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products of convex and s-convex mappings. Then, some Fejér type inequalities
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature (see, e.g., [6], [14, p. 137]). These inequa-
lities state that if f : I — R is a convex function on the interval I of real numbers
and a,b € I with a < b, then

f(cH—b)S 1 /abf(x)dng(a)*f(b). (1.1)

2 b—a 2

Both inequalities hold in the reversed direction if f is concave. We note that
Hermite-Hadamard inequality may be regarded as a refinement of the concept of
convexity and it follows easily from Jensen’s inequality. Over the years, many studies
have focused on to establish generalization of the inequality (1.1) and to obtain new
bounds for left hand side and right hand side of the inequality (1.1).

The overall structure of the paper takes the form of five sections including intro-
duction. The remainder of this work is organized as follows: we first give some Hermite-
Hadamard and Fejér type inequalities.. Moreover, we give some Hermite-Hadamard
type inequalities for products two convex functions. In Section 2 and Section 3, we
obtain some integral inequalities of Hermite-Hadamard-Fejér type for products con-
vex and s-convex functions and for products two s-convex functions. We give also
some special cases of these inequalities. Finally, conclusions and future directions of
research are discussed in Section 4.
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The weighted version of the inequalities (1.1), so-called Hermite-Hadamard-Fejér
inequalities, was given by Fejer in [7] as follow:

Theorem 1.1. f: [a,b] = R, be a convex function, then the inequality
b

f (a+b>/ z)dr < /f z)dr < M/w(x)dw (1.2)

a

b
holds, where w : [a,b] — R is non-negative, integrable, and symmetric about x = %

(i.e. w(z) =w(a+b—2x)).

In [13], Pachpatte established the Hermite-Hadamard type inequalities for pro-
ducts of two convex functions.

Theorem 1.2. Let f and g be real-valued, non-negative and convex functions on [a,b] .
Then we have

b—a/f Ydx < M(a b)—!—éN(a b), (1.3)

and

2f(a+b) (a;b)_ba/f 2)de + M(ab)+3N(ab) (1.4)

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

In recent years, the generalized versions of inequalities (1.3) and (1.4) for several
convexity have been proved. For some of them please refer to ([4]-[5], [8], [16], [17]).
Kirmaci et al. gave the proved inequalities (1.3) and (1.4) for products of convex and
s-convex functions in [9]. On the other hand, Budak and Bakig [1] proved the weighted
versions of the inequalities (1.3) and (1.4) which generalize the several obtained in-
equalities. Moreover in [10], Latif and Alomari proved some inequalities for product
of two co-ordinated convex function. Furthermore in [11] and [12], Ozdemir et al. gave
some generalizations of results given by Latif and Alomari using the product of two
coordinated s-convex mappings and product of two coordinated h-convex mappings,
respectively. In [2], Budak and Sarikaya proved Hermite-Hadamard type inequalities
for products of two co-ordinated convex mappings via fractional integrals.

2. Fejér type inequalities for products convex and s-convex functions

In this section, we present some Fejér type inequalities for products convex and
s-convex functions.

Theorem 2.1. Suppose that w : I — R is non-negative, integrable, and symmetric

b
about x = % (i.e. w(z) =w(a+b—=x)). If f : I = R is a real-valued, non-negative
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and convez functions on I and if g : I — R is a s-convex on I for some fized s € (0, 1],

then for any a,b € I, we have

b b
s+1
a/ f@)g(z)w(z)de < by / (b—2)"t w(z)de

where

M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).
Proof. Since f is convex and g is s-convex functions on [a, b, then we have

fta+ (1 —1)b) <tf(a)+ (1 —1)f(b)
and
gta+ (1—1t)b) <t°g(a) + (1 —1t)° g(b).
By adding the inequalities (2.2) and (2.3), we get
fa+ (1 —=1t)b)g(ta+ (1 —1t)b)

< ' f(a)gla) + (1— )" F(b)g(b)

+ t(1=1)" fa)g(b) +t* (1 —1) f(b)g(a).

