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1. Introduction

Let X be a Banach space over F (=R or C) with norm || - ||, and let L(X) denote
the set of all bounded linear operators on X. For each 0 < Ty < oo and each injection
C € L(X), a family C(-)(= {C(t)|0 < t < Tp}) in L(X) is called a local C-cosine
function on X if it is strongly continuous, C(0) = C' on X and satisfies
(1.1) 2C(#)C(s) =C(t+s)C+ C(|t —s])C on X for all 0 < ¢,s,t+ s < Tp

(see [7], [10], [14], [20], [22], [24], [26]). In this case, the generator of C(-) is a linear
operator A in X defined by

D(A) ={z € X| lim 2(C(h)z — Cz)/h* € R(C)}
h—0+
and Az = C~1 hlir(r)lJr 2(C(h)z — Cz)/h? for z € D(A). Moreover, we say that C(-) is
—

(1.2) locally Lipschitz continuous, if for each 0 < ¢ty < Ty there exists a Ky, > 0 such
that ||C(t+ h) — C(t)|| < Ky h for all 0 < ¢, h,t+ h < to;

(1.3) exponentially bounded, if Ty = co and there exist K,w > 0 such that
ICt)|| < Ke*t for all t > 0;

(1.4) exponentially Lipschitz continuous, if Tp = oo and there exist K,w > 0 such
that ||C(t + h) — C(t)|| < Khe*®+h) for all ¢, h > 0.
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In general, a local C-cosine function is also called a C-cosine function if Ty = oo (see
[17], [6], [4], [13]), a C-cosine function may not be exponentially bounded (see [13]),
and the generator of a local C-cosine function may not be densely defined (see [17], [6]).
Moreover, a local C-cosine function is not necessarily extendable to the half line [0, o)
(see [22]) except for C' = I (identity operator on X). Perturbations of local C-cosine
functions with or without the exponential boundedness have been extensively studied
by many authors appearing in [2,6,8-17,19,23,25]. Some interesting applications of this
topic are also illustrated there. In particular, Li has obtained some right-multiplicative
perturbation theorems for local C-cosine functions in which the operator C' may not
commute with the bounded perturbation operator B on X, which satisfies an estima-
tion that is similar to the condition (2.6) below. In this case, C "' A(I + B)C generates
a local C-cosine function on X when CA(I + B) C A( + B)C (see [18]). Along this
line, Li and Liu also establish some left-multiplicative perturbation theorems for lo-
cal C-cosine functions on X with densely defined generators. In this case, (I + B)A
generates a local C-cosine function on X when C~(I + B)AC = (I + B)A (see [20]).
Just as continuous work of this topic, Kuo shows that A + B generates a local C-
cosine function on X when either B is a bounded linear operator from [D(A)] into
R(C) such that R(C~'B) C D(A) (see [14]) or B is a bounded linear operator on X
which commutes with C(-) on X (see [15] or Theorem 2.13 below). The purpose of
this paper is to establish some left and right multiplicative perturbation theorems for
local C-cosine functions just as results in [18,20] when the generator A of a perturbed
local C-cosine function C(-) may not be densely defined, the perturbation operator
B is only a bounded linear operator from D(A) into R(C), and the assumption of
C~Y(I + B)AC = (I + B)A is not necessary, which together with Theorem 2.13 can
be applied to obtain some new Miyadera type additive perturbation theorems just as
results in [15] for local C-cosine functions (see Theorems 2.14 and 2.16 below). An
illustrative example concerning these results is also presented in the final part of this

paper.

2. Perturbation theorems

In this section, we first note some basic properties of a local C-cosine function and
known results about connections between the generator of a local C-cosine function
and strong solutions of the following abstract Cauchy problem:

u'(t) = Au(t) + f(t) for t € (0,Tp)

ACP(A, f,z,y) {u(()) =xz,u'(0) =y

where x,y € X and f is an X-valued function defined on a subset of [0, Tp).
Proposition 2.1. (see [4], [11], [13], [22]). Let A be the generator of a local C-cosine
function C(-) on X. Then

(2.1) A is closed and C~1AC = A;
(2.2) C(t)x € D(A) and C(t)Ax = AC(t)x for all x € D(A) and 0 <t < Ty;
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(2.3) //C’ Jxdrds € D(A cmdA//C Jedrds = C(t)x — Cx for all

x € D(A) and 0 <t < Ty;
(2.4) D(A) = {z € X|C(t )x—Cm—//C( Vyzdrds for all0 < t < Ty and for

