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Some Bessel type additive inequalities in inner
product spaces

Silvestru Sever Dragomir

Abstract. In this paper we obtain some additive inequalities related to the cele-
brated Bessel’s inequality in inner product spaces. They complement the results
obtained by Boas-Bellman, Bombieri, Selberg and Heilbronn, which have been
applied for almost orthogonal series and in Number Theory.
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1. Introduction

Let (H;(-,-)) be an inner product space over the real or complex number field K.
If (€4);<;<,, are orthonormal vectors in the inner product space H, i.e., (e;,€;) = 0;;
for all 4, j € {1,...,n} where ¢;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality:
> e < Jla|® for any x € H. (1.1)
i=1
For other results related to Bessel’s inequality, see [8] — [11] and Chapter XV in
the book [14].
In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalization of Bessel’s inequality (see also [14, p. 392]):

Theorem 1.1. If x, y1,..., yn are elements of an inner product space (H;{-,-)), then
the following inequality holds

n

2 2 2 2
Sl un) < ol | max sl | > lwwP ] | (2)
i=1 == 1<i#j<n
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It is obvious that (1.2) will give for orthonormal families the well known Bessel
inequality.
In [7] we pointed out the following Boas-Bellman type inequalities:

2

(1.3)

n
> layal® < llell max |, yi)l ZHyzH + Y i)l
i=1

1<i#j<n

for any «, y1,..., yn vectors in the inner product space (H;(-,-)).
We also have, see [7]

L
n 2p

>yl < <Z <x,y¢>2p> (1.4)
i=1

i=1

Q=
ol

X (leyillz‘I) +o-1F Y )l :

1<i#j<n

foranyx, yl»~'-7yn€H7P> 1; %"‘%:1
Further, we recall [7] that

< — 0

S lewl” < ol { s Il + (0= e Joll o 09
for any x, y1,..., yn € H. It is obvious that (1.5) will give for orthonormal families
the well known Bessel inequality.

In 1971, E. Bombieri [3] gave the following generalization of Bessel’s inequality.

Theorem 1.2. If x, y1,..., yn are vectors in the inner product space (H;(-,+)), then
the following inequality holds:

n n

2 2
3 Mol < ol g 33 o (16)

It is obvious that if (y;),.,,, are orthonormal, then from (1.6) one can deduce
Bessel’s inequality. T

It is not widely known, but it appears in a number of places that, the importance
of extensions of the Bombieri and Bessel inequality were first shown by J. Sdndor (at a
Symposium on Mathematical Inequalities, Sibiu, December, 1984), who proved some
generalizations of these inequalities, and who was deeply interested in applications in
Number Theory. Also, Bessel’s inequality and Gram’s inequality have been studied
by the author and J. Sdndor in [12] as well.

Another generalization of Bessel’s inequality was obtained by A. Selberg (see for
example [14, p. 394]):
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Theorem 1.3. Let x, y1, ..., y, be vectors in H withy; #0 (i=1,...,n). Then one

has the inequality:
(z,9i)|
< [l=))*. (L.7)
Z Z 1 1w yi)|

Another type of inequality related to Bessel’s result, was discovered in 1958 by H.
Heilbronn [13] (see also [14, p. 395]).

Theorem 1.4. With the assumptions in Theorem 1.2, one has

- 2

Sl < Dzl [ Y o ul | - (1.8)
1=1

4,j=1

In [8] we obtained the following Bombieri type inequalities

N|=

n n
3l < el Ve | 32 Mot | (19)

ii=1
PNIERD] (1.10)
=1
1 S %
. n 27 n n s
< ol o o)1 (zux,y» ) S (St ] |
Sen =1 =1 J=1
Where%+%:1,s>1,
2
> i) (1.11)
1=1
1
1 n 2 n
< 2 ) s
o]l max |, yi)l <z;|<x,yz>> max ; (vl | | -
1= =
2
PIERT] (1.12)
=1
. 1732
. n 2p n n 1
< el g (zux,yw) S (S iwemr) |
i=1 i=1 \ j=1

wherep>1,%+$:1and

Nl=

n

Yoy <Dzl § D o vl (1.13)

i=1 ij=1
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for any x € H.

