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A study of existence and multiplicity of
positive solutions for nonlinear fractional
differential equations with nonlocal boundary
conditions
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Abstract. This paper deals with the existence, uniqueness and the multiplicity
of solutions for a class of fractional differential equations boundary value prob-
lems involving three-point nonlocal Riemann-Liouville fractional derivative and
integral boundary conditions. Our results are based on some well-known tools of
fixed point theory such as Banach contraction principle, fixed point index theory
and the Leggett-Williams fixed point theorem. As applications, some examples
are presented at the end to illustrate the main results.
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1. Introduction

In this paper, we are interested in the existence of solutions for the nonlinear
fractional differential equation

Dgiu(t)+a(t)f (t,u(t) =0, te(0,1), (1.1)
subject to the boundary condition

u® (0) =0, i€ {0,1,2}, DS u(1) = M0 u(n), (1.2)

where Dgy, Dg+ are the standard Riemann-Liouville fractional derivative of order

€ (3,4]

, B € [2,3], IO . is the stantard Riemann-Liouville fractional integral of
order Bel2,3

J
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Due to the fact that the tools of fractional calculus has numerous applications
in various disciplines of science and engineering such as physics, mechanics, chem-
istry, biology, aerodynamics, electrodynamics of complex medium, polymer rheology,
Bode’s analysis of feedback amplifiers, capacitor theory, electrical circuits, electro-
analytical chemistry, control theory, fitting of experimental data, involves derivatives
of fractional order. In consequence, the subject of fractional differential equations is
gaining much importance and attention. Therefore, there have been many papers and
books dealing with the theoretical development of fractional calculus and the solutions
or positive solutions of boundary value problems for nonlinear fractional differential
equations. For more details we refer the reader to [10, 19, 21] and the references cited
therein.

Many mathematicians show strong interest in fractional differential equations
and many wonderful results have been obtained. The techniques of nonlinear analysis,
as the main method to deal with the problems of nonlinear fractional differential
equations, plays an essential role in the research of this field, such as establishing the
existence and the uniqueness or the multiplicity of solutions to nonlinear fractional
differential equations boundary value problems, see [2,5,7,9,11,14,16,18] and the
references therein.

In [17], the authors studied the existence of positive solutions to the following
fractional boundary value problem

{Dauu(t) h(t) f (tu(t) =0, te(0,1),
!

(t))
=0, u(l)=X[u(n)ds

ftu
u(0) = ' (0) = u”(0)
where Df, are the standard Riemann-Liouville fractional derivative of order a €
(3,4], n € (0,1], and 0 < 2= < 1.
In [22], the authors studied the boundary value problems of the fractional order
differential equation:

{Dmu() f(tu<>>=o, te(0,1),
(0)=0,  Dgiu(l)=aDg,u(n),

where l <a <2, 0<n<1,0<a, 0<p<1, feC(0,1 x[0,00),[0,00)) and
D¢, Dg + are the standard Riemann-Liouville fractional derivative of order «, /.
They obtained the multiple positive solutions by the Leray-Schauder nonlinear alter-
native and the fixed point theorem on cones.
In 2017, Benaicha and Bouteraa [3] studied the existence and uniqueness of solutions
for nonlinear fractional differential equation

D% (t) = f(t,u(t),u (t), teJ=10,1]
subject to three-point boundary conditions

Bu(0) +yu (1) =u(n),

:fonu s)ds

BeDPu (0) +~°DPu (1) = “DPu(n),
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where 2 < a <3, 1 <p<20<n<1 BvyeR f:[0,]]xRxR — Risa
continuous function and ¢D® denotes the Caputo fractional derivative of order «.

In 2018, Bouteraa and Benaicha [6] interested in the existence of solutions for the
nonlinear fractional differential equation

Dgu(t) + f(tu(®) =0, te(0,1),

subject to the boundary conditions
) p
ul(0)=0,i€{0,1,....,n—2}, D u(1) = a;Dyu(n,),
j=1

where Dg,, Dg+ are the standard Riemann-Liouville fractional derivative of order
amn—1n], fel,n—-2] forneNandn >3 and f € C((0,1) x R,R) is allowed
to be singular at t =0 and/ort =l and a; e RT, j=1,2,...,p, 0 < <M < ... <
np < 1, for p € NT. The existence and uniqueness of positive solutions for the above
nonlocal boundary value problem obtained by applying the iterative method.

