Stud. Univ. Babes-Bolyai Math. 64(2019), No. 2, 279-289
DOI: 10.24193/subbmath.2019.2.12

Parameter estimations for linear parabolic
fractional SPDEs with jumps
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Abstract. We give an unbiased and consistent estimator for the drift coefficient of
a linear parabolic stochastic partial differential equation driven by a multiplicative
cylindrical fractional Brownian motion with Hurst index 1/2 < h < 1 and a
cylindrical centered Poisson process, if the observations of the solution process
are given in discrete time points. The presented method is based on mean square
estimations.
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1. Introduction

There are lots of papers concerning parameter estimations for stochastic differ-
ential equations (SDEs). Results for SDEs driven by a fractional Brownian motion
(fBm) were given, for example, by Y. Kozachenko, A. Melnikov, Y. Mishura [4] and
W.L. Xiao, W.G. Zhang, X. Zhang [11] (see also the references therein). If the driv-
ing process is a Lévy process, then see, for example, H. Long [5] and the references
therein. If the equations are driven by a fBm and a fractional Poisson measure one
can find interesting results and applications in the PhD thesis of J. Lueddeckens [7].

Many papers are devoted to the parameter estimation of fractional stochastic
partial differential equations (SPDEs). As a representative result we quote here the
paper [8] of B. Maslowski and C.A. Tudor.

The following estimation criteria are mainly used in constructing estimators for
the parameters of SPDEs:

e maximum likelihood type methods by considering fundamental martingales and
theorems of Girsanov type;
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e time continuous and time discrete least square criteria;
e Kalman-Bucy filters;
e L'-norm estimations and contrast estimations.

Often SPDEs are considered as stochastic evolution equations in Hilbert spaces.
For example, a parameter estimation problem for linear diagonalized stochastic par-
tial differential equations driven by a multiplicative fBm is considered by I. Cialenco
in [2]. The stochastic processes defined by the random Fourier coefficients of the solu-
tion process describe one dimensional geometric fractional Brownian motions. Based
on these processes, consistent parameter estimates for the SPDEs are determined us-
ing a maximum likelihood type method. So we see, that one dimensional results of
parameter estimations are useful for parameter estimations of SPDEs.

Parameter estimations for diagonal SPDEs are also considered in Chapter 6 in
[6] by S.V. Lototsky, B.L. Rozovsky.

The aim of the present paper is to give new contributions in the estimation
theory of the coefficients of linear homogeneous SPDEs, which are driven by cylindrical
fractional Brownian motions and cylindrical Poisson processes. The applied estimation
criterion uses covariances (as a generalization of the mean squared method), such that
the long range dependence property of the fractional Brownian motion with Hurst
index h €]1/2,1] is taken into account. Moreover, in this paper weakly, respectively
strongly consistent estimators are constructed by using only information about the
underlying process in discrete time points.

The paper starts with a preliminary section, containing the assumptions needed
throughout the paper. A linear SPDE driven by a multiplicative cylindrical fractional
Brownian motion and a cylindrical Poisson process is introduced in Section 3. In Sec-
tion 4 the one dimensional stochastic differential equations for the Fourier coefficients
of the solution process of the SPDE is considered and similar to the results from [7] an
estimation criterion of least squares type in discrete time points of the observations
for the drift term is formulated. The estimator of the drift coefficient is unbiased.
Conditions for choosing the time points are given such that the constructed estimator
is unbiased and weakly consistent (Theorem 4.2), respectively strongly consistent (see
Theorem 4.4).

2. Preliminaries

Definition 2.1. A real-valued Gaussian process (B"(t));>0 with E(B"(t)) = 0, for all
t >0, B"(0) = 0 and Hurst index h €]0, 1] is called fractional Brownian motion (fBm)
if

1
E(B"(t)B"(s)) = §(t2h + 8% — |t — s|*") for all s,t > 0.

The fBm is not a semimartingale and it is not a Markovian process for h # 1/2.
The fBm is a Wiener process for h = 1/2. In this paper we consider h €]1/2, 1[. Then,
the fBm has the so-called long range dependence property.
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Assumptions:

(A1) Let (V, H,V*) be a triplet of rigged Hilbert spaces, where V is compactly em-
bedded into H and A : V — V* is linear and (Av,v) + a1 ||v]|} < as||v||% for all
v eV and a; >0, as € IR are constants.

Observe, that A : D(A) — H is linear and unbounded with D(4) = {v € V :
Av € H}, which is dense in H. The eigenvalues (Ag)r>1 of this operator are
negative and satisfy klim A = —00.