(2.1)

Multiplying both sides of (2.4) by w (ta+ (1 —t)b), then integrating the resulting

inequality with respect to ¢t from 0 to 1, we obtain

/f(ta—i—(l—t)b)g(ta+(1—t)b)w(ta+(1—t)b)dt
/tS“ (ta+ (1 —1t)b)dt
0
+Fb)g) | A=) T wta+ (1—t)b)dt
t(1—t)°w(ta+ (1 —t)b)dt

+/(a)g(b)

+f(b)gla) [ 5 (1 —t)w (ta+ (1 —t)b)dt.

S o O —

(2.5)
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By change of variable x = ta + (1 — t) b with dx = — (b — a)dt, we get

/fta+ (1= 1)b) g (ta+ (1 — 1) b)w(ta+ (1 — 1) b) dt (2.6)
0

- / F(@)g(@)w(a)dx

Moreover, it is easily observe that

1

/tS‘Hw (ta+ (1 —t)b)dt

0 a

|
\@
S
=
w
+
—_
=
N—
QU
&
—
[\
-3
~—

. . . a+b
and since w is symmetric about , we have

1 b
/(1 ) w (ta+ (1— t)b)di = _1)+2 / (@ — a)** w(z)de 2.8)
0

We also have
1

b
/t(l ) w (tat (1 — )bt = — / (b—2)(x—a) wx)de  (2.9)
0 a
and

/ts (1—-t)w(ta+ (1 —1t)b)dt (2.10)
0 1 b
:ﬁ/ (b—2)° (z — a)w(z)dz
b
5+2/ (u—a)’w(a+b—u)du
b

= (b—i)s'ﬂ / (b—u) (u—a)’ w(u)du.
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By substituting the equalities (2.6)-(2.10) in (2.5), then we have the following inequa-
lity
b

1 /f(m)g(x)w(ac)dx (2.11)

b—a

a

b
< Ltosta /g / M ()

fla)g(b) + f(b)g(a)
+ b—a) /(b—x)(m—a) w(z)dx.

a

If we multiply both sides of (2.11) by (b — a), then we obtain the desired result. O

Remark 2.2. If we choose w(z) = 1 for all = € [a,b] in Theorem 2.1, then we have the

following inequality

1 1

—a

which is proved by Kirmaci et al. in [9].

Remark 2.3. If we choose s = 1 in Theorem 2.1, then we have the following inequality

b
[ < 2D 6o

a

which is proved by Budak and Bakig in [1].

Remark 2.4. If we choose f(z) =1 for all z € [a,b] in Theorem 2.1, then we have the

following inequality

which is proved by Sarikata et al. in [15, for h(t) = ¢°].
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Proof. From the inequality (2.1) for f(z) =1 for all = € [a,b], we have

5+1

I

O“

|

& +
=X
_.@

\@

+g((b )Z)i(—bl) / (b—2)(z—a)’w(z)dzx

b b
- 3228 oot oo v

. . . a+b
Since w is symmetric about

b

/ (b—2)" " w(z)de = /b (z —a)" ™ w(z)de.

a a

Using this equality in (2.12), we get

IA
@‘
I
D
=
+
=
—
@\@
VIJ
+
—
Q.
8
_|_
\w
I
R
R
I
Q
\_/
U
8
| I |

.’b*(l

(b— )| w(x)dx

which completes the proof.

(2.12)
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Theorem 2.5. Suppose that conditions of Theorem 2.1 hold, then we have the following
imequality

b

95 f (a;b)g<a;b>/w(x)dx (2.13)

a

b
< /f(x)g(x)w(x)dx + (()]\{(Z’)Ql / (x —a)’ (b—2)w(z)dz

a a

b
_Nab) — )" w(z)de
ot [ wieis

a

where M(a,b) and N(a,b) are defined as in Theorem 2.1.

Proof. For t € [0,1], we can write

a+b (1—t)a+tb+ta+(1—t)b
2 2 2 ’

Using the convexity of f and s-convexity of g, we have

f<a;b>g(a;b>
_ f<(1t;a+tb+ta+(;t)b)g((lt;a+tb+ta+(;t)b>

1
23+1

IA

[f(T—=t)a+1tb)+ f(ta+ (1 —t)b)]

X [g((1 —t)a +tb) + g(ta + (1 — t)b)]

1

= 31 [f(I—=t)a+1tb)g((1 —t)a+1tb) + f(ta+ (1 —t)b)g(ta + (1 —t)b)]

+28% [f(L=t)a+tb)g(ta+ (1 —t)b) + f(ta+ (1 —t)b)g((1 —t)a + tb)].