Inspired and motivated by the works mentioned above, we focus on the existence
of positive solutions for the nonlocal boundary value problem (1.1) — (1.2). The paper
is organized as follows. In Section 2, we recall some preliminary facts that will be need
in the sequel. In Section 3, we establish the existence, uniqueness and multiplicity of
the positive solutions for boundary value problem (1.1) — (1.2) by applying some well-
known tools of fixed point theory such as Banach contraction principle, fixed point
index theory and the Leggett-Williams fixed point theorem and we give two examples
to illustrate our results.

2. Preliminaries

In this section, we recall some definitions and facts which will be used in the
later analysis.

Definition 2.1. ([20]) Let E be a real Banach space. A nonempty closed set K C FE is
said to be a cone provided that

(1) ciu+ cov € K for all ¢4 > 0, ¢ > 0, and

(17) u € K, —u € K implies u = 0.

Every cone K induces an ordering in E given by u < v if and only if v —u € K.

Definition 2.2. ([10,15]) The Riemann-Liouville fractional integral of order ac > 0 of
a function u : (0,00) — R is given by
1 t
I u(t) = F(a)/(t $)* u(s)ds, t>0,
0

where T'(+) is the Euler gamma function, provided that the right side is pointwise
defined on (0, 00).
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Definition 2.3. ([10,15]) The Riemann-Liouville fractional derivative order av > 0 of
a continuous function w is defined by

1 dar

t
n—a—1
mﬁ/(t—s) u(s)ds, t>07

0

where T'(-) is the Euler gamma function and n = [a] + 1, [a] denotes the integer
part of number «, provided that the right side is pointwise defined on (0, c0).
Lemma 2.4. ([10]) (¢) Ifu e LP(0,1), 1 <p < +o0, > a > 0, then

DS IS u(t) =107 “u(t), DG Igiu(t) =u(t), IS ID u(t) = IS Pu(t) .
(i) If > > 0, then D*tf~1 = D@L
(éi1) If a > 0 and v € (—1,+00), then It = %twﬂ,
Lemma 2.5. ([10]) Let o > 0 and for any y (-) € L* (0,1). Then, the general solution
of the fractional differential equation D u(t) +y(t) =0, 0 <t <1 is given by

¢

T / (t— )"y (s)ds + crt®t + at® 2 o et ",
0

where cg, €1, ..., Cn—1 are real constants and n = [a] + 1.

Now, let 0 < d < I < r be given and let 5 be a nonnegative continuous concave
functional on the cone K i.e.,

BAu+ (1 =X v) = A8 (u)+ (1 —-A)B(v),

for all u,v € K and X € [0,1].
Define the convex sets K; and K (3,1,7) by

Ki={ueK : |u| <},
and
KB, ,r)={ue K : 1 <B), |ul| <r}.
The key tools in our approaches are the following fixed point theorem and lemmas

Theorem 2.6. (Leggett-Wiliams fixed point (See[20])) Let E be a Banach space and
K C E beaconein E.T: K., — K, be a completely continuous and 8 be a nonneg-
ative continuous concave functional on K with 8 (u) < ||u|| for all w € K.. Suppose
there exist 0 < d <l < r < ¢ such that

() uwe{KB,lr):8u)>1}#0 and 8 (Tu) >1 forue K (8,1,r),

(i0) |Tull < d for [lu] < d,

(#31) B (Tu) > 1 foru € K (B,1,c) with | Tul|| > r.

Then T has at least three positive solutions ui,us,us satisfying
luil| <d, 1< pB(u2), Jus|>d and B(us)<I.