0 Jo
some y, € X} and Az =y, for each © € D(A);
(2.5) R(C(t)) C D(A) for 0 <t < Tp.

Definition 2.2. Let A : D(A) C X — X be a closed linear operator in a Banach space
X with domain D(A) and range R(A). A function u : [0,Tp) — X is called a (strong)
solution of ACP(A, f,z,vy), if u € C%((0,Tp), X) N CL([0,Tp), X) N C((0,Ty), [D(A)])
and satisfies ACP(A, f,x,y). Here [D(A)] denotes the Banach space D(A) with norm
| - | defined by |z| = ||z|| + ||Az]|| for x € D(A).

Theorem 2.3. (see [11], [13]) A generates a local C-cosine function C(-) on X if and
only if C"*AC = A and for each x € X, ACP(A,Cx,0,0) has a unique (strong)
solution u(-,x) in C?([0,Tp), X). In this case, we have

t
u(t,x) = j1 x C(t)x (: / Ji(t — S)C(s)xds)
0
for allz € X and 0 <t < Ty. Here ji(t) = t*/k! for allt € R and k € NU {0}.

Proposition 2.4. (see [11], [13]) Let A be the generator of a local C-cosine function C(-)
on X, z,y € X and f € L},.([0,Tp), X) N C((0,Tp), X). Then ACP(A,Cf,Cx,Cy)
has a (strong) solution u in C%(]0,Ty), X) if and only if

v(-) =C()z+S()y+ 5= f(-) € C*([0,Tp), X).
In this case, u=v on [0,Tp). Here S(-) = jo* C(-) and S x f / S(-—s)
We next establish a new right-multiplicative perturbation theorem for locally

Lipschitz continuous and exponentially Lipschitz continuous local C-cosine functions
in which B is only a bounded linear operator from D(A) into R(C).

Theorem 2.5. Let C(+) be a locally Lipschitz continuous local C-cosine function on X
with generator A. Assume that B is a bounded linear operator from D(A) into R(C)

such that CB = BC on D(A), and for each 0 < to < Tp there exists an My, > 0 such
that (S« C~'Bf)(t) € D(A) and

IA(S = CTB)[f(t) — f(s)]ll < Mto/ 1£(r)lldr (2.6)

for all f € C([0,t0], D(A)) and 0 < s < t < tg. Then A(I + C~1BC) generates a
locally Lipschitz continuous local C-cosine function T(-) on X satisfying

Tz =C()x+AS*C'BT)()x  on [0,Tp) (2.7)
forallx € X.
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Proof. Let x € X and 0 < tg < T} be fixed.
We define U : C([O,to],D(A)) — C([0,t0], D(A)) by
(N) =

C(z+ A(S+CIBf)(-)

on [0,tg] for all f € C([0,¢o], D(A)). Then U is well-defined. By induction, we obtain
from (2.6) that

[U™f(t) = Umg()|| = U™ f)(t) —UU™ g) )|
=[AS« CTIBU f = U g) ()|
<3 [ sl = 9)65) - gl

0
< My jn(to)ll f — gl
for all f,g € C([0,t0], D(A)), 0 <t <ty and n € N. Here
|f —gll = max [[f(s)—g(s)]-

0<s<tp

It follows from the contraction mapping theorem that there exists a unique function
Wyt i1 C([0,%0], D(A)) such that

wrvto(') = C()I + AS x CilB’wm’to(‘)

on [0, to]. In this case, we set wy(t) = wy, (¢) for all 0 < ¢ <ty < Tp, then w,(+) is a
unique function in C([0,7p), D(A)) such that

wy(-) = C()x + AS * C ' Bw,(+)

on [0,Tp). Since
g1 *xwe(-) = j1 * C()x + Ajy xS % C~Bw, (")
= jo* S() + 8 * C7' Buy() — Bji % wy()
on [0,7p), we have
(I + B)ju*wa(t) = jo* S(t)z + S * O~  Buy(t) € D(A)

for all 0 < t < Ty. Clearly, j1 * w, is the unique function wu, in C2([0,Ty), X) such
that