By using again the convexity of f and s-convexity of g, we obtain

f<a;b>g(a;b) (2.14)

< 23% f(1T—=t)a+1tb)g((1 —t)a+1tb)+ f(ta+ (1 —t)b)g(ta+ (1 —t)b)]

+

231+1 [t* (1 =) + (1 = )°] [f(a)g(a) + f(b)g(b)]

g [P+ (=07 [F(@)g(8) + F0)g(a)]
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Multiplying both sides of (2.14) by w ((1 — t) a + tb), then integrating the resulting
inequality with respect to ¢ from 0 to 1, we obtain

f(a—;b>g(a;—b>/lw((1—t)a+tb)dt (2.15)
0

1
< g [ U= 0+ (1~ a+ )
0

Ff(ta+ (1 —t)b)g(ta+ (1 — £)b)] w (1 — t) a + th) dt

1
+Mz(ilb)/[té (1—=t)+t1—t)*w((1—t)a+tb)dt
0
1
+N2(fi’1b) / [ 4 (1= w (1= 1) a+ ) at.
0

Using the change of variable, we have

1 b
/w((l—t)a—l—tb)dt:bia/w(x)dam (2.16)
0 a
1
/f((l — a+ )g((1 = t)a+ thyw (1 — £) a + tb) dt (2.17)
0

+

—

F(ta+ (1= Db)g(ta + (1 — )b)w (1 — t) a + th) dt
0

- 7a/f dx+—/f (a+b—x)dx
- = / F(@)g(e)wla)ds

(65 (1 — 1) +t(1—t)*]w (1 —t)a + th) dt (2.18)

o—__

(1—t)w((1—t)a+tb) +t(1 —t)*w((1 —t)a+th)dt

I
O\H
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(b—a J
) b
= e a/ (x—a)” (b—z)w(x)dx
and
/ [t”l +(1— t)s“} w((1—1t)a+tb)dt (2.19)
0

If we substitute the equalities (2.16)-(2.19) in (2.15), then we have the following
inequality

f<a;b>g(a;b)bla/bw<m)dx (2.20)
e /b P + o /b (¢ — a)* (b — 2)w(x)da
b

TR (JZ(—alzb))SH / (b— )" w(z)dz.

By multiplying the both sides of (2.20) by 2°(b — a) then we obtain the desired result
(2.13). O
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Remark 2.6. If we choose w(x) =1 for all z € [a, b] in Theorem 2.5, then we have the
following inequality

g f<a+b) (a;b) _b*a/f RiaNE ﬁﬁ"(;blzﬁji(i’?

which is proved by Kirmaci et al. in [9].

Remark 2.7. If we choose s = 1 in Theorem 2.1, then we have the following inequality

o (4420 (52) o dx</f

b
/x—a ) (b — z) w(x)dx

b
N(a, b) 2
+ (b—a)’ a/(b — )" w(x)dx.

which is proved by Budak and Bakig in [1].

Corollary 2.8. If we choose f(x) =1 for all x € [a,b] in Theorem 2.5, then we have
the following the following Fejér type inequality
b

2% (a;b>/bw(x) dscg/g(m)w(x)dx—kw/b[(gc—a)s—i—(b—x)}sw(x)da:.

Proof. From inequality (2.13) for f(z) =1 for all x € [a

b] , we have

20 (5" /b w () de < /b e /b — 2 w(a)ds
+ g(éaz:)“‘j@ /b (b— )" w(z)de
- /b gl (x)ds

b
g(a)+4(v) [

This completes the proof. O
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3. Fejér type inequalities for products two s-convex functions

In this section, we present some Fejér type inequalities for products two s-convex
functions which generalize the results in Section 2.

