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1. Introduction

In the qualitative theory of evolution equations, exponential dichotomy, essen-
tially introduced by O. Perron in [16] is one of the most important asymptotic prop-
erties and in last years it was treated from various perspective.

For some of the most relevant early contributions in this area we refer to the
books of J.L. Massera and J.J. Schaffer [11], Ju. L. Dalecki and M.G. Krein [8] and
W.A. Coppel [6]. We also refer to the book of C. Chichone and Yu. Latushkin [5].

In some situations, particularly in the nonautonomous setting, the concept of
uniform exponential dichotomy is too restrictive and it is important to consider more
general behaviors. Two different perspectives can be identify for to generalize the
concept of uniform exponential dichotomy: on one hand one can define dichotomies
that depend on the initial time (and therefore are nonuniform) and on the other hand
one can consider growth rates that are not necessarily exponential.

The first approach leads to concepts of nonuniform exponential dichotomies and
can be found in the works of L. Barreira and C. Valls [1] and in a different form in
the works of P. Preda and M. Megan [20] and M. Megan, L. Sasu and B. Sasu [13].

The second approach is present in the works of L. Barreira and C. Valls [2],
A.J.G. Bento and C.M. Silva [3] and M. Megan [12].

A more general dichotomy concept is introduced by M. Pinto in [19] called (h, k)-
dichotomy, where h and k are growth rates. The concept of (h, k)− dichotomy has a
great generality and it permits the construction of similar notions for systems with
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dichotomic behaviour which are not described by the classical theory of J.L. Massera
[11].

As a natural generalization of exponential dichotomy (see [2], [7], [9], [21], [22]
and the references therein), exponential trichotomy is one of the most complex as-
ymptotic properties of dynamical systems arising from the central manifold theory
(see [4]). In the study of the trichotomy the main idea is to obtain a decomposition
of the space at every moment into three closed subspaces: the stable subspace, the
unstable subspace and the central manifold.

Two concepts of trichotomy have been introduced: the first by R.J. Sacker and
G.L. Sell [21] (called (S,S)-trichotomy) and the second by S. Elaydi and O. Hayek [9]
(called (E,H)-trichotomy).

The existence of exponential trichotomies is a strong requirement and hence it
is of considerable interest to look for more general types of trichotomic behaviors.

In previous studies of uniform and nonuniform trichotomies, the growth rates are
always assumed to be the same type functions. However, the nonuniformly hyperbolic
dynamical systems vary greatly in forms and none of the nonuniform trichotomy can
well characterize all the nonuniformly dynamics. Thus it is necessary and reasonable
to look for more general types of nonuniform trichotomies.

The present paper considers the general concept of nonuniform (h, k, µ, ν)− tri-
chotomy, which not only incorporates the existing notions of uniform or nonuniform
trichotomy as special cases, but also allows the different growth rates in the stable
subspace, unstable subspace and the central manifold.

We give characterizations of nonuniform (h, k, µ, ν)− trichotomy using families
of norms equivalent with the initial norm of the states space. Thus we obtain a
characterization of the nonuniform (h, k, µ, ν)−trichotomy in terms of a certain type
of uniform (h, k, µ, ν)−trichotomy.

As an original reference for considering families of norms in the nonuniform the-
ory we mention Ya. B. Pesin’s works [17] and [18]. Our characterizations using families
of norms are inspired by the work of L. Barreira and C. Valls [2] where character-
izations of nonuniform exponential trichotomy in terms of Lyapunov functions are
given.

2. Preliminaries

Let X be a Banach space and B(X) the Banach algebra of all linear and bounded
operators on X. The norms on X and on B(X) will be denoted by ‖ · ‖. The identity
operator on X is denoted by I. We also denote by ∆ = {(t, s) ∈ R2

+ : t ≥ s ≥ 0}.
We recall that an application U : ∆→ B(X) is called evolution operator on X if

(e1) U(t, t) = I, for every t ≥ 0
and

(e2) U(t, t0) = U(t, s)U(s, t0), for all (t, s), (s, t0) ∈ ∆.