It has been shown that for different selection of vectors the upper bound provided
by the inequality (1.13) is some time better other times worse than the one obtained
by Bombieri above in (1.6).

In this paper we obtain some inequalities related to the celebrated Bessel’s in-
equality in inner product spaces. They complement the results obtained by Boas-
Bellman, Bombieri, Selberg and Heilbronn above, which have been applied for almost
orthogonal series and in Number Theory.

2. Some results via CBS inequality
We have:
Theorem 2.1. Let z, y1,...,yn € H and aq,...,a, € C. Then

1/2

n n n
1 2 2 2
Re [ Y o (o) | < [l + D lawl” | D2 [y ue)l L@
j=1 k=1

jk=1

Proof. We have for any z, y1,...,yn € H and ay, ..., o, € C that

2

n 2 n n

2

o< [S e+ =[S aom| ~ame (S ame) ¢ e
j=1 j=1 J=1

<Z ;Y55 Zakyk> —2Re [ Y a;(y;,2) | + |2
k=1

j=1 j=1

n

n
— 2
= ;@ (Y5, k) — 2Re | D a; (ys,2) | + =),
J,k=1 j=1

which implies the inequality

. 1 2 e
Re | Y ayypa) | <5 (2l + Y aya (y. ) (22)
j=1 j,k=1

for which the term Z?_kzl oy, (Yj, yk) is obviously nonnegative for any y., ..., y, € H
and aq,...,a, € C.
By using the Cauchy-Buniakowski-Schwarz’s inequality for double sums,

1/2 1/2

n n n
7 ajbinl < [ D7 lagl? > bl

Jk=1 Jk=1 Jk=1
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for complex numbers a;x, bjr where j, k € {1,...,n}, then we have

n n n
Z o0 (Y, Yr) = Z o0 (Y, Yr) | < Z ook [y, yi)|

k=1 Jk=1 k=1
1/2 1/2
n n
— 2 2
< Y layan > W)l
j.k=1 jk=1
1/2 1/2
n n
2 —2
= > loyl* o] > 1w uw)]
jk=1 Jk=1
1/2 1/2
n n n
2 2
= [ D lay* Dl ORICTRTS
j=1 k=1 jik=1
1/2

n

Slanl [ 32 1w

jk=1

for any y1,...,y, € H and ag, ..., o, € C.
By making use of (2.2) and (2.3) we get the desired result (2.1).

Corollary 2.2. With the assumptions of Theorem 2.1 and for p > 1 we have

1/2
- 1 2 - 2(p—1 . 2
Dyl < 5 [l + 1w PP DT 1wl
j=1 k=1 jyk=1
Proof. If we take in (2.1) a; = (z,y;) |(x,y;)|" "> then we get
-2
Re Z<x7yj>|<m’yj>‘p <yjax>
j=1
1/2
1 2, 22 [
<5 |2l + D2 Gy 1) (3 Hwswdl |

k=1 J,k=1

which is equivalent to (2.4).

385

(2.3)

O

Remark 2.3. If we take in (2.4) p = 1, then we get the following Heilbronn type

inequality
1/2

n n
2 2
DR ]+ | D7 [y yel

Jj=1 J k=1

l\.’)\r—\

for any x, y1,....,yn € H.