up(-) = jo * S()x + AS * C ' Buy(-)
on [0,Tp). Since jo*S(-)z+S*C 1 Bw,(-) € C*([0,Tp), X), we obtain from Proposition
2.4 that
JoxS(x 4+ S* CT ' Bw,(-) = (I + B)j1 * we(-)
is the unique solution of ACP(A, Cx + Bw,,0,0) in C?([0,Tp), X ). This implies that
A(I + B)j1 *wy + Cx + Bw, = (I + B)w,

on [0,Tp), and so A(J + B)j; * w, + Cx = w, on [0,Ty). Hence, j; * w, is a solution
of ACP(A(I + B),Cx,0,0) in C2([0,Tp), X). To prove the uniqueness of solutions of
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ACP(A(I + B),Cz,0,0).
Suppose that u € C([0,7Tp), X) and satisfies A(I + B)jy *u+ Cz = u on [0,Tp). Then
Ji#x(S*u—S8=x*jCx)=j; xS« A + B)ji *xu
=Aj1 *S*x (I 4+ B)j1*xu
=S% (I + B)ji*xu—Cjy (I + B)ji1 *xu
=Sx*jixu+S*Bjixu—Cjrx(I+B)jixu
on [0,7p), and so —S * jo(-)Cx = S x Bjy x u(-) — Cj1 * (I + B)j1 * u(-) on [0,Tp).
Hence,
—S*jo(-)x =(S* C™*Bjy xu)"(-) — (I + B)jy * u(*)
=AS* C 'Bjy xu(-) + Bjy *u(-) — (I + B)j1 * u(")
=AS * C'Bjy xu(-) — j1 *u(-)

on [0,Tp), which implies that j; * u(-) = S * jo(-)x + AS * C~1Bj; * u(-) on [0,Tp).
Consequently, j1 * u = j; * w, on [0,Tp) or equivalently, u = w, on [0,Tp). Clearly,
A(I + B) is closed and A(I + B)C = CA(I + B) on D(A(I + B)). It follows from
Proposition 2.4 that C~1A(I + B)C generates a local C-cosine function T'(-) on X
satisfying (2.7) for all x € X. Just as in the proof of [27, Theorem 2.5], we have
C7'A(I + B)C = A(I + C™'BC). By (2.6), T(-) is also locally Lipschitz continuous.

O

Since the condition (2.6) in the proof of Theorem 2.5 is only used to show that
T'(-) is locally Lipschitz continuous. By slightly modifying the proof of Theorem 2.5,
we can obtain the next right-multiplicative perturbation theorem for local C-cosine
functions without the local Lipschitz continuity.

Theorem 2.6. Let C(-) be a local C-cosine function on X with generator A. Assume
that B is a bounded linear operator from D(A) into R(C) such that CB = BC on

D(A), and for each 0 < to < Tp there exists an My, > 0 such that (S« C"*Bf)(t) €
D(A) and

IA(S * C'Bf)(1)]| < M, / 17(5)]|ds (2.8)

for all f € C([0,t0], D(A)) and 0 < t < to. Then A(I + C~'BC) generates a local
C'-cosine function T(-) on X satisfying (2.7)

Corollary 2.7. Let C(-) be a locally Lipschitz continuous local C-cosine function on
X with generator A. Assume that B is a bounded linear operator from D(A) into
R(C) such that CB = BC on D(A) and C~'Bx € D(A) for all z € D(A). Then
A(I+C~1BC) generates a locally Lipschitz continuous local C-cosine function T(-) on

X satisfying (2.7) for all x € X. Moreover, T(+) is exponentially Lipschitz continuous
if C(-) s

Proof. Clearly, it suffices to show that for each 0 < ¢ty < T there exists an My, > 0
such that (2.6) holds for all f € C([0,t0], D(A)) and 0 < s < t < 3. Suppose that
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C1(t) denotes the restriction of C(t) to D(A), C,(t) the strong derivative of Cy(t)
on D(A) for all 0 <t < Ty, and D? the second order derivative of a function. Then
Cy1(t)z = Cx + Ajo + S(t)z and C,(t)x = AS(t)x for all z € D(A) and 0 < t < Ty. In
particular, AS(-) is a strongly continuous family of bounded linear operators on D(A),
which is also exponentially bounded if C(-) is exponentially Lipschitz continuous. Let
0 < to < Ty be given, then S* C~1Bf(-) is twice continuously differentiable on [0, to],
D*(S+C7'Bf)(-) = AS« C7'Bf(-) + Bf(-) = C, * C"'Bf(-) + Bf(")
on [0,t0] and