Theorem 3.1. Suppose that w : I — R is non-negative, integrable, and symmetric
b
about © = % (ie. w(z) =w(la+b—2a)). If f: I = R is sy-convex functions on I

and if g : I — R is sa-convezx on I for some fized s1,s2 € (0,1], then for any a,b € I,
we have

5 b
M(a’b) S1+S2
a/f(x)g(x)w(x)dg; (b_a)sﬁrSza/(bx) w(z)dz (3.1)
N(a,b) |
W/(b—x)‘l (x — a)* w(z)dz.

a

where M(a,b) and N(a,b) are defined as in Theorem 2.1.
Proof. Since f is sj-convex and g is sp-convex functions on [a, b], then we have
flta+ (1 =1)b) <t™ f(a) + (1 =) f(b) (3-2)
and
g(ta+ (1—1t)b) <t>g(a) + (1 - 1) g(b). (3.3)
By (3.2) and (3.3), we have
flta+(1=t)b)g(ta+ (1 —1t)b) (3.4)

< tSlJrSQf(a)g(a) + (1 — t)51+52 f(b)g(b)

7 (1= )" f(a)g(b) + 17 (1= 1)” f(b)g(a).
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Multiplying both sides of (3.4) by w (ta + (1 — ) b), then integrating the resulting
inequality with respect to ¢ from 0 to 1, we obtain

1
/f tat(—t)b)g(tat(—Dbwtat1—1bd  (35)
/t51+52 (ta+ (1 —t)b) dt
0

+£(b)g(d) | (1 =) w (ta+ (1 —t)b)dt

o _

+f(a)g(b) [t (1 —t)*w (ta+ (1 —t)b) dt

o _

+f()g(a) [ t%2 (1 — )" w(ta+ (1 —t)b) dt.

o _

By change of variable © = ta + (1 — t) b, we get

1 b
S S 1 S S
/t Lt 2w(ta—l—(l—t)b)dt:(b_a)lerSZJrl/(b—:zc) 1S () da (3.6)
0 a
. . . a+b
and since w is symmetric about , we have
1 . b
/(1 — )™ w (ta+ (1 — ) b) dt = by / (= a)" " w(z)dz
0 a
. b
= W / (b— )" "% wla +b—u)du.
. b
= (b a)51+52+1 /(b - )81+52 w(u)du
a

We also have

1 b
/ffl(1-t>szw(ta+(1—t)b)dt=Mﬁ/(b—xw(m—a)szw(w)dm (3.7)
0 a
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and

/tsZ (1=t w(ta+ (1—t)b)dt (3.8)
0

- (b—a) al+az+1/

b
- (ba)ilm“/(b_“)h (u—a)w(a+b—u)du

(x —a)™ w(z)dz

b
B (b_)l++ J0-0" (-0 wudu

a

By substituting the equalities (3.6)-(3.8) in (3.5), then we have the following inequality

b
o [ @t (3.9)

b
f(a)g(a) + f(b)g(b) e
(b— a)51+32+1 / (b—=x) w(x)dx

a

b
f(a)g(d) + f(b)g(a) 1 (g — )% w(z)dz
+ (b— a)sl+s2+1 /(b— z)™" (@ ) (z)d.

a

<

If we multiply both sides of (3.9) by (b — a), then we obtain the desired result. O

Remark 3.2. If we choose w(z) = 1 for all z € [a, b] in Theorem 3.1, then we have the
following inequality

/f < 1 ———M(a,b) + B(s1 + 1,89+ 1)N(a,b)

b—a 81+52+1

which is proved by Kirmaci et al. in [9]. Here B(z,y) is the Beta Euler function.

Remark 3.3. If we choose s; = 1 and s = s in Theorem 3.1, then the inequality (3.1)
reduces to the inequality (2.1).
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Corollary 3.4. If we choose s1 = sa = s in Theorem 3.1, then we have the following
imequality

b b
Mfa,b) — 2)** w(z)dzx
a/ e / (b~ 2)* w(z)d
N(a,b) /
+(b_c’l)2$/(b—x) (x —a)’ w(z)de.

a

Theorem 3.5. Suppose that conditions of Theorem 3.1 hold, then we have the following
iequality

b

gsitsa—1 g (a ; b) g <“ ; b) /w (z) dz (3.10)

a

b b
< /f(x)g(m)w(x)dm + m / (x —a)” (b— )" w(zr)ds

a a

N(a,b)

b
W / (b— )" "% w(z)de.

a

where M(a,b) and N(a,b) are defined as in Theorem 2.1.