Lemma 2.7. (Krein-Rutman [20]) Let K be a reproducing cone in a real Banach space
E, and L : E — E be a compact linear operator with L (K) C K and spectral radius
r(L). If r (L) > 0, then there exists p € K \ {0} such that Lo = r (L) ¢.
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Lemma 2.8. (Fixed point index theory [20]) Let E be a Banach space and K is
a cone in E and Q(K) is a bounded open subset in K. Furthermore, assume that
T : Q(K) — K is a completely continuous operator Then the following conclusion
hold:

(i) there exists ug € K \ {0} such that Tu + Aug # u for all u € 0Q (K) and X > 0,
then the fized point index ¢ (T,Q (K),K) =0,

(i) if 0 € Q(K) and Tu # I for all u € OQ(K) and X\ > 1, then the fixed point
index i (T,Q(K),K)=1.

Lemma 2.9. Let y () € C[0,1]. Then the solution of the fractional boundary value
problem

Dgiu(t) +y(t) =0,
u®(0) =0, i €{0,1,2}, (2.1)
Dg+u (1) = )\Ingu (),

s given by )
u(t) = /G (t,s)y(s)ds, (2.2)
0

where

—PT(a—B)(a+B)(t—s)*"1+A
PT ()T (a—pB)T (a+B) ’

IN
»
IN
~
IN
\.)—‘
»
IN
=

@..
IA N

»
IA N

A
) PT()T (@A) (a+h)’
= —PL(a—B)L(a+B)(t—s)*""+A
PT(a)M(a=p)T@+p)

L(@)T(a48)(1—s)* F-1ga1
PT(a)l(a=B)T(a+p) 7

o O )
IN N
r—
IA A
N

3

o
IN
-
IN
®

IN
\')—‘
»

Y

UE

A=t :F (@T (@4 8)(1—=5)*""" = Al (a) T (a—B) (n— )77,

A=T(a+B)T(a)(1—s)* P et

where
_ I'(«) B AT () 77a+ﬁ71
I'(@—p) T(a+p) '

Proof. In view of Lemma 2.5, the general solution for the above equation in (2.1) is

t

1 _
u(t) = — = / (t—s)" "y (s)ds + et 4 oot % 4 cpto 3 4 Ot
I'(a)
0
where c¢1, co, c3, ¢4 € R.
The boundary condition u (0) = «’ (0) = «” (0) = 0, implies that co = ¢3 = ¢4 = 0.
Thus

(t— ) Ly (s)ds + et (2.4)

IS
=
I
I
!
g —
o
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By (2.4) and Lemma 2.4, we get

D0+U()=ﬁ

el (o) =P = / (t—s5)""P 1y (s) ds] .
0

In view of boundary condition D§+u (1) = )\Ié{ru (n), we conclude that

# / _Sa—ﬁ—l s 3_# f _Sa-i-B—l $)ds
F(a_ﬁ)o/(l ) y(s)d F(a+ﬁ)0/(n ) y()d].

Therefore, the unique solution of the problem (2.1) is given by

1

ClZF

1
ta—l )\ta—l

u(t) = m / (1- 5)(17571 y(s)ds — m / (n— S)CHB?I y(s)ds
0

0
t
1
- (¢
ork
0
For t <, one has

t Ul
o tail ozﬂ 1 aﬁ 1
0 t

[T(a)T (a+6)(1—5) P 1o
+n/ Pl T(a+ T a5 V)

1
= /G(t, s)y (s)ds.
0
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For t > 7, one has
n

/pr(aﬁ)r(a+ﬂ)(ts)“1+A
Pr ()T (a+ B)T (o = B)

u(t) = y(s)ds

0

t_ o o _Sa,1 a a _Safﬁfl a—
N Bl R L 3N R T i MY

Pr(@)T(a+ AT (a— B

/ )T (« _ )@ A s
fraresae g e

PT ()T (a+ B)T (o = B)

G (t,s)y(s)ds.

o _

The proof is complete. O

We need some properties of function G (t,s) to establish the existence of positive
solutions.