IA(S * C'Bf(t) = f(s)D]| =IICy * C"BIf(¢) = f(s)]]

t
< sup [AS()|ICB] / 1 £ ldr

0<r<to

for all f € C([0,0], D(A)) and 0 < s < t < tg. It follows from Theorem 2.3 that
A(I + C~1BC) generates a locally Lipschitz continuous local C-cosine function 7'(-)
on X satisfying (2.7) for all x € X. Combining the local Lipschitz continuity of
C~1BT(-) with the exponential boundedness of AS(-), we get that AS x C~1BT)(-)
is exponentially Lipschitz continuous if C(-) is. Consequently, T'(-) is exponentially
Lipschitz continuous if C(-) is. O

Corollary 2.8. Let C(-) be a local C-cosine function on X with generator A. Assume
that B is a bounded linear operator from D(A) into R(C) such that CB = BC on
D(A) and C~'Bxz € D(A) for all v € D(A). Then A(I + C~'BC) generates a local
C-cosine function T(-) on X satisfying

T()x=C()r+ S+ AC'BT()x  on [0,Tp) (2.9)

for all x € X. Moreover, T(-) is also exponentially bounded (resp., norm continuous)
if C(-) is.

Proof. By the assumption of C~1Bx € D(A) for all z € D(A), we can apply the
following estimation to replace the condition (2.8):

t
I(S* ACT'Bf(1))|| < sup IIS(T)HHAC’IBII/ 1f ()| dr
0<r<to 0

for all f € C([0,t0], D(A)) and 0 < t < ty. Clearly, S(-)AC~!B is also exponentially
bounded (resp., norm continuous) if C(-) is. By (2.9) and the boundedness of AC~!B,
we have

T()x=C()x+SAC'B+T()xr on [0,Tp) (2.10)
for all x € X, which together with Gronwall’s inequality implies that T'(:) is expo-
nentially bounded (resp., norm continuous) if C(-) is. O

When p((I + C7*BC)A) (resolvent set of (I + C~1BC)A) is nonempty, we
can apply Theorem 2.5 to obtain the next left-multiplicative perturbation theorem
concerning locally Lipschitz continuous local C-cosine functions on X in which the
generator A of a perturbed local C-cosine function may not be densely defined, B is
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only a bounded linear operator from D(A) into R(C), and C~!(I+B)AC and (I+B)A
both may not be equal.

Theorem 2.9. Under the assumptions of Theorem 2.5. Assume that p((I+C~1BC)A)
is nonempty. Then (I + C~*BC)A generates a locally Lipschitz continuous local C-
cosine function U(-) on X satisfying

U()x
=Cr+[AN— (I +C'BC)A(I +C'BC)j * T(-)A[\ — (I + C"'BC)A] ™!
(2.11)
on [0,Ty) for all x € X. Here X\ € p((I + C~'BC)A) is fivred and T(-) is given as in
(2.7).
Proof. Just as in the proof of [27, Theorem 2.9], we have
(I+C 'BC)ACx =C(I + C'BC)Ax
for all z € D((I + C~'BC)A). We set P = I + C~'BC and
uy(-) = Cx 4 (A — PA)Pjy * T(-)A(A — PA)™!

on [0,Tp) for all z € X, then u, € C([0,Tp), X) and
A= PAY T, ()
A\ — PA) 10z + A(Pjy + T(-)) A\ — PA) 'z
A\ — PA)'Cx +T()AN — PA)"'2 — CA(\ — PA)™*

( )"

=T(:

“U

)"
AN —PA)'Cx + T( JAAN — PA) 'z — AN — PA)™ 1C’x
JAN— PA)!
on [0,Tp), and so
PA\ — PA) Y xuy() = Pjp s T()A(N — PA)~!
on [0,Tp). Hence,
—j1 % uz(-) F AN = PA) "Y1 s uy (1) =PAN — PA) Ly % ug(+)

=Pj *T(-)A(A — PA)™!