Definition 2.1. A map P : R+ → B(X) is called

(i) a family of projectors on X if

P 2(t) = P (t), for every t ≥ 0;
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(ii) invariant for the evolution operator U : ∆→ B(X) if

U(t, s)P (s)x = P (t)U(t, s)x,

for all (t, s, x) ∈ ∆×X;
(iii) strongly invariant for the evolution operator U : ∆→ B(X) if it is invariant for

U and for all (t, s) ∈ ∆ the restriction of U(t, s) on Range P (s) is an isomorphism
from Range P (s) to Range P (t).

Remark 2.2. It is obvious that if P is strongly invariant for U then it is also invariant
for U . The converse is not valid (see [15]).

Remark 2.3. If the family of projectors P : R+ → B(X) is strongly invariant for the
evolution operator U : ∆→ B(X) then ([10]) there exists a map V : ∆→ B(X) with
the properties:

(v1) V (t, s) is an isomorphism from Range P (t) to Range P (s),
(v2) U(t, s)V (t, s)P (t)x = P (t)x,
(v3) V (t, s)U(t, s)P (s)x = P (s)x,
(v4) V (t, t0)P (t) = V (s, t0)V (t, s)P (t),
(v5) V (t, s)P (t) = P (s)V (t, s)P (t),
(v6) V (t, t)P (t) = P (t)V (t, t)P (t) = P (t),

for all (t, s), (s, t0) ∈ ∆ and x ∈ X.

Definition 2.4. Let P1, P2, P3 : R→ B(X) be three families of projectors on X.
We say that the family P = {P1, P2, P3} is

(i) orthogonal if
o1) P1(t) + P2(t) + P3(t) = I for every t ≥ 0

and
o2) Pi(t)Pj(t) = 0 for all t ≥ 0 and all i, j ∈ {1, 2, 3} with i 6= j;

(ii) compatible with the evolution operator U : ∆→ B(X) if
c1) P1 is invariant for U

and
c2) P2, P3 are strongly invariant for U .

In what follows we shall denote by Vj(t, s) the isomorphism (given by Remark 2.3)
from Range Pj(t) to Range Pj(s) and j ∈ {2, 3}, where P = {P2, P2, P3} is compatible
with U.

Definition 2.5. We say that a nondecreasing map h : R+ → [1,∞) is a growth rate if

lim
t→∞

h(t) =∞.

As particular cases of growth rates we remark:

(r1) exponential rates, i.e. h(t) = eαt with α > 0;
(r2) polynomial rates, i.e. h(t) = (t+ 1)α with α > 0.

Let P = {P1, P2, P3} be an orthogonal family of projectors which is compatible with
the evolution operator U : ∆ → B(X) and h, k, µ, ν : R+ → [1,∞) be four growth
rates.
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Definition 2.6. We say that the pair (U,P) is (h, k, µ, ν)-trichotomic (and we denote
(h, k, µ, ν)− t) if there exists a nondecreasing function N : R+ → [1,∞) such that
(ht1) h(t)‖U(t, s)P1(s)x‖ ≤ N(s)h(s)‖P1(s)x‖
(kt1) k(t)‖P2(s)x‖ ≤ N(t)k(s)‖U(t, s)P2(s)x‖
(µt1) µ(s)‖U(t, s)P3(s)x‖ ≤ N(s)µ(t)‖P3(s)x‖
(νt1) ν(s)‖P3(s)x‖ ≤ N(t)ν(t)‖U(t, s)P3(s)x‖,
for all (t, s, x) ∈ ∆×X.

In particular, if the functionN is constant then we obtain the uniform (h, k, µ, ν)-
trichotomy property, denoted by u− (h, k, µ, ν)− t.
Remark 2.7. As important particular cases of (h, k, µ, ν)-trichotomy we have:

(i) (nonuniform) exponential trichotomy (et) and respectively uniform exponential
trichotomy (uet) when the rates h, k, µ, ν are exponential rates;

(ii) (nonuniform) polynomial trichotomy (pt) and respectively uniform polynomial
trichotomy (upt) when the rates h, k, µ, ν are polynomial rates;

(iii) (nonuniform) (h, k)−dichotomy ((h, k) − d) respectively uniform (h, k)−dicho-
tomy (u− (h, k)− d) for P3 = 0;