Lemma 2.10. The Green’s function G (t,s) has the following properties:
(¢) The function G (t,s) is continuous on [0,1] x [0, 1].
(i) G (t,s) > 0 for all s € (0,1),
(#9t) for allt, s € (0,1), we have G (t,s) <G (1,s),
(iv) there exists a positive function «y (s) € C (0,1) such that

i > =t . .
nléltléllG (t,s) >v(s) Org%le (t,s)=n"""G(1,s),0<s<1 (2.5)

Proof. Tt is easy to prove (i). Now, we prove (i) — (iv). Let

A—PL(a=B)T(a+B)(t—s5)""
Pl(@T{a+B)T (a8

g1 (t,s) =

where A defined above.
D ()T (a4 B) (1 —s)* "1 =Pl (a—B)T (a+8)(t— )"

g2 (t,s) = Pr'(a)T(a+pB)T (a—p)
710 (a) (D @+ B) (1= 5)* 77 = A0 (@ = B) (n—5)*"")
gs (t,s) = Pr'(a)T(a+p)L(a—p

)
10 ()T (e + B) (1 —5)* 77!
PT ()T (a+B)T (a - p)

g4 (t,s) =
We will first show that
g1 (t,8) >0, 0 <min{t,n} < 1.
To simplify we introduce the abbreviation

A=t ()T (a+8) (1 — s)aiﬁ*l .
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We can rewrite A\ as
F(@=8) A(a=B) arp
Ta=F) T(a+p)

A'(a— B) ois_ a—B—1
T

A1 = 71T ()T (0 + B) (

=t*"'T(a—B)T (a+p) <I‘ (1;(04)6) B I‘)(\Z f)ﬁ) -
@) i) g
BNCETK ' ) e

o) prtB-1 -1
talf(aﬂ)F(a+ﬁ)<P+%>(1s)aﬁ ,

a+pB—1
MOTIT (@) T (o= 8) (= )77 = MM (@) T (o= ) 07 (1 B n> ,

and

P (a=B)T(a+B) (t—5)""" = Pt 'T(a = AT (a+ ) (1 - %)a_l'

Thus
s

s a+p—-1
+ M7 ()T (o — B) lno‘_ﬁ_l (1-— s)a_ﬁ_l —ptp-l (1 — 77) ] }

>Q {Pta—lr (a—B)T (a + ) {(1 — = (1 j)al]

a+pB—1
+ AT (@) T (o= B) lfiaw_l (1= 8) Pt goti (1 - f’) ] }

> QP T (@ = AT (a+8) [(1-5)" " = (1- )]

+MOIT (@) T (o — B) ot [(1 _ )t 1 s)a”‘l} } =0,

1

where Q = prra—pE-

We deduce that g1 (t,s) > 0, 0 < min {t,n} < 1.
By the similar argument we can conclude that

g2(t,8)>0,0<n<s<t<1, g3(t,5)>0,0<t<s<n<l,
and
ga(t,s) >0, 0 <max{s,n} <s <1
Therefore G (t,s) > 0 for any ¢, s € (0,1).
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Now, we show that G (t,s) < G(1,s) for any ¢, s € (0,1).
Let hy (t,8) = g1 (t,s) T () T (. — B) T (o + B). Then, as the above argument but for
the derivative of hq (¢, s) with respect to ¢ on [s, 1], we have

5’118(;, s) _ (a— 2 £ {PF (a—=B)T (a+B) [(1 R (1 - S)QT

t

1 -B-1 s\
e (1)

> pr - p)T @+ 8) (- 97 - (- 5]
AT ()T (o — B) 2 +h1 [(1 _ )BTl 1 s)“ﬁﬂ } —0,

so, we have % > 0, then g1 (¢, s) is increasing with respect to ¢ on [s, 1].
Next, we show that gs (¢, s) is increasing with respect to ¢ on [s, 1].
Let ho (t,8) = g2 (t,8) T ()T (. — B) T (a + B). Then, we have

+ X' ()T (= )

8h2§,® _ &»filﬁkﬂ {r(a_%g){r(a)(l__ga—ﬁ—l__Pr(a__ﬁ)(1__i)a—z}}
(v —1)¢—2

> T+ B [N (-9 = Pra - 8) (1 - "]}
Ll —s)* e

P
C(a=1)(t(1
P

{r (a+ B) [r (@)(1— 8"~ PT(a— /3)} }

— )" {I‘(a +B) {I‘ (o) (1 — 5)17[3 —PT(a~ ﬂ)}}

- DU (o4 )T () (- ' 4 AT (@) T (= )+
T (@)D (a4 9))
> OO = eyt s) [0 -9 -1]} 20

so, we have % > 0, then go (¢, s) is increasing with respect to ¢ on [s, 1].