:— 00

(A2) Let (hg)r>1 C H be the complete orthonormal system constructed by the eigen-
functions of A.
(A3) The Cy semigroup (7¢)¢>o defined by

Ti(x) = exp{At}(@, hi)hy, v € H

k=1

is generated by —A, where (-, -) denotes the scalar product in H.
(A4) ®4,P5: H — H are Hilbert-Schmidt operators of the type

oo

Q'L(I) = Zﬂik(z7hk>hk7 T € H7
k=1

where Zu?k < oo for i € {1,2}.
k=1
(A5) Let (B (t))i>0, k € {1,2,...}, be independent fractional Brownian motions with
Hurst index h €]1/2,1] and let

denote the cylindrical fBm.

(A6) Let (m;(t))i>0, j € {1,2,...}, be independent homogeneous Poisson processes
with parameter v.

(A7) Consider 7;(t) = m;(t) —vt, j € {1,2,...} and we denote by

7(t) =Y ®i(t)hy, t=>0,
j=1

the cylindrical centered Poisson process.
(A8) The processes B,’; and 7; are independent stochastic processes for all j, k €
{1,2,...}.
(A9) Let Xy € H be a deterministic initial value.
(A10) All stochastic processes are defined on the same complete filtered probability
space (Q, F, (Ft)t>o0, P), where F; = o(FE" v FF) and FB" and FF denote the
o-algebras generated by (B"(s))se(o, and (7(s))sefo.4(-
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3. A linear fractional parabolic SPDE with jumps

At first we introduce for k € {1,2,...} the one dimensional linear stochastic
differential equations

dYy, (t) = a\, Yy (t)dt + opik Yy (t)dB,’; (t) + npok Y (t—)dﬁ'k (t), (31)

where a, o,n are positive constants and Y;(0) = (Xo, hg)-
The stochastic equation (3.1) is defined by

Yk(t) :Yk(0)+a)\k/0 Yk(s)d5+0,u1k /OtYk(S)dBZ(S)+T]M2k /OtYk(S)dﬂ'k(S), (32)

for all t > 0, where the stochastic integral with respect to B! is defined by a divergence
integral as in [9] and the stochastic integral with respect to the compensated Poisson
process is defined as in [10], Chapter II (or [3], page 246).

Theorem 3.1. The process
. 1
Yi(t) =Y (0)(1 + nuok) k() exp{a,ulkB,’;(t)—ZJQ,u%thh—i— aXgt — Vnugkt} (3.3)

solves equation (3.1) for all t > 0 with probability 1.

Proof. We prove that the process Yy (t) = Y1(¢)Yar(t) with
1
Yik(t) = exp {UMMBZ(U - 202@1@’5%}
and
Yau(t) = Yi(0) (1 + npro) ™ - exp {adet — vnpuoxt}
is the solution of (3.1). Since the fBms and the Poisson processes are independent,
we get
dYk(t) = Ylk(t)dYQk(t) + sz(t)dylk(t). (34)
Obviously it holds
Yor(t) = Y5 (0) exp {aAxt — vnpert + 7 (¢) In (1 + npak) } - (3.5)
It follows by a result from [3] (see formula (15) on page 261) that (3.5) solves
dYor(t) = Yor(t)[adr — vnuag]dt + nporYor (t—)dme ()
with Y52(0) = Y%(0). By the definition of 7(t) it follows
dYor(t) = arYar (t)dt + npok Yoy (t—)d7 (1)

with ng(O) == Yk(O)
The fractional It6 formula in [9] (see formula (2.18)) gives that the process Y1 (t)
solves
lek(t) = [leO'Ylk(t)dBZ(t)
with ¥35,(0) = 1.
If we substitute these results in (3.4), then we get that the process (3.3) solves
equation (3.1). O

We will prove the following a priori estimates:
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Lemma 3.2. There are constants Cy > 0, Cy > 0 and Cy > 1 such that for all t > 0
and k € {1,2,...} it holds

EYi(t)F < F(#)|Yi(0)] (3.6)
with
F(t) = Coexp{202C1t*" + vt(Cy — 1)}.

Proof. Since the fBms and the Poisson processes are independent, we get
E|Y:(t)|* = |Y(0)? (Eexp {20u1kB,’§(t)}) (E ((1 + nugk)%k(t)>)

x exp { —o?pud t?" + 2a it — 2vnpokt } . (3.7)
Since A\;, < 0 for each k € {1,2,..} and (uok)k>1 is a bounded sequence, we have
exp {—JQM%ktzh + 2aX,t — 2V77/~£21J} < Cy for each t > 0,

where Cy > 0 is a constant.
The random variable Z1 := exp {201, By (t) } is log-normally distributed, so we
get for its expectation

E(Zy) = exp{2a2u%kt2h}.
From the boundedness of (p1x)x>1 it follows the existence of a positive constant Cy
with

E(Zl) S exp{?ozCltzh}.