Proof. Using the sj-convexity of f and so-convexity of g, we have

(7))

<(1t;a+tb+ta+(1t)b)g((lt;a+tb+ta+(1t)b)

=/ 2 2

1
9s1+s2

IN

[f((1=t)a+1tb) + f(ta+ (1 —1t)b)]

x [g((1 —t)a +tb) + g(ta + (1 — t)b)]

1

= ot f(1=t)a+1tb)g((1 —t)a+tb) + f(ta+ (1 —t)b)g(ta+ (1 —t)b)]

+25%52 [f((1=t)a+tb)g(ta+ (1 —t)b) + f(ta+ (1 —t)b)g((1 —t)a +tb)].
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By using again the sj-convexity of f and ss-convexity, we obtain

f(a;rb>g(a;b> (3.11)
< o (U= Bha+ 1b)g((1 — t)a+ 1) + flta+ (1~ h)glra+ (1~ 1))

1

o [ (1= 0 + 22 (1= ] [(@)g(a) + F(B)g (D)

+231:5_32 [t51+52 4 (1 _ t)81+52:| [f(a)g(b) + f(b)g(a)] .

Multiplying both sides of (3.11) by w ((1 —t) a + tb), then integrating the resulting
inequality with respect to ¢t from 0 to 1, we obtain

f(a;—b>g<a;b>jw((l—t)a—&—tb)dt (3.12)
0

S 2511-5—32 / [f((l *t)a‘i’tb)g((l 7t)a+tb)
0

Ff(ta+ (1 —O)b)g(ta+ (1 — O)b)]w (1 — t)a + tb) dt

1
2s1+82 / tsl _ tsz(l *t)%}w((l 7t)a+tb) dt
0

N(a,b)
9s1+s2

/ {tsﬁsz + (1= w((1 —t)a+tb)dt.
0
Using the change of variable, we have
1
/[tsl (1= 1) +£2(1 — )] w (1 — ) a + th) dt (3.13)
0

/[tsl (1= w((1—t)a+th)+t2(1—t) w((l—t)a+th)dt
0

b
- (b_a)l++1 / (x—a)" (b—2)* w(z)dz

a

b
1 , .
+(b_a)sl+52+1/(as—a)“ (b—=2)?w(a+b—x)dz
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b
- (b_a)2++1 / (x—a)" (b—2)* w(x)dz

and

/ t51+52 + ( )”*SQ] w((1—t)a+th)dt (3.14)
0

1
/t81+92 (1= t)a+ 1) + (1= )" w (1 = t)a+1b)] dt
0

b
1 S1TS82

b
1 S1TS2
—(b TR / (b— )" T w(z)d

a

_|_

b
2 S1TS82

a

If we substitute the equalities (2.16), (2.17), (3.13) and (3.14) in (3.12), then we have
the following inequality

f<a;_b>g(a;b)bia/bw(x)dx (3.15)

< m/f(x)g(m)w(x)dm

M(a,b)
9s1+s2—1 (b o a)51+52+1

N(a7b) s1+s
2s1+s2-1 (h — a)81+52+1 /(b — )" " w(r)de.

a

By multiplying the both sides of (3.15) by 251521 (h — q) then we obtain the desired
result (3.10). O
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Corollary 3.6. If we choose w(x) =1 for all x € [a,b] in Theorem 3.5, then we have
the following inequality

gsitsa—ly (a;—b) g (a—;—b)

1
b—a

1

S -
S1+ s+ 1

b
/f(:v)g(a:)dx+B(sl + 1,804+ 1)M(a,b) + N(a,b).

Remark 3.7. If we choose s; = 1 and s, = s in Theorem 3.5, then the inequality
(3.10) reduces to the inequality (2.13).

Corollary 3.8. If we choose s1 = so = s in Theorem 3.5, then we have the following
inequality

223_1f(a—2|—b>g(a—2i—b)jw(m)dx

< [ )i

a

M(a,b)

b
N(aab) —JC2SUJJU 2
e - [ 2w

b
/ (@ =) (0= a)" wlopde + 0

a a

4. Concluding remarks

In this paper, we present some Hermite-Hadamard-Fejér type inequalities for
products convex and s-convex functions. For further investigations we propose to
consider the Fejér type inequalities for products other type convex functions or for
fractional integral operators.
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