(2.5)
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If we take in (2.4) p = 2, then we get

1/2
- 1 2 2 [ 2
D )l < 3 [zl + 3 Wy | D [y )] ; (2.6)
j=1 k=1 Jk=1
that is equivalent to (see also [10])
1/2
2 2 2
2| D Hys )l D Nyl < el (2.7)
k=1 j=1
for any x, y1,...,yn € H.
The inequality (2.7) is meaningful if
1/2
2> [(yj, k)|
k=1
Also if
1/2
1> Y [ el :
J,k=1
then
1/2
n n n
2 2 2 2
> Kyl < (2= D Kujrwe)l D eyl <lal®,  (28)
J=1 j.k=1 j=1

for any x € H, which improves Bessel’s inequality.
We observe that if the family of vectors {yi,...,yn} is orthogonal, then

n n
2 4
> Ky ul* =Dyl
k=1

J,k=1

so, if we assume that

n
4
Z lyll, <1
k=1

then by (2.8) we get the refinement of Bessel’s inequality

4 2
D eyl < |2~ (Z ”ka) D )l < ] (2.9)
j=1 k=1 j=1
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Corollary 2.4. With the assumptz'ons of Theorem 2.1 we have
2.9, (2.10)
sz 1 1k, y)|

1/2

1 osy 2 - 2
< o |llzl” +Z I S 1w ,
2 Zk 1|(yk,yj)|) Gk=1

for any x € H.
Proof. We take in (2.1)

<x7yj> .
O ==n . N J = 17"')”
T Yk ki)l
to get (2.10). O
Using the Schwarz’s inequality we get from (2.4) that
> a,yi) P (2.11)
j=1
1/2
1 2(-2) o 2(p—1 . 2
e o T R W[4 el I W (78 78] :
k=1 gk=1

for any x, y1,...,yn € H and p > 1.
For p = 2 we get

1/2
n 1 n 5 n 5

> i) < <3 21 )1+ lwell* | D s ue)] : (2.12)

j=1 k=1 Jk=1
for any x, y1,...,yn € H.
From (2.10) we also get Selberg’s type inequality

’yﬂ (2.13)
Z Zk 1 1Yk Y1)
1/2

1 s 1 : :
< 5 lal? 1+Z J S ) |

2
Zk 1 | (YK, y3)]) 3 k=1

for any z, y1,...,yn € H.
Theorem 2.5. Let z, y1,...,yn € H and aq,...,a, € C. Then

n 1 n n 9
> ailyn) | <5 |l I® o emax Z iy ¢ Y lanl*| - (2.14)
j=1 L. j=1 k=1
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Proof. By using the Cauchy-Buniakowski-Schwarz’s weighted inequality for double

sums,
1/2 1/2

n n n
> mgklagebiel < [ D myklajil” > i [biil?
G k=1 j k=1 j k=1

for complex numbers a,, b, and nonnegative numbers m;, where j, k € {1,...,n},
then we have

Z ;g (Yj, Yk) (2.15)
§ok=1

n n n
7 agan )| < D gl [ ue)l = > lag ax! (v, ui))|

Jk=1 Jk=1 jyk=1
1/2 1/2
n
2 2
< | > Hysuedl la] > s ym) lax|
J,k=1 Jk=1
n
2
= Z lak|™ 1€y, )| -
k=1

Now, observe that

n n
2 2
Sl 1) = 3 [ 3 1w
k=1 j=1

k=1

3

n

ke?llaX Z| yiue) o > lakl,

k=1
which proves the desired inequality (2.14). O

Corollary 2.6. With the assumptions of Theorem 2.5 and for p > 1 we have

Zmyg P < (el + pcmax 9 (i) Zmyk UL (216)

Proof. If we take in (2.14) a; = (z,y;) |(z,y;)|"~> then we get

n

—2
Re Z<$7yj>\<$ayj>|p (y;, )
j=1
1 n 5|2
<5 [l +  max Z|yj,yk > [y )P
Jj= k=1

which is equivalent to (2.16). O
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Remark 2.7. If we take in (2.16) p = 1, then we get the following Heilbronn type
inequality