For Zy := (1 + o) 2™ ® we compute

- > vt)I
E(Zy)=FE ((1 + ok 2 k(t)) Z + Npiar) exp{—ut} ( j') :
7=0

But the sequence (u%k) x>1 is bounded, hence there is a constant C3 > 1 such that

E(Z3) < exp{-vt} Z (thc'w = exp{vt(Cy — 1)}.
i—o

Then we get with (3.7) the inequality (3.6). O

We now consider a solution definition of mild solution type.

Theorem 3.3. Let k € {1,2,...}. The process (Yi(t))i>0 defined by (3.3) solves (3.2)
if and only if the equation

Y5 (t) = Yi(0) exp{Arat} + /0 exp{Ara(t — 8)}ou,Ye(s)dB(s)

¢
+/ exp{Ara(t — s)InporYr(s—)dmi(s), for allt >0 (3.8)
0

holds.
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Proof. If the process (Yj(t)):>o is the solution of (3.2) defined by (3.3), then this
process solves (3.8) too.
Let (Y4 (t)):>0 be a solution process of (3.8). Then we get

Y’k(t) = Y5 (0) exp{aigt} + exp{aiit} /Ot exp{fa/\ks}alum}}k.(s)dB,}j(s)

+ exp{aA;t} /0 exp{ —aps Inpiar Y (s—)dig(s). (3.9)

Obviously exp{aAt} is deterministic and differentiable and the stochastic differentials
of the stochastic integrals in formula (3.9) exist. If we use the stochastic product
formula to the two last terms of the sum in formula (3.9), then we get

Ay (t) = a\eYa(t)dt + opa Y (D)dBR(t) + npor Ve (t—)d7 ().

It follows from formula (3.9) that Y;(0) = Y3 (0). That is, Yy (t) = Yi(t) for all t > 0
with probability 1. O

We introduce for n > 1 and ¢ > 0
Xo(t) =Y Yi(t)h
k=1
By (3.6) and Y3 (0) = (Xo, hx) we get

n
E|X,()F =D EYi(®)* < | XolHF(t) (3.10)
k=1
for every ¢t > 0. It follows also from this inequality and the definition of F(¢) that
there is for all T' > 0 a positive constant Cr such that
E|XaF < CrllXolF (3.11)
and .
B [ 1Xa(0)fds < TCx]Xollh (312)
0

for all t € [0,T] and all n > 1.
Consequently for ¢ > 0 there exists in L?(Q; H) and in L?(2 x [0,7T]; H) the process

X(t) = i Yk(t)hk (313)
k=1

and the a priori estimates (3.11) and (3.12) hold also for X (¢).

Since ¥3(0) = (Xo, hx) holds, we obtain Xo = (Yi(0), hx)hy.
k=1
It holds for X,,(t)

n

X,(t) = Z exp{Arat}(Xo, hi )b

k=1

+o /0 > exp{ca(t — 8)}uar(Xn(s), i) hed By (s)
k=1
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+77/0 Z exp{Ara(t — s)}por(Xn(s—), hi) hedmr(s).
k=1

Consequently, we get by the definition of the semigroup 7; and the operators ®;, ®o
4X, (1) = Ti X (0) + a/ To a1 X, (5)dB" (5) +n/ T a®o X (s-)di(s), (3.14)

where B" and 7 are the cylindrical fractional Brownian motion and the cylindrical
centered Poisson process defined by the sequences (Bl (t))i>0, k € {1,2,...}, and
(Ti(0)e=0, j €{1,2,.. .}

With the definition of X (¢) from formula (3.13) and the a priori estimates (3.11),
(3.12), with (3.14), by the definition of Yj(t) and the definitions of the stochastic
integrals it is easy to prove, that the following result holds:

Theorem 3.4. The process (X (t))epo,r) with X(t) = ZYk(t)hk, t €[0,T], solves
k=1
t

Xt)=TiXo+o0o /t Tios®1X(5)dB"(s) + 1 | Ti_s®2X (s—)d7(s) (3.15)
0

S—

for allt € [0,T].
Remark 3.5. The last theorem shows, that (X(t)).c[o,7] is the mild solution of

dX(t) = aAX (t)dt + o®, X (t)dB"(t) + n®o X (t—)d7(t) , X(0) = Xo.