=\ — PA) tu, () — (A= PA)"'Cx
on [0,Tp), which implies that j; % u,(t) € D(PA) for all 0 < ¢ < Ty. Consequently,
PA(N — PA)~ Y, xu,(t) € D(PA)

for all 0 < ¢t < Ty and PAj; * uy, = u, — Cx on [0,Tp). This shows that jy * u, is
a solution of ACP(PA,Cz,0,0) in C%([0,Tp), X). In order to show the uniqueness.
Suppose that v € C([0,Ty), X) and v = PAjy *v on [0,Ty). We set u = A(A—PA)~!
on [0,7p), then

Pjyxu=PA\ — PA)" Y5 xv
=(\— PA)"'PAj xv
=(A—PA)~!
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on [0,7p), and so APj; xu = A\ — PA)~'v = u on [0,Ty). Hence, u = 0 on [0,T}),
which implies that (A — PA)~'v = 0 on [0,Tp) or equivalently, v = 0 on [0, Tp). We
conclude from Theorem 2.3 that (I + C~1B(C)A generates a local C-cosine function
U(-) on X satisfying (2.11) for all z € X. Clearly, for each y € X,

(PA)Pj1 *T(-)y = P(AP)j1 * T(-)y = PT(-)y — PCy

on [0, Tp). It follows from the right-hand side of (2.11) that U|(+) is also locally Lipschitz
continuous. O

By slightly modifying the proof of Theorem 2.9, we can obtain the next left-
multiplicative perturbation theorem for local C-cosine functions in which the gene-
rator A of a perturbed local C-cosine function may not be densely defined, B is only
a bounded linear operator from D(A) into R(C), and C~*(I + B)AC and (I + B)A
both may not be equal.

Theorem 2.10. Under the assumptions of Theorem 2.6. Assume that p((I+C~1BC)A)
is nonempty. Then (I + C~1BC)A generates a local C-cosine function U(-) on X
satisfying (2.11) for all x € X. Moreover, U(-) is exponentially bounded (resp., norm

continuous, locally Lipschitz continuous, or exponentially Lipschitz continuous) if T(-)
is. Here T'(-) is given as in (2.7).

Corollary 2.11. Under the assumptions of Corollary 2.7.

Assume that p((I +C~1BC)A) is nonempty. Then (I +C~1BC)A generates a locally

Lipschitz continuous local C-cosine function U(-) on X satisfying (2.11) for allz € X.
Moreover, U(-) is exponentially Lipschitz continuous if C(-) is.

Corollary 2.12. Under the assumptions of Corollary 2.8.

Assume that p((I +C~*BC)A) is nonempty. Then (I +C~*BC)A generates a local
C-cosine function U(:) on X satisfying (2.11) for all v € X. Moreover, U(+) is also
exponentially bounded (resp., norm continuous) if C(-) is.

Theorem 2.13. (see [15]) Let A be the generator of a local C-cosine function C(-) on
X. Assume that B is a bounded linear operator on X which commutes with C(-) on
X. Then A+ B is the generator of a local C-cosine function Tg(-) on X satisfying

Ty (t)e = Z/O in1(8)jn(t — $)C(|t — 25) B ads
n=0

forallz e X and 0 <t <Tj.

Combining Theorem 2.10 with Theorem 2.13, the next new result concerning
the additive perturbations of a local C-cosine function on X is also attained in which
the generator of a perturbed local C-cosine function may not be densely defined.

Theorem 2.14. Let C(+) be a local C-cosine function on X with generator A, and let B
be a bounded linear operator from [D(A)] into R(C?) such that CB = BC on D(A).
Assume that pc(A) and p(A + B) both are nonempty, and for each 0 < to < Ty there
exists an M, > 0 such that

S« C2BF(1)| < M, / 1£(s)]ds (2.12)
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for all f € C([0,t0], [D(A)]) and 0 <t < ty. Then A+ B generates a local C-cosine
function V() on X.

Proof. Let A € po(A) be fixed. We set B = C'B(A—A)"'C and C(—t) = C(¢)
for all 0 < ¢t < Ty. Then B is a bounded linear operator from X into R(C) such

that CB = BC, A — X is the generator of the local C-cosine function T_x(-) on X
satisfying

jox T_x(t)x = Z/O Fre1(8)jn(t — 8)S(t — 28)(=\)"xds

n=0

for all z € X and 0 <t < Ty, and (A — \)"1C? = C(A — \)~!C. Here

/o J-1(8)jo(t — 8)S(t — 2s)xds = S(t)z.