(iv) (nonuniform) exponential dichotomy (ed) and respectively uniform exponential
dichotomy (ued) when P3 = 0 and the rates h, k are exponential rates;

(v) (nonuniform) polynomial dichotomy (p.d.) and respectively uniform polynomial
dichotomy (upd) when P3 = 0 and the rates h, k are polynomial rates;

It is obvious that if the pair (U,P) is u−(h, k, µ, ν)−t then it is also (h, k, µ, ν)−t
In general, the reverse of this statement is not valid, phenomenon illustrated by

Example 2.8. Let U : ∆→ B(X) be the evolution operator defined by

U(t, s) =
u(s)

u(t)

(
h(s)

h(t)
P1(s) +

k(t)

k(s)
P2(s) +

µ(t)

µ(s)

ν(s)

ν(t)
P3(s)

)
(2.1)

where u, h, k, µ, ν : R+ → [1,∞) are growth rates and P1, P2, P3 : R+ → B(X) are
projectors families on X with the properties:

(i) P1(t) + P2(t) + P3(t) = I for every t ≥ 0;

(ii) Pi(t)Pj(s) =

{
0 if i 6= j
Pi(s), if i = j,

for all (t, s) ∈ ∆.

(iii) U(t, s)Pi(s) = Pi(t)U(t, s) for all (t, s) ∈ ∆ and all i ∈ {1, 2, 3}.
For example if P1, P2, P3 are constant and orthogonal then the conditions (i), (ii) and
(iii) are satisfied.

We observe that

h(t)‖U(t, s)P1(s)x‖ =
u(s)h(s)

u(t)
‖P1(s)x‖ ≤ u(s)h(s)‖P1(s)x‖

u(t)k(s)‖U(t, s)P2(s)x‖ = u(s)k(s)‖P2(s)x‖ ≥ k(t)‖P2(s)x‖

µ(s)‖U(t, s)P3(s)x‖ =
u(s)µ(t)ν(s)

u(t)ν(t)
‖P3(s)x‖ ≤ u(s)µ(t)‖P3(s)x‖

u(t)ν(t)‖U(t, s)P3(s)x‖ =
u(s)ν(s)µ(t)

µ(s)
‖P3(s)x‖ ≥ ν(s)‖P3(s)x‖
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for all (t, s, x) ∈ ∆×X.
Thus the pair (U,P) is (h, k, µ, ν)− t.

If we assume that the pair (U,P) is u− (h, k, µ, ν)− t then there exists a real constant
N ≥ 1 such that

Nu(s) ≥ u(t), for all (t, s) ∈ ∆.

Taking s = 0 we obtain a contradiction.

Remark 2.9. The previous example shows that for all four growth rates h, k, µ, ν there
exits a pair (U,P) which is (h, k, µ, ν)− t and is not u− (h, k, µ, ν)− t.

In the particular case when P is compatible with U a characterization of
(h, k, µ, ν)− t is given by

Proposition 2.10. If P = {P1, P2, P3} is compatible with the evolution operator U :
∆→ B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and only if there exists a
nondecreasing function N1 : R+ → [1,∞) such that

(ht2) h(t)‖U(t, s)P1(s)x‖ ≤ N1(s)h(s)‖x‖
(kt2) k(t)‖V2(t, s)P2(t)x‖ ≤ N1(t)k(s)‖x‖
(µt2) µ(s)‖U(t, s)P3(s)x‖ ≤ N1(s)µ(t)‖x‖
(νt2) ν(s)‖V3(t, s)P3(t)x‖ ≤ N1(t)ν(t)‖x‖
for all (t, s, x) ∈ ∆×X, where Vj(t, s) for j ∈ {2, 3} is the isomorphism from Range
Pj(t) to Range Pj(s).

