− (1 + |A|)) ≥ D(1 + |B|)2 − E(1 + |A|)2

+ |Eβ(A−B)|.

If p2(z) + βzp′(z) ∈ P[D,E], then p ∈ P[A,B].
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Theorem 2.10. Let p ∈ P, −1 ≤ B < A ≤ 1, −1 ≤ E < 0 < D ≤ 1, G = 1 + |A| and
0 ≤ α ≤ 1. Assume that

(A−B)(|β| −G− α(G)2(1− |B|)−1)

≥ (G)(D(1 + |B|)− E(1− α)(G))− Eα(G)3(1− |B|)−1 + |Eβ(A−B)|
(2.10)

If (1− α)p(z) + αp2(z) + βzp′(z)/p(z) ∈ P[D,E], then p ∈ P[A,B].

Proof. By considering Ω be as in Theorem 2.3 and the analytic function

ψ(r, s, t; z) = (1− α)r + αr2 + βs/r,

it is enough to prove |χ(ψ(r, s; z)| ≥ 1. Using (2.4), we have

ψ(r, s; z) =
(1− α)(1 +Aeiθ)2(1 +Beiθ) + α(1 +Aeiθ)3 + βm(A−B)(1 +Beiθ)eiθ

(1 +Aeiθ)(1 +Beiθ)2
.

A simple computation yields

|χ(ψ(r, s; z)| =

∣∣∣∣∣∣∣∣
(1 +Aeiθ)2(1 +Beiθ) + α(1 +Aeiθ)2(A−B)eiθ+

βm(A−B)(1 +Beiθ)eiθ − (1 +Aeiθ)(1 +Beiθ)2

D(1 +Aeiθ)(1 +Beiθ)2 − E((1− α)(1 +Aeiθ)2

(1 +Beiθ) + α(1 +Aeiθ)3 + βm(A−B)(1 +Beiθ)eiθ)

∣∣∣∣∣∣∣∣
=

(A−B)|βm+ (1 +Aeiθ) + α(1 +Aeiθ)2(1 +Beiθ)−1|
|(1 +Aeiθ)(D(1 +Beiθ)− E(1− α)(1 +Aeiθ))−

Eα(1 +Aeiθ)3(1 +Beiθ)−1 − Eβmeiθ(A−B)|

≥ (A−B)(|β|m− (1 + |A|)− α(1 + |A|)2(1− |B|)−1)

|(1 +Aeiθ)(D(1 +Beiθ)− E(1− α)(1 +Aeiθ))|+
|Eα(1 +Aeiθ)3(1 +Beiθ)−1|+ |Eβeiθm(A−B)|

≥ (A−B)(|β|m− (1 + |A|)− α(1 + |A|)2(1− |B|)−1)

(1 + |A|)(D(1 + |B|)− E(1− α)(1 + |A|))−
Eα(1 + |A|)3(1− |B|)−1 +m|Eβ(A−B)|

=: φ(m).

It is observed that φ′(m) > 0 for all m ≥ 1. As computation done in the previous
theorem, we get the required subordination result. �

Corollary 2.11. Let p ∈ P, β 6= 0, −1 ≤ B < A ≤ 1 and −1 ≤ E < 0 < D ≤ 1.
Suppose that

(A−B)(|β| − (1 + |A|)) ≥ (D − E) + |D(B +A)− 2EA|+ |Eβ(A−B)|
+ |DBA− EA2|.

(2.11)

If p(z) + βzp′(z)/p(z) ∈ P[D,E], then p ∈ P[A,B].

For a positive integer k, the condition on β is determined so that

(1/p(z))− βzp′(z)/pk(z) ∈ P[D,E]

implies p ∈ P[A,B].
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Theorem 2.12. Let p ∈ P, −1 ≤ B < A ≤ 1 and −1 ≤ E < 0 < D ≤ 1. Then
p ∈ P[A,B] for each of the following subordination conditions:

(a) (1/p(z))− βzp′(z) ∈ P[D,E] where β satisfies

(A−B)(|β|(1− |A|)− (1 + |B|)2)

≥ (1 + |B|)2(D(1 + |A|)− E(1 + |B|)) + |Eβ(A−B)|(1 + |A|)
(2.12)

(b) (1/p(z))− βzp′(z)/pk(z) ∈ P[D,E] for k = 1, 2 where β satisfies

(A−B)(|β| − (1 + |A|)k−1(1 + |B|)2−k)

≥ (1 + |A|)k−1(1 + |B|)2−k(D(1 + |A|)− E(1 + |B|))
+ |Eβ(A−B)|.

(2.13)

(c) (1/p(z))− βzp′(z)/pk(z) ∈ P[D,E] for k > 2 where β satisfies

(A−B)(|β|(1− |B|)k−2 − (1 + |A|)k−1)

≥ (1 + |A|)k−1(D(1 + |A|)− E(1 + |B|))

+ |Eβ(A−B)|(1 + |B|)k−2.
(2.14)

Proof. For k = 0, 1, 2, 3, . . ., let Ω as in Theorem 2.3 and the function ψ be defined as

ψ(r, s; z) =
1

r
− β s

rk
.