Then, we conclude that G (t,s) is increasing with respect to t on [s,1]. Hence,
G(t,s) <G(1,s) for s, t € [0,1].
On the hand, we know that

IN

S

IN

n<t<1

}
oin, {92 (t,8),94(t,s)},

min G (t,s) =

n,
n<t<1 1

IN

S

IN

9

{ min {g; (¢,5),93(t,5)}, 0

:{ 91(7778)>0§5§77>

g2 (n,8), n<s<1
Let

v(s) <

(n,s)
{ sy 0<s<m,

B n<s <,
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where
1 0<s<
G(LS): gl(vs)a >S5,
92(175)7 77§5§1

L()(C(atB)(1=8)* P~ Al (a=B) (n—s)* T’ 1) =PI (a=B)[(a+B)(1—s)* "
PT ()T (a+B)I (a—B)

L) (a+B)(1=5)* " ' —PT(a—B)T(a+B)(1=5)"""
PL (o)L (a—B)L(a+5B) ) n<s<l1.

Therefore, we have

, 0<s<n

v(s)=n"""€(0,1).

Then
. > _ pa—1 .
771%12216‘ (t,s) > v(s) Orgta;(lG (t,s)=n"""G(1l,s),0<s<1
The proof is complete. O

3. Existence results
We shall consider the Banach space E = C'[0, 1] equipped with the norm

= t
Jull = ma fu ()

and let a closed cone K C E by
K={ueFE:u(t)>0,tel0,1]},

where 0 is the the zero function. Obviously, K is a reproducing cone of E.
Define the operator T' : K — K and the linear operator L : K — K as follows

1
T (u)(t) = /G (t,s)a(s) f(s,u(s))ds, te]0,1], (3.1)
0
and
L(u)(t) = /G (t,s)a(s)u(s)ds, tel0,1], (3.2)
0

where G (t, s) is given by (2.3). It is not hard to see that fixed points of operator T'
coincide with the solutions to the problem (1.1) — (1.2).

First, for the existence results of problem (1.1) — (1.2), we need the following assump-
tions.

(Hy) f :]0,1] x [0,00) — [0, 00) is continuous function,

(Hz) a(-) € L*(0,1) is a nonnegative function, a () does not vanish identically on
any subinterval of [0,1] and 0 < fol a(s)(1—s)* P71 se"1ds < co.

Lemma 3.1. Assume (Hy) and (Hs) hold. Then the operators T : K — K and
L : K — K are completely continuous.
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Proof. For any u € K, it follows from (H;), (Hz) and Lemma 2.10, T'(u)(t) > 0, t €
[0,1]. So, T : K — K and L : K — K are continuous.

Let ® C K be bounded .i.e., there exists a positive constant M such that f (t,u) < M
for all t € [0,1], u € ®. Then, It follows from (3.1) that

1 t

Mt“ ! M
T (t)| < )P a(s)ds + —— [ (t— )" ta(s)ds
s - ol

[}

M (T (a)T (a+ 8) + PT (a+ )T (@~ §) + AT (a)T (o — 8 /a
PT (a)T (a+B)T (a — )

Thus || Tu|| < oo for all uw € ®. Hence, {Tu, u € ®} is bounded.
Now, we show that 7' maps bounded sets into equicontinuous sets of K.
Let t1, to € [0,1] with ¢; < t3 and u € ® is a bounded set of K. Then

1

IN

0

a—1

|Tu (te) — Tu (t1)] < m/(l _ S)a—ﬂ—l a(s) f (s,u(s))ds
0
toz 1 P . .
PF (a—p / (1-3) - a(s) f(s,u(s))ds

n
At ot
* PF(a+ﬁ)0/(77 s)" a(s) f(s,u(s))ds
Aol ] -
_Préw)o/(” 97 as)f (s, u () ds
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M (ta—l o toz—l) t Mtafl b2
| = e i)+ | [ = e ]
0 t1

Obviously, the right hand side of the above inequality tends to zero as to — ¢;. Thus
|(Tw) (t2) — (Tw) (t1)]] = 0, as t2 — ¢1. This shows that the operator T is completely
continuous, by the Arzela-Ascoli theorem.