Since the norm |-|4—» on D(A) defined by |z|a—x = ||z||+|[(A=X)z|| for all x € D(A),
is equivalent to | - |, we may assume that (2.12) holds under |- |4_». Since

(I+C'BC)(A—X)=A-\+B

and p(A + B) is nonempty we have p((I + C~'BC)(A — \)) is also nonempty. It is
not difficult to see that

Jn-1(8)jn(t — $)S(t — 2s)xds

S~

n

n—1+k)! 1 .. .
=3 G ) g o+ 910
P e S0 (2.13)
k=0

foreachn e Nyz € X and 0 <t < Tp. Let 0 <ty < Tp and f € C([0,to], X) be fixed.
Then

lin—t(Gn-14% * S)| * CBf(t)

:/O in(t = ) Gnran # S)(t — $)C—1Bf(s)ds
n—k

¢
: (") (*l)mtnfkfm/ Jn—14k * S(t — s)CT'Bs™ f(s)ds
0 0

(n—k)!

m=

= (1) jnb—m()jn—11k ¥ S * CT Bjn f)(t)

(=1 jn—k=m () * C " Bljn—115 * (m (1) (2.14)
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and
Un-1-k(in+k * )] x CT'Bf(t)

- / 1kt — ) (g * S)(t — $)C B f(s)ds

1 n—1—k t _
RCES (R (—l)mt”’l’k’m/o Jntk ¥ S(t —s)C T Bs™ f(s)ds
" m=0
n—1—k
nrfl_i)k _
= (=1)"Jn-1-k=m (t)S * C7' Bljnsx * (jm f)](1) (2.15)
m=0

for all 0 <t < ty. By (2.12), we have

(A = N)jn—tem ()8 % C ' Bljn—11% * (GGm )] ()]
<nem () |(A = N)S % C Bljn_14x * GmHI(®)]]
=Jn—k—m (t0) (A = NS % CT2B(A = \) "' Cljn_14x * G F)] )]l

<t (to) Mo, /O (A = N) " Clintis * G DI(8)|a_rds
ko) My ([(A = N)'C + €1 /0 Nnersr * G PI(s)ds— (216)

for all 0 <t < ty. Since

t
/0 Wtk * G F)](3)]ds
S/ Jn—14k(8)Jm(s) /S lf(s)|lds
k—1
e en®) [ WO [ (o)

(n+k—14+m)! .
b en®) [ 500 (217)

for all 0 <t < tg, we have

(A = Njn—r-m(£)S % (C7 Bljn-14x * (jm )2 (2.18)

. _ n+k—14+m)! .
et (1) My, (I(A = X) 10|+||C>(( Ryt Y i) / 1£(r)lldr
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for all 0 <t < tp. Similarly, we can apply (2.12) and (2.15) to obtain

”(A - /\)jn—l—k—m(t)s * (Cilg[jn+k * (.]mf)](t)” (2'19)
n—1—k-m(t0) M ([ (A = 2)7'C|| + IICII)/ Iln+k * (Gmf)1(s)llds

(n+k+m)!

Sjnflfkfm(tO)Mto(H(A_)‘)_ICH+||C||)( FR)m!

PR / 17 dr

for all 0 <t <tp. By (2.13), we have

jo* Tox+ CTIBf(t) = S« CT Bf(t)+

YENDY M(—Nﬁm_m_m +8)» T BI()

— = (n —1)k!
= — (n+k)! 1 , i~

+Z( Z (= 2n+k+1 [n-1—k(nsr * S)] * CT1Bf(t) (2.20)
n=1 k=0

for all 0 <t < tp. By (2.14) and (2.18), we have

n

(n—1+k)! A R . 15
Z ")k (-1) W[Jwic(]n—wk xS)|« CT'Bf (1)
Z (n—1) 'k' (=1) on+k Jn—k-m(t)S
k=0 m=0

x*C~ B[]n71+k * (Jm )] ()]

i n—k

k=0 m=0

st (0) / 1£(r)ldr

m=14+k! 1 (n—1+k+m)
(n— D! 204k (0 — 1+ k)il

jn k— m(tO)Mto(H A )\ CH

n t2” n—k

<> e LM (1A= N7+ el) / 1) ldr
k=

t" 1
lgn

<

Heear (14 - N7el e [ 1l 221
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Similarly, we can apply (2.15) and (2.19) to show that

n—1

n—1+k)! 1 . ) L~
ja-n3 ! T ) (=1)* g Un-1-k Uk x 9] = CTLBI (1)
k=0
n—1ln—1—k
n+k)! | m.
(A=) N N =)l
k=0 m=0 o