Proof. Necessity. By Remark 2.3 and the Definition 2.6 we obtain

(ht2) h(t)‖U(t, s)P1(s)x‖ ≤ N(s)h(s)‖P1(s)x‖ ≤ N(s)‖P1(s)‖h(s)‖x‖
≤ N1(s)h(s)‖x‖

(kt2) k(t)‖V2(t, s)P2(t)x‖ = k(t)‖P2(s)V2(t, s)P2(t)x‖
≤ N(t)k(s)‖U(t, s)P2(s)V2(t, s)P2(t)x‖
= N(t)k(s)‖P2(t)x‖ ≤ N(t)‖P2(t)‖k(s)‖x‖ ≤ N1(t)k(s)‖x‖

(µt2) µ(s)‖U(t, s)P3(s)x‖ ≤ N(s)µ(t)‖P3(s)x‖ ≤ N(s)‖P3(s)‖µ(t)‖x‖
≤ N1(s)µ(t)‖x‖

(νt2) ν(s)‖V3(t, s)P3(t)x‖ = ν(s)‖P3(s)V3(t, s)P3(t)x‖
≤ N(t)ν(t)‖U(t, s)P3(s)V3(t, s)P3(t)x‖
= N(t)ν(t)‖P3(t)x‖ ≤ N(t)‖P3(t)‖ν(t)‖x‖ ≤ N1(t)ν(t)‖x‖,

for all (t, s, x) ∈ ∆×X, where

N1(t) = sup
s∈[0,t]

N(s)(‖P1(s)‖+ ‖P2(s)‖+ ‖P3(s)‖).

Sufficiency. The implications (ht2) ⇒ (ht1) and (µt2) ⇒ (µt1) result by replacing x
with P1(s)x respectively by P3(s)x.
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For the implications (kt2)⇒ (kt1) and (νt2)⇒ (νt1) we have (by Remark 2.3)

k(t)‖P2(s)x‖ = k(t)‖V2(t, s)U(t, s)P2(s)x‖ ≤ N(t)k(s)‖U(t, s)P2(s)x‖
and

ν(s)‖P3(s)x‖ = ν(s)‖V3(t, s)U(t, s)P3(s)x‖ ≤ N(t)ν(t)‖U(t, s)P3(s)x‖,

for all (t, s, x) ∈ ∆×X. �

A similar characterization for the u − (h, k, µ, ν) − t concept results under the
hypotheses of boundedness of the projectors P1, P2, P3. A characterization with com-
patible family of projectors without assuming the boundedness of projectors is given
by

Proposition 2.11. If P = {P1, P2, P3} is compatible with the evolution operator U :
∆ → B(X) then the pair (U,P) is uniformly−(h, k, µ, ν)− trichotomic if and only if
there exists a constant N ≥ 1 such that
(uht1) h(t)‖U(t, s)P1(s)x‖ ≤ Nh(s)‖P1(s)x‖
(ukt1) k(t)‖V2(t, s)P2(t)x‖ ≤ Nk(s)‖P2(t)x‖
(uµt1) µ(s)‖U(t, s)P3(s)x‖ ≤ Nµ(t)‖P3(s)x‖
(uνt1) ν(s)‖V3(t, s)P3(t)x‖ ≤ Nν(t)‖P3(t)x‖
for all (t, s, x) ∈ ∆×X, where Vj(t, s) for j ∈ {2, 3} is the isomorphism from Range
Pj(t) to Range Pj(s).

Proof. It is similar to the proof of Proposition 2.10. �

3. The main results

In this section we give a characterization of (h, k, µ, ν)−trichotomy in terms of
a certain type of uniform (h, k, µ, ν)−trichotomy using families of norms equivalent
with the norms of X. Firstly we introduce

Definition 3.1. A family N = {‖ · ‖t : t ≥ 0} of norms on the Banach space X
(endowed with the norm ‖ · ‖) is called compatible with the norm ‖ · ‖ if there exists
a nondecreasing map C : R+ → [1,∞) such that

‖x‖ ≤ ‖x‖t ≤ C(t)‖x‖, (3.1)

for all (t, x) ∈ R+ ×X.

Proposition 3.2. If the pair (U,P) is (h, k, µ, ν)− t then the family of norms

N1 = {‖ · ‖t : t ≥ 0}
given by

‖x‖t = sup
τ≥t

h(τ)

h(t)
‖U(τ, t)P1(t)x‖+ sup

r≤t

k(t)

k(r)
‖V2(t, r)P2(t)x‖

+ sup
τ≥t

µ(t)

µ(τ)
‖U(τ, t)P3(t)x‖ (3.2)

is compatible with ‖ · ‖.
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Proof. For τ = t = r in (3.2) we obtain that

‖x‖t ≥ ‖P1(t)x‖+ ‖P2(t)x‖+ ‖P3(t)x‖ ≥ ‖x‖
for all t ≥ 0.

