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Korovkin type approximation on an infinite
interval via generalized matrix summability
method using ideal

Sudipta Dutta and Rima Ghosh

Abstract. Following the notion of A%-summability method for real sequences [24]
we establish a Korovkin type approximation theorem for positive linear operators
on UC,0, 00), the Banach space of all real valued uniform continuous functions on
[0,00) with the property that Il;rglo f(z) exists finitely for any f € UC.[0,00). In
the last section, we extend the Korovkin type approximation theorem for positive
linear operators on UC, ([0,00) X [0,00)). We then construct an example which
shows that our new result is stronger than its classical version.
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1. Introduction and background

Throughout the paper N will denote the set of all positive integers. For a sequence
{Ln}nen of positive linear operators on C(X), the space of real valued continuous
functions on a compact subset X of real numbers, Korovkin [17] first established the
necessary and sufficient conditions for the uniform convergence of {L,,(f)}nen to a
function f by using the test functions e; = 1, es = x, e3 = x? [1]. The study of
the Korovkin type approximation theory has a long history and is a well-established
area of research. In recent years, using the concept of uniform statistical convergence
various statistical approximation results have been proved ([9]). Erkus and Duman
[13] studied a Korovkin type approximation theorem via A-statistical convergence in
the space H,,(I?) where I? = [0, 00) x [0, 00) which was extended for double sequences
of positive linear operators of two variables in A-statistical sense by Demirci and Dirik
in [6, 8]. Further it was extended for double sequences of positive linear operators of
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two variables in AZ-statistical sense and in the sense of AZ-summability method, by
Dutta et. al. [11, 10].

Our primary interest, in this paper, is to obtain general Korovkin type ap-
proximation theorem for positive linear operators on the space UC,.(D), the Ba-
nach space of all real valued uniform continuous functions on D := [0,00) with the
property that lim,_,. f(x) exists and finite, endowed with the supremum norm

I fll« = supyep | f(x) | for f € UC.(D), using the concept of A" -summability
method for real sequences and test functions 1, e™®, e~ Y. In the last section, we ex-
tend the Korovkin-type approximation theorem for double sequence of positive linear
operators on UC, ([0,00) % [0,00)). We also construct an example which shows that
our new result is stronger than its classical version.

The concept of convergence of a sequence of real numbers was extended to sta-
tistical convergence by Fast [14]. Further investigations started in this area after the
pioneering works of Salét [22] and Fridy [15]. The notion of Z-convergence of real
sequences was introduced by Kostyrko et. al. [18] as a generalization of statistical
convergence using the notion of ideals. On the other hand statistical convergence was
generalized to A-statistical convergence by Kolk ([16]). Later a lot of works have been
done on matrix summability and A-statistical convergence (see [2, 3, 5, 12, 16, 19, 23]).
In particular, in [25, 24] the very general notion of AZ-statistical convergence and AZ-
summability was introduced and studied.

Recall that a real double sequence {Zmn }m nen is said to be convergent to L in
Pringsheim’s sense if for every € > 0 there exists N(¢) € N such that |z, —L| < € for
all m,n > N(g) and denoted by Elnwll Tmn = L. A double sequence is called bounded

if there exists a positive number M such that |z,,,| < M for all (m,n) € Nx N. A

real double sequence {@n }m nen i statistically convergent to L if for every € > 0,
lim {m <jn<k :. |Tmn — L| > €} _
ik ik

0 [20].

Recall that a family Z C 2Y of subsets of a nonempty set Y is said to be an
ideal in Y if (i)A, B € T implies AUB € Z; (ii)A € Z, B C A implies B € Z, while an
admissible ideal Z of Y further satisfies {z} € Z for each z € Y. If 7 is a non-trivial
proper ideal in Y (i.e. Y ¢ Z,7 # {0}) then the family of sets F/(Z) = {M C Y : there
exists A€ Z: M =Y\ A} isafilter in Y. It is called the filter associated with the ideal
Z. A non-trivial ideal Z of N x N is called strongly admissible if {i} x N and N x {3}
belong to Z for each ¢ € N. It is evident that a strongly admissible ideal is admissible
also. Let Zyp = {A C N x N : there is m(A) € N such that i,5 > m(4) = (i,j) ¢ A}.
Then Zj is a non-trivial strongly admissible ideal [4].