By the same method we can get that L : K — K is a completely continuous operator.
The proof is complete. O

Now, we present the existence result for the boundary value problem (1.1) — (1.2) via
Banach contraction principle.

Theorem 3.2. Assume (Hy) and (Hz) hold. Suppose that f : [0,1] x [0,00) — [0, 00)
be a continuous function satisfying the condition

(Hs) |f (t,u) = f(t,v)] <llu—v|, fort€[0,1], 1> 0andu, v € [0,+00).

If0 < folG(l,s)a(s) ds < 1, then the boundary value problem (1.1) — (1.2) has a
unique positive solution on [0,1].

Proof. As the first step, by Lemma 2.9 we know that T : K — K.
Now, let u, v € K and for each t € [0, 1], it follows from assumption (Hjz) that

[T (t) = To 8)] = mase [Tu(t) ~ T (1)

)

Thus,
[(Tw) = (Tw)]| < Z/G(l,S)&(S) ds |lu—wvl|.
0

Since lfol G(1,s)a(s)ds < 1, so T s a contraction. Hence it follows by Banach’s
contraction principle that the boundary value problem (1.1) — (1.2) has a unique
positive solution on [0, 1]. The proof is complete. O

Now, we are in a position to study the existence of solutions for the boundary
value problem (1.1) — (1.2) by applying the fixed point index theory.

Lemma 3.3. Assume (Hy) and (Hs) hold. Then the spectral radius of the operator L
is positive that is r (L) > 0.



Positive solutions for nonlinear fractional differential equations 373

Proof. Take u (t) =t*~! € E. Then |Jul| = 1. We have

1
Lu(t) = ti/(l — ) P a(s)u(s)ds
0

i il O Lt [ syar |
A/ R a-lgs 1-2 a1y
PT (a+ p) 0/( 17) a(s)s s F(a)o/( t) a(s)s 5
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where

1 1
1
/ 1—5)" " a(s)s* tds + () / (1—5)"""1a(s) s ds.
0 0

Since L : K — K, according the monotonicity of L and (Hs), we deduce
L*u(t) =L (Lu(t)) > L (vt*") > vL (t*71) > 2L
Repeating the process gives L™u (t) > v"t*~1. So, we get ||L™|| > v™. Hence
L™ > v, 7 (L) = lim [[L7|7 > v > 0.

The proof is complete. O
For convenience, we introduce the following notation:
77 =l sup s £
f(t,u)

fo = lim inf min
u—0t  t€[0,1]  u

K.={ue K : |ul| <c},

1
r(L)=—, peRT.
W

Lemma 3.4. Assume (Hy), (Hsz) hold and p < fo < co. Then there exists pg > 0 such
that for p € (0, po], if u # Tu, u € 0K, then i (T,K,, K) =0

Proof. Tt follows from p < fo that there exist € > 0 and py > 0 such that for ¢ € [0, 1]
and 0 < u < py we have

fu) > (u+e)u. (3.3)
For 0 < p < po assume that u # Tu, u € 0K,. By Lemma 2.7 and Lemma 2.8 (7), we
need only to prove that

w# Tu+ Ap, A >0,
where ¢ € K\ {0} with Ly = r (L) ¢.
Otherwise, there exist ug € 0K, and \g > 0 such that

Then ug > Tug and ug > Agep.
From (2.1), we get
Tug (1 /G (t,5)a () f (5,10 () ds > (ju+ ) Luo (). (3.5)
Considering ug > Agp, we have
ZUO 2 )\0Lg0

For Lo =r (L), (u+e)r(L) > 1, so that (u+¢e)r (L) p > ¢.
Thus, we can conclude Tug > (1 + 5) ALy > Aop.
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Together with the boundary conditions in (2.1), we have ug > 2A\g¢. By (3.3), we
obtain Tug > 2Agp. Thus, ug > 3.