1
leyg <5 [l2l*+ nax Zlijyk : (2.17)

for any x, y1,...,yn € H.
If we take in (2.16) p = 2, then we get

n n

Sl < 5 (lal+ max Sl o Dol (218)

ke{l
e j=1 k=1

which is equivalent to

n

2
2 mox 43 ol p | Slel < el (2.19)
A I =1

for any z, y1,...,yn € H.
The inequality (2.19) is meaningful if

n
22 max Z|yjayk |

ke{l,....n = } '
Also if
1> ,
> max ;I Yj Yk I}
then
2 2 2
Sl < 2= max S ol p| Solwu)P < el (220)
j=1 j=1 j=1

for any x € H, which improves Bessel’s inequality.
We observe that if the family of vectors {y1, ..., yn} is orthogonal, then

n
— 2
pe o ;I(yj,ywl = max

so, if we assume that maxpeqy,.. n} ||y\|i <1 then by (2.20) we get

ke{l,...,n}

2 2 2 2
D Nyl < [2— max yllk]z<w,yj>| < l=II", (2.21)
j=1 j=1

for any x € H.
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Corollary 2.8. With the assumptz'ons of Theorem 2.5 we have

Z 5 ”13 9| (2.22)

[{yk: )]

1 n n ka 2
< 3 1+ {3 Gt} 3 .
- U =1 (2 e )

for any x € H.
Proof. We take in (2.1)

(, y)
ap = =KLk —1.n
S 1y )]
to get (2.10). O
Using the Schwarz’s inequality we get from (2.16) that
S Lo, (2.23)
j=1

1 2 2(p—2 - - 2(p—1
< g llal® |11l max S iy ml o D luelPV |
k=1

kellion} | &

for any x, y1,...,yn € H.
If in this inequality we take p = 2, then we get

n n

1
DMyl < gl |1+ sl ZI iyl ¢ Y lluell? | (2.24)
Jj=1 k=1

for any z, y1,...,yn € H.
From (2.22) we also get the Selberg type inequality

xr y]
sz L s y5)] (2.25)

= = lys|)?
§H$|| 1+ max {Z(yj,yw}z 5|

1,...n n
S L k=1 (E]’:l |<yk7yj>‘)

for any x, y1,...,yn € H.

3. Related inequalities
We have:
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Theorem 3.1. Let z, y1,...,yn € H and oy, ...,a, € C. Then

2
n 1 , .
;Ozj (yj, @ 2 [l +j7k€1?ﬁ>.<“ ) [y ur)|} z:: || (3.1)
and
2o lypna) | < g el 4 max }{\ak| Pl 62)
j=1 1 iy

Proof. From (2.3) we have

n n
Z o (Ys, Yr) = Z 0 (Y5, Yk) | < Z s [{ys, yw)|

J,k=1 j,k=1 Gok=1
n

< max i Yk Z a0

j,ke{l,.“,n}{|<y]’y >|}jk:1| J ‘

max  {[(y;ye)l} D lay| %]

jike{l,..., ;
Jkefl,..;n} )

2

n
= max  {[(yj v} | D lesl ]
j=1

jke{ln}

for any x, y1,...,yn € H and «q, ..., a, € C, which proves (3.1).
Similarly, we have

n n n
> @k (k) = | Y ajan (i, ue)| < Y oyl (Y, ui)|

Jik=1 Py —

< max a;ay , k

jke{l,...n {| J }J;1 Yis Y

n
2
= ma o .
kE{l,..}.(,n}{‘ g }Z [(Yj: yr)|
J,k=1

for any x, y1,...,yn € H and «q, ..., a, € C, which proves (3.2). 0

Corollary 3.2. With the assumptions of Theorem 3.1 and for p > 1 we have

2
1 2 - p—l
ZI zypl” < 5 |lal + | max (I, )} z_: z,y;)] (3:3)
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and
& 1 2 2-1))
Dol )l <5 [l + max (@ u)P0 0 S Hwl| (34)
=1 k=1

for any x, y1,...,yn € H.
Proof. If we take in (3.1) and (3.2) a; = (z,y;) \(m,yj>|p_2 then we get (3.3) and

