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A class of differential systems of even degree
with exact non-algebraic limit cycles
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Abstract. Up until now all the polynomial differential systems for which non-
algebraic limit cycles are known explicitly have degree odd. Here we show that
that there are polynomial systems of even degree with explicit no-algebraic limit
cycles. To our knowledge, there are no such type of examples in the literature.
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1. Introduction and statement of the main results

We consider a polynomial differential system of the form

& = P(z,y),
{ QZQ(x,y), (1.1)

where P and @ are real polynomials in the variables x and y. The degree of the system
(1.1) is the maximum of the degrees of the polynomials P and ). As usual the dot
denotes derivative with respect to the independent variable t.

A limit cycle of system (1.1) is an isolated periodic solution in the set of all
periodic solutions of system (1.1). If a limit cycle is contained in the zero level set
of a polynomial function, see for example, [[1], [4], [5], [9], [11]], then we say that it
is algebraic, otherwise it is called non-algebraic see for example ([2], [4], [8], [10]).
The topic of limit cycles is interesting both in mathematics and in science and many
models from physics, engineering, chemistry, biology, economics,..., were displayed as
differential systems with limit cycles.

An important problem of the qualitative theory of differential equations is to
determine the limit cycles of a system of form (1.1). We usually only ask for the number
of such limit cycles, but their location as orbits of the system is also an interesting
problem. And an even more difficult problem is to give an explicit expression of them.
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In the chronological order the first examples where explicit non-algebraic limit
cycles appeared are those of A. Gasull and all [8] and J. Gine and M. Grau [10] and by
Al-Dosary, Khalil I. T.[2] for n = 5. In [6], an example of an explicit limit cycle which
is not algebraic is given for n = 3. Bendjeddou in [3] provide a class of polynomial
differential system of degree odd with explicit limit cycle non-algebraic.

In this paper, we consider the family of the polynomial differential system of the
form

& =a(l+wz+vy)" +n(va? - vy? - 2y - 2way) (2 +y?)"

+a (U4 wa +vy) (a(2® +y°) +2¢ (a? = y?) — dbay) (2* +y°)"
§=y(+wz+vy)"" +n(we? —wy?® + 2z + 2vzy) (22 + )"

n—1

+y (4 wz+vy) (a(2® +y?) + 2¢ (22 — y?) — dbay) (2* + y?) ,

-1
(1.2)

where a,b, c,w,v,n and [ are real constants, n is strictly positive integer (n € N*).
We prove that these systems are Liouville integrable. Moreover, we determine suf-
ficient conditions for a polynomial differential system (1.2) to possess an explicit
non-algebraic limit cycle.

It remains the open question to determine if the polynomial differential systems
of degree 2 can exhibit explicit non-algebraic limit cycles (this question is due to
Benterki and Llibre [6]).

Thus, our main result is the following one.

Theorem 1.1. Consider a multi-parameter polynomial differential system (1.2). Then
the following statements hold.
(a) System (1.2) is Darboux integrable with the Liouvillian first integral

2,2 \" _
Hzy) = (29 o (afmetan)i=timmns)
wr + vy + |

arctan £
_ / e—as—bcost—csm2s ds.
0

(b) If a < 0, w > 0,1 > 0 and 2am + b # 0 then system (1.2) has an explicit non
algebraic limit cycles, given in polar coordinates (r,0) by

1 1 1

r0=3 (“’ (0) " ()7 + \/(g @) (0)F) + a1y (e>i> ,
where
g(6) =wcosf + vsinb,

6
f (0) _ / e—as—bcos2s—csin25 dS,
0

* a cos csin 627mf (271—
pr(0) = el oo 0resingg <1 ,ezm) +f(9)> .