Repeating this process, we get that ug > nAgp. Hence, we have ||ug|| > no ||¢|| — oo
as n — oo. This is a contradiction.

It follows from Lemma 2.8 (i) that i (T, K,, K) = 0 for p € (0, po]. The proof is
complete. O

Lemma 3.5. Assume (Hy), (Hz) hold and 0 < f*° < u. Then there exists 19 > 0 such
that for T > 1, if Mu # Tu, u € OK,, then i (T, K,,K) = 1.

Proof. let € > 0 satisfy f* < p —e. Then there exist 7, > 0 and such that for u > 7
and ¢ € [0,1], we have

Fltu) < (u—2)u. (36)
Set W (t) = max ]f (t,u). Then, for all u € R* and ¢ € [0, 1], we have
ue|0,71
Fltu) < (-2 ut W (D). (37)

Let

F I !
=
p—e\p—¢
Take 7 > 19. We will show that \u # Tu, forallu € 0K, and A > 1.

Otherwise, there exist ug € K, and A\g > 1 such that
TUO = )\Ouo. (38)

1
F= G(t,s)a(s) VU (s)ds||, 1o =
/

Together with (3.7), we have
ug < Aug = Tug < (u—€) Lug + F.

Then £ ><L—L)u0(t)f0rt€[0,l].80 £ —<I —L)uo(t)EK.

p—e — \ p—e¢ ? pu—e H—e

-1
It follows from L (K) C K that ug (t) < ufjs (#55 - L) t € [0,1]. Therefore, we

have |lug|| < 70 < 7. This is a contradiction. Thus, we conclude that for all v € 0K,
and A >1

Tu # Au.

It follows from Lemma 2.8 (i7) that i (T, K, K) =1 for 7o < 7.
The proof is complete. O

Theorem 3.6. Assume (Hy), (Hz) hold, p < fo < 0o and 0 < f° < u. Then, the
boundary value problem (1.1) — (1.2) has at least one positive solution on [0,1].

Proof. 1t follows from p < fy < co and Lemma 3.4 that there exist 0 < p < 7 such
that either there exists u € 0K, with u = Tu or i (T, K,, K) = 0. From 0 < f>* < pu
and Lemma 3.5 there exists 7 > 0 such that ¢ (T, K, K) = 1. Thus, we can conclude
that T has fixed point v € K with p < |lu|| < 7 by the properties of index. Hence,
the boundary value problem (1.1) — (1.2) has at least one positive solution on [0, 1].
The proof is complete. O
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Now, we are in the position to present the third main results of this paper. The
existence and the multiplicity result is based on the Leggett-Williams fixed point
theorem.

Theorem 3.7. Assume (Hy)and (Hs) hold. Furthermore, suppose that there exist con-
stants 0 < d <1 < ¢ such that

(Hy) f(t,u) < Md, (t,u) €[0,1] x [0,d],

(Hs) f(t,u) < Me, for (t,u) € [0,1] x [0, ],

(He) f(t,u) = NI, for (t,u) € [n,1] x [l ],

where
M = a(s)G(1,s)ds ,
/
and
N —1
N = /a(s)v(s)G(l,s)ds , and v (s) € (0,1).

Then the boundary value problem (1.1) — (1.2) has at least three positive solutions
u1, us and us such that

luill < d, 1< B(u2), wus>dwithf(us) <lI.

Proof. Let 8 (u) = min |u(t)|. Then S (u) is nonnegative continuous concave func-

)

tional on the cone K satisfying 8 (u) < |lu|| for all u € K.
Let u € K., then |lu| < c. It follows from (Hj) and Lemma 2.10 (i4i) that

|Tu (t)] = /G (t,s)a(s) f(s,u(s))ds
0

1
< Mc/G(l,s)a(s)ds:c,
0
which implies that ||Tu| < ¢, which shows that Tu € K.. Hence, we have shown
that if (Hs) holds, then T maps K. into K. and by Lemma 3.1, T is completely

continuous.
If u € K, then it follows from (H,) and Lemma 2.10 (i4i) that

O/G f(s,u(s))ds

A

Md | G(1,s)a(s)ds =d.
!
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We verify that {u/K (8,1,r) : f(u) >1} # ¢ and B (Tu) > [ for all uw € K (B,1,r).
Take o (t) = 5, for t € [0,1]. Then

vo € {u/u e K (B,l,r), B(u) >1}.
This shows that
{u/ue K (B,1,r) : B(u)>1}#¢.