If the pair (U,P) is (h, k, µ, ν)− t then by Proposition 2.10 there exits a nonde-
creasing function N1 : R+ → B(X) such that

‖x‖t ≤ 3N1(t)‖x‖, for all (t, x) ∈ R+ ×X.

Finally we obtain that N1 is compatible with ‖ · ‖. �

Proposition 3.3. If the pair (U,P) is (h, k, µ, ν)− t then the family of norms

N2 = {‖| · ‖|t, t ≥ 0}
defined by

‖|x‖|t = sup
τ≥t

h(τ)

h(t)
‖U(τ, t)P1(t)x‖+ sup

r≤t

k(t)

k(r)
‖V2(t, r)P2(t)x‖

+ sup
r≤t

ν(r)

ν(t)
‖V3(t, r)P3(t)x‖ (3.3)

is compatible with ‖ · ‖.

Proof. If the pair (U,P) is (h, k, µ, ν) − t then by Proposition 2.10 there exits a
nondecreasing function N1 : R+ → B(X) such that

‖|x‖|t ≤ 3N1(t)‖x‖, for all (t, x) ∈ R+ ×X.

On the other hand, for τ = t = r in the definition of ‖| · ‖|t we obtain

‖|x‖|t ≥ ‖P1(t)x‖+ ‖P2(t)x‖+ ‖P3(t)x‖ ≥ ‖x‖.
In consequence, by Definition 3.1 it results that the family of norms N2 is compatible
to ‖ · ‖. �

The main result of this paper is

Theorem 3.4. If P = {P1, P2, P3} is compatible with the evolution operator U : ∆→
B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and only if there exist two
families of norms N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0} compatible with the
norm ‖ · ‖ such that the following take place
(ht3) h(t)‖U(t, s)P1(s)x‖t ≤ h(s)‖P1(s)x‖s
(kt3) k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|P2(t)x‖|t
(µt3) µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖P3(s)x‖s
(νt3) ν(s)‖|V3(t, s)P3(t)x‖|s ≤ ν(t)‖|P3(t)x|‖t
for all (t, s, x) ∈ ∆×X.

Proof. Necessary. If the pair (U,P) is (h, k, µ, ν)-trichotomic then by Propositions 3.2
and 3.3 there exist the families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}
compatible with ‖ · ‖.
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(ht1) ⇒ (ht3). We have that

h(t)‖U(t, s)P1(s)x‖t = h(t)‖P1(t)U(t, s)P1(s)x‖t

= h(t) sup
τ≥t

h(τ)

h(t)
‖U(τ, t)P1(t)U(t, s)P1(s)x‖

≤ h(s) sup
τ≥s

h(τ)

h(s)
‖U(τ, s)P1(s)x‖ = h(s)‖P1(s)‖s,

for all (t, s, x) ∈ ∆×X.
(kt2) ⇒ (kt3). If (kt2) holds then

k(t)‖|V2(t, s)P2(t)x‖|s = k(t)‖|P2(s)V2(t, s)P2(t)x‖|s

= k(t) sup
r≤s

k(s)

k(r)
‖V2(s, r)P2(s)V2(t, s)P2(t)x‖

≤ k(s) sup
r≤t

k(t)

k(r)
‖V2(t, r)P2(t)x‖ = k(s)‖|P2(t)‖|t

for all (t, s, x) ∈ ∆×X.
(µt1) ⇒ (µt3). If (U,P) is (h, k, µ, ν)− trichotomic then by (µt1) it results

µ(s)‖U(t, s)P3(s)x‖t = µ(s)‖P3(t)U(t, s)P3(s)x‖t

= µ(s) sup
τ≥t

µ(t)

µ(τ)
‖U(τ, t)P3(t)U(t, s)P3(s)x‖

= µ(s) sup
τ≥t

µ(t)