(3.4). O
Remark 3.3. If we take in (3.3) and (3.4) p = 1, then we get
n
<= . 3.5
> ) 5 |lell 2 max (15D (35)
and
- 1
Yol < 5 {lel® + Z (3> yn)| (3.6)
j=1 J,k=1

for any x, y1,...,yn € H.
If we take in (3.3) and (3.4) p = 2, then we get

n n
1 2
Sole) <5 el + max (gl | 3216w (3.7)
= Ji:ke{l,...,n } =

and

S

ol + max  {Iwmdl*} D Il (3.8)

ke{lyn) s

|~

n
Z‘zyj <

for any x, y1,...,yn € H.
Using Schwarz’s inequality we have from (3.3) and (3.4) that

S eyl (3.9)
j=1
2

1 2(p—2) - p—1

Z 1 . .

< g llel® |1 el (]G } ;Hm

and

> e,y (3.10)
j=1

< Sl {14 12lPP? max T DR(S]

-2 ke{l,...,n} Pyl

for any z, y1,...,yn € H.
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For p = 2 we get

and

- 1
ZI z,y;)|" < 5 2]
j=1

for any x, y1, ...
We observe that if yq, ...

[\)

,UYn € H.

J.ke{1,...,

j=1

jke o, }{ Yi» i)} ZIIZ/;H

n
! {Iel®} 7 1.
? + omax > Ky )l

,Yn € H are such that

j=1

7,k=1

2

max s v} Doyl <1,

then (3.1) provides a refinement of Bessel’s inequality. Also, if

{1} S Il < 1.

max
ke{l,...,n

7,k=1

then (3.12) also provides a refinement of Bessel’s inequality.
By using Holder’s inequality we can provide other inequalities as follows:

Theorem 3.4. Let x, yq, ...

> oy
j=1

1

. < =
yj’x> =5 ||.’£

,Yn € H and aq, ...,

2 T
P+ 1 > s ue)l

J.k=1

Proof. From (2.3) and Holder’s inequality we have

n
Z o0 (Y Yk) =

J,k=1

for any x, y1, ...

n
Z 0% (Y Yk)

Jik=1

IN

,Yn € H and agq, ...,

> Ky )"

k=1

n

> i vl

jk=1

n

Z |<yj7yk>|r

k=1

1/r

2/q

n
> oyl
j=1

n
< > lagar! (s, ue)

1/r

1/r

1/r

7,k=1
k=1

jk=1

n
> oyl
j=1

oy, € C, which proves (3.13).

n
> oyl

2/q

1/q

n
Dl el

1/q

393

(3.11)

(3.12)

an € C. Then forr,q > 1 with %—|—% =1

(3.13)
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Corollary 3.5. With the assumptions of Theorem 3.4 and for p > 1 we have
1/r 2/q

S Wy P <5 P+ 1> Hygoww)l” >y (3.14)
=1

j=1 j,k=1

N =

for any x, y1,...,yn € H. In particular, we have

1/r
1 n
Zl 2,y < 5 2l* + 22 { > [y uw)] (3.15)
7,k=1
and

" " 1/r " 2/q

2 1 2
> [, y))] <3 [lel”+ > s vl >, y;)] - (3.16)
j=1 Jk=1 j=1

We observe that, by Schwarz’s inequality we get for p > 1

> y)l” (3.17)

1/r 2/q

1 2(p_2 n n .
S e il U W 7R 781 B W 71/l B
j=1

7,k=1

for any x, y1, ..., yn € H, where r, ¢ > 1 with % + % =1.
For p = 2, we get
1/r 2/q
n n

. 1 2 r
> @yl < 3 llzl™ 1+ > w500l > sl ;o (3.18)
j=1 j=1

j.k=1

for any x, y1, ..., yn € H, where r, ¢ > 1 with % + % =1
We observe that if y, ..., y, € H are such that
1/r 2/q
n n
> Wy u)l >yl <1
jk=1 j=1
where 7, ¢ > 1 with %Jr% = 1, then (3.18) provides a refinement of Bessel’s inequality.
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