Moreover, this limit cycle is hyperbolic.
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2. Proof of Theorem 1.1

Firstly, we have
xy — yi = n (2l + wr + vy) (:I:2 + y2)n+1

thus, the equilibrium points of system (1.2) are present in the equation curve’s

)

(z® + yz)n+1 2l +wx +vy) =0, (2.1)

we deduce that the origin is an equilibrium point, and any other, if exists must lies
on the straight line

(A): (21 + wx +vy) = 0.
Let (x0,%0) # (0,0) be such a point. Then form the remark above, xg and yo must
satisfy

zo(=1)"" 1 + n(v = waoyo) (5 + ¥3) + zo(=1)(alaf + y3)

+2c(z¢ — y3) — 4ba:0y0) =0,
yo(—1)" T + n(vzoyo — wys) (g + y3) + yo(=1)(a(zf + y3)
+2¢(x3 — y3) — 4bxoyo) = 0,

vy0+wx0+2l—0

{ (=)™ 4 n (vag—wiyo) (@2 +43) + (=) (a (23 + vd) + 2¢ (z3—y3) —4bzoyo) = 0,
Yo = —% (2l + ’U)Io) s
this system can be written as

-1 (av3 + 2cv® — 6nw? + avw? + 4bvcw — 2cvw? — 6m}2w) 1:(2)

—41? (2bv2 — nv? — 3nw? + avw — 2cvw) To+n (v2 + w2)2 x3 (2.2)
- (4@[31) — (=)™ = 8elBv — 813nw> =0,

then, the equilibrium points of system (1.2) are {(0,0), (o, f% (2l + wxp)) } , where
Zg is a real root of the equation (2.2).

Note that, the origin of coordinates which is an unstable node because its eigenvalues
are ["*1 > 0 with multiplicity two, for more details see for instance [[7], Theorem
2.15].

Proof of statement (a).

To prove our results (a) and (b) we write the polynomial differential system (1.2) in
polar coordinates (r,8), defined by = r cos and y = rsin§. Then the system (1.2)
become

i =1 (I +wrcosf + vrsin®)" T + 1 (a + 2¢cos 20 — 2bsin 26) r2n+1
+ (n (veos — wsin ) + (wcos § + vsinf) (a + 2ccos 20 — 2bsin 20)) r27+2
0 = 2inr?™ + n (vsin @ + w cos §) r2n 1L,
Taking 6 as an independent variable, we obtain the equation
dr (I +wrcosf + vrsin 0)" " r + 1 (a+ 2ccos 26 — 2bsin 260) 201
g 2lnr?™ +n (vsin @ + w cos ) r2n+1

n (n(vcos® —wsin ) + (wcos® + vsinf) (a + 2ccos 20 — 2bsin 20)) r27+2
2Inr2™ + n (vsin 6 + w cos @) r2nt1 '

(2.3)
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Via the change of variables

T2n

" (weosf+vsind)r + 1)’

the equation (2.3) is transformed into the linear differential equation

d
d—z = (a4 2ccos260 — 2bsin20) p + 1. (2.4)
The general solution of linear equation (2.4) is
0
p (9’ k’) _ eae+bcos 20+csin 26 <l€ + / 67asfb005257csin 28d8> , (25)
0

where k € R. Going back through the changes of variables we obtain the first integral
of the statement (a) of Theorem 1. Since this first integral is a function that can be
expressed by quadratures of elementary functions, it is a Liouvillian function, and
consequently system (1.2) is Darboux integrable.

Proof of statement (b) of Theorem 1.
In (2.5) let 6 — p(0, k*) be the solution taking the value of k* € R for § = 0. To
be a periodic solution, it must satisfy at first the condition

p(0,5%) = p(2m, k),
providing the value of k* is

627raf (271.)
Er=———-—"=>0
1 — e2ma > Y,
0 .
because a < 0 and f (0) = / eas—beos2s=esin2s gg () for all € R.

0
After the substitution of the value k* into p (0, k) we obtain
0
p(97k*) _ p* (0) _ ea0+bcos29+csin29 (k* +/ e—as—bcost—csin23d8> ) (26)
0

Note that, since
0
f (0) _ / efasfbcos 2s—csin ZSdS >0
0

for all € R and k* > 0, consequently,p* (§) > 0 for all § € R.