µ(τ)
‖U(τ, s)P3(s)x‖ ≤ µ(t) sup

τ≥s

µ(s)

µ(τ)
‖U(τ, s)P3(s)x‖

= µ(t)‖P3(s)x‖s,

for all (t, s, x) ∈ ∆×X.
(νt2) ⇒ (νt3). Using Proposition 3.1 we obtain

ν(s)‖|V3(t, s)P3(t)x‖|s = ν(s)‖|P3(s)V3(t, s)P3(t)x‖|s

= ν(s) sup
r≤s

ν(r)

ν(s)
‖V3(s, r)P3(s)V3(t, s)P3(t)x‖

≤ ν(t) sup
r≤t

ν(r)

ν(t)
‖V3(t, r)P3(t)x‖ = ν(t)‖|P3(t)x‖|t,

for all (t, s, x) ∈ ∆×X.
Sufficiency. We assume that there are two families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}

compatible with the norm ‖ · ‖ such that the inequalities (ht3)− (νt3) take place.
Let (t, s, x) ∈ ∆×X.
(ht3) ⇒ (ht2). The inequality (ht3) and Definition 3.1 imply that

h(t)‖U(t, s)P1(s)x‖ ≤ ‖U(t, s)P1(s)x‖t ≤ h(s)‖P1(s)x‖s
≤ h(s)C(s)‖P1(s)x‖ ≤ C(s)‖P1(s)‖h(s)‖x‖.
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(kt3) ⇒ (kt2). Similarly,

k(t)‖V2(t, s)P2(t)x‖ ≤ k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|P2(t)‖|t
≤ k(s)C(t)‖P2(t)x‖ ≤ C(t)‖P2(t)‖k(s)‖x‖.

(µt3) ⇒ (µt2). From Definition 3.1 and inequality (µt3) we have

µ(s)‖U(t, s)P3(s)x‖ ≤ µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖P3(s)x‖s
≤ C(s)µ(t)‖P3(s)x‖ ≤ C(s)‖P3(s)‖µ(t)‖x‖.

(νt3) ⇒ (νt2). Similarly,

ν(s)‖V3(t, s)P3(t)x‖| ≤ ν(s)‖|V3(t, s)P3(s)x‖|s ≤ ν(t)‖|P3(t)x‖|t
≤ C(t)ν(t)‖P3(t)x‖ ≤ C(t)‖P3(t)‖ν(t)‖x‖.

If we denote by

N(t) = sup
s∈[0,t]

C(s)(‖P1(s)‖+ ‖P2(s)‖+ ‖P3(s)‖)

then we obtain that the inequalities (ht2), (kt2), (µt2), (νt2) are satisfied.
By Proposition 2.10 it follows that (U,P) is (h, k, µ, ν)− t. �

As a particular case, we obtain a characterization of (nonuniform) exponential
trichotomy given by

Corollary 3.5. If P = {P1, P2, P3} is compatible with the evolution operator U : ∆→
B(X) then the pair (U,P) is exponential trichotomic if and only if there are four real
constants α, β, γ, δ > 0 and two families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}
compatible with the norm ‖ · ‖ such that
(et1) ‖U(t, s)P1(s)x‖t ≤ e−α(t−s)‖P1(s)x‖s
(et2) ‖|V2(t, s)P2(t)x‖|s ≤ e−β(t−s)‖|P2(t)x‖|t
(et3) ‖U(t, s)P3(s)x‖t ≤ eγ(t−s)‖P3(s)x‖s
(et4) ‖|V3(t, s)P3(t)x‖|s ≤ eδ(t−s)‖|P3(t)x‖|t,
for all (t, s, x) ∈ ∆×X.