In view of (2.4), the function ψ takes the following shape:

ψ(r, s; z) =
1 +Beiθ

1 +Aeiθ
− βmeiθ(A−B)(1 +Beiθ)k

(1 +Beiθ)2(1 +Aeiθ)k
. (2.15)

(a) For k = 0, we have

|χ(ψ(r, s; z), D, E)| = |(A−B)((1 +Beiθ)2 + βm(1 +Aeiθ))|
|(1 +Beiθ)2(D(1 +Aeiθ)− E(1 +Beiθ))

+ Eβm(A−B)eiθ(1 +Aeiθ)|

≥ (A−B)(|β|m|1 +Aeiθ| − |(1 +Beiθ)2|)
|(1 +Beiθ)2(D(1 +Aeiθ)− E(1 +Beiθ))|

+ |Eβm(A−B)eiθ(1 +Aeiθ)|

≥ (A−B)(|β|m(1− |A|)− (1 + |B|)2)

|(1 +Beiθ)2||(D(1 +Aeiθ)− E(1 +Beiθ))|
+ |Eβm(A−B)(1 +Aeiθ)|

≥ (A−B)(|β|m(1− |A|)− (1 + |B|)2)

(1 + |B|)2(|D(1 +Aeiθ)|+ |E(1 +Beiθ)|)
+ |Eβm(A−B)||(1 +Aeiθ)|

≥ (A−B)(|β|m(1− |A|)− (1 + |B|)2)

(1 + |B|)2(D(1 + |A|)| − E(1 + |B|))
+m|Eβ(A−B)|(1 + |A|)

=: φ(m).
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Using first derivative test we note that φ is an increasing function form ≥ 1. Thus
the function φ(m) has minimum value at m = 1. Therefore |χ(ψ(r, s; z), D, E)| ≥ 1
whenever the inequality (2.12) holds. Thus Theorem 2.2 complete the desired proof.
Part (b) and (c) can be proved as part (a). We are omitting further details here. �

Let β 6= 0, −1 ≤ B < A ≤ 1 and −1 ≤ E < 0 < D ≤ 1. If one of the following
subordination holds for f ∈ A:

(i) For (A−B)(|β|− (1 + |B|)) ≥ (1 + |B|)(D(1 + |A|)−E(1 + |B|)) + |Eβ(A−B)|,(
zf ′(z)

f(z)

)−1(
−β zf

′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

))
∈ P[D,E];

(ii) For (A−B)(|β| − (1 + |A|)) ≥ (1 + |A|)(D(1 + |A|)−E(1 + |B|)) + |Eβ(A−B)|,(
zf ′(z)

f(z)

)−1(
1− β

(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

))
∈ P[D,E];

then f ∈ S∗[A,B].

Motivated by the work in [2], we obtain the conditions on A,B,D,E for a general
Briot-Bouquet differential subordination in the following theorem.

Theorem 2.13. Let −1 ≤ B < A ≤ 1, −1 ≤ E < D ≤ 1 and βγ > 0 satisfy

(A−B)((1− |B|)− (β(1 + |A|) + γ(1 + |B|))2)

≥ (β(1 + |A|) + γ(1 + |B|))2(D − E + |DB − EA|)|E|(A−B)(1 + |B|).
(2.16)

If p ∈ Psatifies the following subordination

p(z) +
zp′(z)

(βp(z) + γ)2
∈ P[D,E],

then p ∈ P[A,B].

Proof. Let Ω be defined as in Theorem 2.3. Consider the analytic function

ψ(r, s; z) = r +
s

(βr + γ)2
.

The required subordination is obtained if we show ψ ∈ Ψ[Ω, A, B] by making use of
Theorem 2.2. Using (2.4), the function ψ(r, s; z) takes the following form

ψ(r, s; z) =
(1 +Aeiθ)(β(1 +Aeiθ) + γ(1 +Beiθ))2 +m(A−B)(1 +Beiθ)eiθ

(1 +Beiθ)(β(1 +Aeiθ) + γ(1 +Beiθ))2
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so that

|χ(ψ(r, s; z), D, E)| =

|(A−B)((β(1 +Aeiθ) + γ(1 +Beiθ))2

+m(1 +Beiθ))|
|(D(1 +Beiθ)− E(1 +Aeiθ))(β(1 +Aeiθ)

+ γ(1 +Beiθ))2 − Emeiθ(A−B)(1 +Beiθ)|

≥

(A−B)(m|1 +Beiθ| − |(β(1 +Aeiθ)
+ γ(1 +Beiθ))2|)

|(D − E)(β(1 +Aeiθ) + γ(1 +Beiθ))2|
+|eiθ(DB − EA)(β(1 +Aeiθ) + γ(1 +Beiθ))2|

+ |Emeiθ(A−B)(1 +Beiθ)|

≥

(A−B)(m(1− |B|)− (|β(1 +Aeiθ)|
+ |γ(1 +Beiθ)|)2)

|(D − E)(β(1 +Aeiθ) + γ(1 +Beiθ))2|
+|(DB − EA)(β(1 +Aeiθ) + γ(1 +Beiθ))2|

+ |Em(A−B)(1 +Beiθ)|

≥ (A−B)(m(1− |B|)− (β(1 + |A|) + γ(1 + |B|))2)

(D − E)(β(1 + |A|) + γ(1 + |B|))2
+|(DB − EA)(β(1 + |A|) + γ(1 + |B|))2|

+m|E(A−B)|(1 + |B|)
=: φ(m).

A computation shows that φ′(m) > 0. Thus for m ≥ 1, φ(m) ≥ φ(1) and there-
fore |χ(ψ(r, s; z), D, E)| ≥ 1 whenever the inequality (2.16) holds. This implies that
ψ(r, s; z) /∈ Ω. Hence the desired subordination is obtained. �
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tions, Ukräın. Mat. Zh., 70(2018), no. 8, 1118-1127.



470 Swati Anand, Sushil Kumar and V. Ravichandran

Swati Anand
Rajdhani College, University of Delhi,
Delhi-110015, India
e-mail: swati anand01@yahoo.com

Sushil Kumar
Bharati Vidyapeeth’s college of Engineering,
Delhi-110063, India
e-mail: sushilkumar16n@gmail.com

V. Ravichandran
Department of Mathematics,
National Institute of Technology,
Tiruchirappalli-620015, India
e-mail: ravic@nitt.edu; vravi68@gmail.com