4. Parameter estimation

In what follows we assume Y3 (0) > 0 and 1 + nug, > 0 for all k € {1,2,...}.
Let k € {1,2,...} be arbitrary. We introduce a method to estimate the parameter a
in equation (3.2) for the process (Yx(t)):epo,r)- By construction we can interpret this
process as the process corresponding to the k-th Fourier coefficient of (X (t»te[O,T]
with respect to hi. We introduce the process

&k (t) = In(Yi(t)) = In(Y%(0)) + o By () — 50° w3yt

27

+adpt — vnuart + In(1 4+ nuog ) mk (). (4.1)
Then,

B(&(1)) = E(n(Yi(t))) = W(Yi0)) ~ 5ot
+argt — vnuakt + (1 + nuog )vt. (4.2)

Remark 4.1. Parameter estimation problems involving maximum likelihood methods
for equations of type (4.1) without Poisson processes were considered in [1].
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We consider for n € {1,2,...} and for 8 > 1, such that n® € N, the partitions

1 2 n
t1:—<t2:—<,_.<tn/3:—:;T(nﬁ).
n n n

Having statistical observations for X(-) in this time points, we can calculate

E(tr), ... &(T(n")).

We introduce the following estimation criterion analogous to the one given in [7]:

B
n
min ¢ Y cov (§(ti), &k (t;)) : a >0 . (4.3)
ij=1
Equation (4.3) is a quadratic function with respect to a. The factor in front of a?
nB
2
is given by the positive term A2 ( Z ti) . Consequently, there is a unique estimator

i=1
a(n?).
Theorem 4.2. For every k € {1,2,...} the estimator a(n”) =
£
n

1
> (hl(yk(o)) = npzkvt; + (1 + nuok)vt; — 50211%/@751% - ln(Yk<ti))>

=1
nb

Ak Zti
=1

1s unbiased and weakly consistent for the parameter a.

(4.4)

Proof. If we substitute In(Y(#;)) in the right hand side of a(n?), then we get

nB

> (0B (t:) +In(1 + nuze)Tu (t:))
a(nf) =a+ = . (4.5)

nﬁ
e Z t
=1

Consequently, the estimator is unbiased. We get

Z (opae By (t:) + In(1 + npo) e (t;))

Ela(n®) —a? = B | =2

nﬂ
Ak Z t;
=1
n’ o2
Z <1’f (" 4+ 3" — [t: — t;1*") + (In(1 + npuox))*v min{t;, tj}>

~ 2
1,j=1

TLE
A it

4,j=1
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Further we have

o UQM%I@ 2h 2h 2h o Uzﬂ'%k 2h 2H
“z_:lT(ti + 5 — [t — 1] )Sijz—lT(ti +157)
n? 2h
8 B(2+2h)
2 2 n 2 2 N
<o M1k Z <n> =0 Hig n2h )
1,j=1

B n? "
S (tn(1 + npa)) v min{ts 15} < (n(1+nu2k))2y ()

5,j=1 i,j=1 n
o Y
= (In(1 + npuax)) Ve
and )
$ =L (3] ey ot
L T p2 | B 4n? T 4n?’
3,j=1 =1
Consequently,
. s By 12
nh_)n;OE[a(n ) — al
.4 _ _ _ _
< nlinéo = (Uzu% n(2=2h)+B(2+2h—4) 4 (In(1 + nuor))2v n(2—D+B3 4))
4
< nh_{go 2 (UQM%C (272 —A(E2=2h) 4 (In(1 + nuar))*v - nlfﬁ) =0
k
and the weak consistency follows for g > 1. O

Remark 4.3. 1. In a similar manner we can calculate estimates for ¢ and v. Then,
we need the condition 5 > 4h — 1 to prove the weak consistency.

2. The estimation of 7 is difficult. A possibility consists in the application of an
approximation of 7, by Brownian motions (By)g>1 with E(BZ(t)) = vt by using
the Central Limit Theorem.

3. If n = 0, then the random variable

)i . a(n®) —a
4 o242, - n(2—2m)—p-21)

is asymptotically N (0, 1) distributed.
Moreover, we prove the following result:

Theorem 4.4. Consider 3 > 3=2% such that n® € N. Then the estimate (4.4) for the

parameter a is strongly consistent for all k € {1,2,...}.

Proof. 1t is well known that, if for all € > 0 the relation

Z P(la(n®) —a| > ¢) < oo
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holds, then lim a(n?) = a with probability 1.
n—oo

Let k € {1,2,...} be arbitrary. We know from the end of the proof of the last
theorem that for the variance of a(n®) we can write

i 4 Con_pe B
V(an?) < 5 (oﬂﬁkw(? PR 4 (In(1 4 npar)) v - n' B)-
k

Then, by using Chebyshev’s inequality we obtain

Y P(la(n®) —al >e) <Y E%V(&(nﬁ))

n=1
4 0o 0o -
SpZozu?k (22 =P E=20 Zln (1 + npar))?v -n' =P,
k n=1 n=1

Obviously, the first, respectively, the second sum on the right hand side of the last
inequality are convergent, if

3—2h
8> m, respectively, 8 > 2.
Hence, we get the statement for 8 > 2=2% > 2 (since 1/2 < h < 1). O
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