Proof. It results from Theorem 3.4 for

h(t) = eαt, k(t) = eβt, ν(t) = eγt, ν(t) = eδt,

with α, β, γ, δ > 0. �

If the growth rates are of polynomial type then we obtain a characterization of
(nonuniform) polynomial trichotomy given by

Corollary 3.6. Let P = {P1, P2, P3} is compatible with the evolution operator U : ∆→
B(X). Then (U,P) is nonuniform polynomial trichotomic if and only if there exist
two families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}
compatible with the norm ‖ · ‖ and four real constants α, β, γ, δ > 0 such that
(pt1) (t+ 1)α‖U(t, s)P1(s)x‖t ≤ (s+ 1)α‖P1(s)x‖s
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(pt2) (t+ 1)β‖|V2(t, s)P2(t)x‖|s ≤ (s+ 1)β‖|P2(t)x‖|t
(pt3) (s+ 1)γ‖U(t, s)P3(s)x‖t ≤ (t+ 1)γ‖P3(s)x‖s
(pt4) (s+ 1)δ‖|V3(t, s)P3(t)x‖|s ≤ (t+ 1)δ‖|P3(t)x‖|t,
for all (t, s, x) ∈ ∆×X.

Proof. It results from Theorem 3.4 for

h(t) = (t+ 1)α, k(t) = (t+ 1)β , µ(t) = (t+ 1)γ , ν(t) = (t+ 1)δ,

with α, β, γ, δ > 0. �

Definition 3.7. A family of norms N = {‖ · ‖t, t ≥ 0} is uniformly compatible with the
norm ‖ · ‖ if there exits a constant c > 0 such that

‖x‖ ≤ ‖x‖t ≤ c‖x‖, for all (t, x) ∈ R+ ×X. (3.4)

Remark 3.8. From the proofs of Propositions 3.2, 3.3 it results that if the pair (U,P)
is uniformly (h, k, µ, ν)− trichotomic then the families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}

(given by (3.2) and (3.3)) are uniformly compatible with the norm ‖ · ‖.

A characterization of the uniform−(h, k, µ, ν)−trichotomy is given by

Theorem 3.9. Let P = {P1, P2, P3} be compatible with the evolution operator U : ∆→
B(X). Then the pair (U,P) is uniformly−(h, k, µ, ν)−trichotomic if and only if there
exist two families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}

uniformly compatible with the norm ‖ · ‖ such that the inequalities (ht3), (kt3), (µt3)
and (νt3) are satisfied.

Proof. It results from the proof of Theorem 3.4 (via Proposition 2.11). �

Remark 3.10. Similarly as in Corollaries 3.5, 3.6 one can obtain characterizations for
uniform exponential trichotomy respectively uniform polynomial trichotomy.

Another characterization of the (h, k, µ, ν)−trichotomy is given by

Theorem 3.11. If P = {P1, P2, P3} is compatible with the evolution operator U : ∆→
B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and only if there exist two
families of norms

N1 = {‖ · ‖t, t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}

compatible with the family of projectors P = {P1, P2, P3} such that
(ht4) h(t)‖U(t, s)P1(s)x‖t ≤ h(s)‖x‖s
(kt4) k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|x‖|t
(µt4) µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖x‖s
(νt4) ν(s)‖|V3(t, s)P3(t)x‖|s ≤ ν(t)‖|x|‖|t
for all (t, s, x) ∈ ∆×X.
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Proof. Necessity. It results from Theorem 3.4 and inequalities

‖Pi(t)x‖t ≤ ‖x‖t and ‖|Pi(t)x‖|t ≤ ‖|x‖|t,

for all (t, x) ∈ R+ ×X and i = {1, 2, 3}.
Sufficiency. It results replacing x by P1(s)x in (ht4), x by P2(t)x in (kt4), x by P3(s)x
in (µt4) and x by P3(t)x in (νt4). �

The variant of the previous theorem for uniform (h, k, µ, ν)−trichotomy is given by

Theorem 3.12. If P = {P1, P2, P3} is compatible with the evolution operator U : ∆→
B(X) then the pair (U,P) is uniformly −(h, k, µ, ν)− trichotomic if and only if there
exist two families of norms

N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0}

uniformly compatible with the family of projectors P = {P1, P2, P3} such that the
inequalities (ht4), (kt4), (µt4) and (νt4) are satisfied.

Proof. It is similar with the proof of Theorem 3.4. �

Remark 3.13. If the growth rates are exponential respectively polynomial then we
obtain characterizations for exponential trichotomy, uniform exponential trichotomy
and uniform polynomial trichotomy.
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”West University of Timişoara”
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e-mail: vio.terlea@gmail.com