Note that, since p* (6) > 0 for all § € R, from the expression of the change of variable
that transform (2.3) into (2.4), one gets a unique 7* (6) > 0 for all § € R and it has
the expression

)=y <g (6) " (6)" + J (900 (0)F)" +a1pr <0>i> . @)

Moreover, since | > 0 and p* (0) > 0 for all # € R, then r* (#) > 0, one can see that
it is 2w —periodic, since g and p* are 2m— periodic.
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In order to prove that the periodic orbit is hyperbolic limit cycles, we consider (2.6),
and introduce the Poincaré return map

A= T27,A) =p(60,N).
Therefore, a limit cycle of system (1.2) is hyperbolic if and only if

dp(2m, \)

1.
dX 7

A=k*

An easy computation shows that:
dp(2m, A)

dp” (0) 2wa+b
= ——2 =7 1.
) c 7

e dEF

Therefore the limit cycle of the differential equation (2.4) is hyperbolic, for more
details see [12]. Consequently 2.7 is hyperbolic limit cycle of the differential equation
(2.3).

Clearly the curve (r(6) cos,7(0)siné) in the (z,y) plane with

r2n __af+bcos20+csin 20 27mf 27)
e ) 4 FaC)] (2.8)

(g(O)r+0)" e
2ma
is not algebraic, due to the expression %z(ff) ab+beos20+csin20 ©\[ore precisely, in
Cartesian coordinates r2 = z2 +y?2, § = arctan 4 the curve defined by this limit cycle
is
F (1’ y) o M " o ea(arctan %)Jr%
’ wr + vy + 1

2ma £ (2 arctan £
e f(2m " —as—bcos2s—csin 2s
> L2 _,’_/ e—as—bcos2s—csin2s 7. |
0

If the limit cycle is algebraic this curve must be given by a polynomial, but a polyno-
mial F(x,y) in the variables = and y satisfies that there is a positive integer n such

that 8(;:”F = 0, and this is not the case because in the derivative

- n—1
(wx2 + 2uzy + 2z — wy2) (M)

d l+vy+wz
d7F (‘T7y) = 3
z (14 vy + wz)
2 .-
y 14+ am2+ay2+221272cy2—4bmy ea(arctan %)Jr%
___Z z2+y2
x2 + y2 ( 27m£23:') + farctanf —as—bcos2s—csin 2s dS) ’

it appears again the expression
a(arctana)+w 27 f(27) arctan £ —a5—bcos 26—c 8in 2
e x 5,:2_'_:‘}2 17627”1 + e as COS zS8—cC s1n Sds ,
0

which already appears in F'(z,y), and this expression will appear in the partial de-
rivative at any order. This completes the proof of theorem.
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3. Example
If we take b = %,c =0,a=—1,v=w =1=1, then system (1.2) reads
d=z(l+ao+y)"" +n(e® —y? -2 - 2ay) (a* +4?)"
+a(l+a+y) (- (22 +y?) + —2zy) (@2 + 42" (3.1)
J=y(+z+y)"" +n(e? —y?+ 22+ 2uy) (a2 +¢?)" '
+y(l+z+y) (- (22 +y?) + —2zy) (2® + yz)nfl 7

has a non-algebraic limit cycle whose expression in polar coordinates (r, 8) is

r*(0) = % ((cos@ + sin ) p* (9)% + \/(cos@ + sin ) p* (9)% + 4lp* (G)i) ,

where
on 0
p* (0) _ 679+%cos29 (% + f(g)) and f(e) — / 657%c0523 ds.
0

For n = 1: The system (3.1) is a quartic system and that has a non algebraic limit
cycle whose expression in polar coordinates (r,6) is

r*(0) = 1 ((cos@ +siné) p* (0) + \/(COSH +sin0)? p* (0)* + 4lp* (6)) .

2

FIGURE 1. Limit cycle of system (3.1) for n =1

For n = 2: The system (3.1) is of degree 6 and that has a non algebraic limit cycle
whose expression in polar coordinates (r,0) is

(0) = % ((cose +sind) p* (6) + \/((coso +sin0) p* (0)%)2 + Alpr (9)%) .



A class of differential systems of even degree 409

FIGURE 2. Limit cycle of system (3.1) for n =2
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