Jn—1-k-m(to) M, (| (4 = 2) 'O

S F k) 1 (n+k+m)
<2 Akl 20HRH (o k)l

N s () / LF()lldr

n—1 n—1—k

<y WS L -yl + el / N lar
= o e :
t%" 1/2 . t
< e M (1A = 07l + ) / 1£(r) ldr- (2.22)

Combining (2.20)-(2.22), we get that there exists an ]\7; > 0 such that

. o t
I(A— Njo* Ty « CBF ()| < M, / 1£(s)lds

for all f € C([0,%0], X) and 0 < ¢ < ¢;. It follows from Theorem 2.5 that A+ B — A
generates a local C-cosine function U(-) on X, which implies that A + B generates a
local C-cosine function V(-) on X. O

Just as in the proof of Corollary 2.8, we can apply Theorems 2.13 and 2.14 to
obtain the next corollary.

Corollary 2.15. Let C(-) be a local C-cosine function on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C?) such that CB = BC on
D(A) and C~2Bx € D(A) for all x € D(A). Assume that pc(A) and p(A + B) both
are nonempty. Then A + B generates a local C-cosine function V(-) on X given as
in the proof of Theorem 2.14. Moreover, V(-) is exponentially bounded (resp., norm
continuous) if C(-) is.

By slightly modifying the proof of Theorem 2.14, the following additive per-
turbation results are also attained when B denotes the restriction of B(A - )\)71 to
D(A), and the assumptions that B is a bounded linear operator from [D(A)] into
R(C?) and pc(A) is nonempty are replaced by assuming that B is a bounded linear
operator from [D(A)] into R(C) and p(A) is nonempty.

Theorem 2.16. Let C(-) be a local C-cosine function on X with generator A, and let
B be a bounded linear operator from [D(A)] into R(C) such that CB = BC on D(A).
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Assume that p(A) and p(A+ B) both are nonempty, and for each 0 < to < To there
exists an My, > 0 such that

5+ C7BI0)| < My, [ 1f(9)lds (2.23)

for all f € C([0,t0], [D(A)]) and 0 <t < ty. Then A+ B generates a local C-cosine
function on X.

Corollary 2.17. Let C(-) be a local C-cosine function on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C) such that CB = BC on
D(A) and C~*Bxz € D(A) for all x € D(A). Assume that p(A) and p(A + B) both
are nonempty. Then A+ B generates a local C-cosine function on X, which is also
exponentially bounded (resp., norm continuous) if C(-) is.

Remark 2.18. The conclusions of Corollaries 2.7 and 2.11 are still true when the
assumption that R(C~'B) C D(A) is replaced by assuming that

R(CT'B)c{z e X|C()z c C([0,Tp), X)}.

We end this paper with a simple illustrative example.
Example 2.19. Let X = L>°(R), and Ap : D(Ap) C X — X be defined by
D(Ap) = WH™(R)
and Ay f = —f/ for all f € D(Ap), then A = A3 generates a locally Lipschitz contin-
uous local C-cosine function C(-)(= {C(¢)|0 <t < Tp}) on X and
D(A) = W2>(R) = Co(R)

(see [1, Example 3.15.5] and [17, Theorem 18.3]). Here C' = (A—Ag) ! with A € p(Ao)
and 0 < Ty < oo are fixed. Applying Corollary 2.7, we get that A(I + C~1BC) gen-
erates a locally Lipschitz continuous local C-cosine function T'(-) on L*>°(R) satisfy-
ing (2.7) when B is a bounded linear operator from Cy(R) into W1>°(R) such that
(A—Ap)™'B =B(A— Ap)~! on Cy(R) and R((A — Ag)B) C Cy(R).
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