Finally, we assert that if u € K (8,1, ¢) and ||Tu|| > ¢, then 5 (Tu) > 1.

Suppose u € K (8,1,¢) and ||u (¢)|| > 7, t € [n,1], then |ju|| < c. It follows from (Hpg)
that

8 (Tw) = min (Tu) (1)

min /Gts Fs,u(s)) ds

te[nl]
> Nl/G(l,s)a(s)y(s)dSZZ,

which implies that 8 (Tu) > [ for u € K (8,1, ¢).
To sum up, the hypotheses of Theorem 2.6 hold. Therefore, boundary value problem
(1.1) — (1.2) has at least three positive solutions u1, us and us such that

lurll <d, 1< pB(uz), wusz>dwithp(us)<l.

The proof is complete. O

We present two examples to illustrate the applicability of the results shown before.

Example 3.8. Consider the following boundary value problem

1 . |
D u(t)+ ——m <81n2t+arctan u) + ):0, te(0,1), 3.9
oru () (t+cost+3)2 () 1+ |ul 1) 3.9)
5 1 5 1
w(0) = (0) =u" (0) =0, D3u(l) = §Ioz+u <2) , (3.10)
Wherea:%,ﬂ:g, )\:%,n:%and
ftu) = v (sin2t+arctan (u) + [ul ) .
7 (t + cost + 3)° 1+ |uf

Clearly | = 2 as [f (t,u) — f (t,v)| < 2 |u—v].
We take a (t) = 1. A simple calculatlon leads to P =2 1, 32620.
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Furthermore, by simple computation, we have

% :/a(s)G(l,s)ds

0
T(a)T (o + ) [ ds — P (a— B)T (a+ B) [ (1 — )3 ds
PT (a)T (= B)T (a + B)

D@ T(a+8) [} (1-s)ds
P ()T (a—B)T (a+ f)

1
0<1/ (s)G(1,s)ds < 9(0 27303) = 0,060673 < 1.

0
Thus all assumptions of Theorem 3.2 are satisfied. So, by the conclusion of Theorem
3.2, problem (3.9) — (3.10) has a unique solution on [0, 1].

=~ (), 27303,

S0,

Example 3.9. Consider the following boundary value problem

D0+u( )+ f(tu(t) =0, te(0,1), (3.11)
5 1 1
uw(0) = (0) =u" (0) =0, D2u(l) = 210+u<2), (3.12)
Wherea:% ﬂ:g, )\:%, n:%,andhere

10u+ ¢, (t,u) € |0,1] x |0,1],
o (t.u) € 0.1] x 0.1
10,  (t,u) € [0,1] x (1,+00).
We take a(t) = 1. We see that f € C(]0,1] x [0,00),[0,00)), so, assumption (H;)
satisfied. And

1 1
_5_ 4

0</a(s)(1—s)aﬁlso‘_1ds /1—3 s2d5—&<oo,

0 0

so, assumption (Hs) satisfied.
By simple calculation, we obtain P = 1,32620, M = 3,66264 and N = 7218,14758.
Choosing, d = %, l =1 and ¢ = 3, we have

1
F(tu) =10u+t < 3.5 < Md = 14,65056, (t,u) € [0,1] x {0, 4] ,

f(t,u) =10 < M1 =10,98792, (¢t,u) € [0,1] x (1,3],
and )
f({t,u) =10 > Nr =2 9,00765, (t,u) € {2,1] x (1,3].

Thus, all assumptions and conditions of Theorem 3.7 are satisfied. Hence Theorem
3.7, implies that the problem (3.11) — (3.12) has at least three solutions uy, us and ug
such that

lui]| < d, 1< B(u2), wug>dwith 8(us) <I.
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