2. A Korovkin type approximation for a sequence of positive linear
operators of single variable

Throughout this section Z denotes the non-trivial admissible ideal on N. If
{Zr}ren 18 a sequence of real numbers and A = (anx);5—; is an infinite matrix,
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then Az is the sequence whose n-th term is given by
oo

Ap(z) = Zankxk.
k=1

A matrix A is called regular if A € (¢, c¢) and
lim Ay () = lim xy, for all x = {x} }ren € ¢
k—o0 k—o00

when ¢, as usual, stands for the set of all convergent sequences. It is well-known that
the necessary and sufficient conditions for A to be regular are

R1) ||A]ll = SupZ|ank| < o0
"ok
R2) limay, =0, for each k;
n

R3) lim Zank =1.
k

We first recall the following definition

Definition 2.1. [25] Let A = (a,x) be a non-negative regular summability matrix.
Then a real sequence x = {x} }ren is said to be AZ-summable to a number L if for

every € >0, {n € N: |A,(z) — L| > e} € T where A,(x) = Zank:rk.
k=1

Thus o = {2 }ren is AZ-summable to a number L if and only if {A,,(7)},ex is

Z-convergent to L. In this case, we write Z — lim E anpxr = L.
n
keN

It should be noted that for Z = Z;, the set of all subsets of N with natural
density zero, AZ-summability reduces to statistical A-summability [12].

We now establish a Korovkin type approximation theorem for positive linear
operators on UC,[0, 00), the Banach space of all real valued uniform continuous func-
tions on [0, c0) with the property that xlingo f(x) exists finitely for any f € UC,[0, 00).
If L be a positive linear operator then L(f) > 0 for any positive function f. Also we
denote the value of L(f) at a point = € [0,00) by L(f;z).

Theorem 2.2. Let {L,} be a sequence of positive linear operators from UC,[0,c0)
into itself and let, A = (a;,) be a non-negative regular summability matriz then for
all f € UCL[0,00)

T~ lim ZankLk(f)—f =0
k=1 N
if and only if the following statements hold
Z — lim Z ankLp(e”P) —e || =0, p=0,1,2.
k=1 .
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Proof. Since the necessity is clear, then it is enough to proof sufficiency. Our objective
is to show that for given € > 0 there exist constants Cy , C; , C2 (depending on € > 0)
such that

> aniLi(f) = f|| <e+Co | ankLi(e™™
k=1 " k=1 "
+C1 ZankLk(e t — €
k=1 "
oo
+Co ||> ] ankLi(1) -
k=1 «
If this is done then our hypothesis implies that for any € > 0,
{HEN: ZankLk(f)_ E} S
k=1

Let f € UC.[0,00) then 3 a constant M such that | f(x) |< M for each = € [0, 00).
Let € be an arbitrary positive number. By hypothesis we may find § := d(¢) > 0 such
that for every t,z € [0,00), | et —e™* |< § implies | f(t) — f(z) |< . We can write

| f(t) — f(z) |<2M V t,z € [0,00). Also if | e7* — e~ |> § then
()~ F@) |< 25 (et — o)
Then for all ¢,z € [0, c0),
10~ F@) |< e+ 25 e — )2

Then for n € N, using the linearity and the positivity of the operators L,,,

g:lankLk(f(t);x)— ) <§ankLk(| Ft) = f(2) |;2)
+ | f(x) (1;2) — 1
iankLk 2M(e‘t— 2 2)+ | f(x (1;z) — 1
st
<e4(e+ M) ZankLk (1; ) 52 Za”kLk b emT)2, )
k=1

<e+(e+M)

k=1

(o)

§ : 2t
ankLk(e

k=1

2M o2

;x) —

> oM
ZankLk(l;x) — 1|+ —

+7

| e 2 | ZankLk(l;x) -1

k=1

g anpLip(e ) —e™®

7I|
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where | e7¥ |< 1V ¢ €[0,00) and k € N.
Then taking supremum over x € [0,00) we have

oo 0o oo
ZankLk(f) - f <e+ K { ZankLk(l) -1 =+ ZankLk(eit) —e "
k=1 N k=1 N k=1 "
+ ZankLk:(e_Qt) _ 6—23; }
k=1 *
where
2M 2M 4AM
K:max{5+M—i—§2,§2,52}

For a given r > 0 choose € > 0 such that € < r let us define the following sets

D:{nGN: Zr}

Z ankLk(f) - f
k=1

> r—¢
D, = N: el (1) — 1] >
> r—¢
Dy = N: weLlip(e™) —e || >
5 {ne ;ak ge™") —e > SK}
> _ e r—e
Dgz{neN: kz::lankLk(e 2t)—e 2z > 3K }

It follows that D C D1 U Dy U Ds. Since from hypotheses Dy, Dy, D3 are belong to

IsoDeTie.
{neN: >5}€I

and this completes the proof. O

> ancLi(f) - f
k=1

3. A Korovkin type approximation for a sequence of positive linear
operators of two variables

Throughout this section Z denotes the non-trivial strongly admissible ideal on
NxN. Let A = (a;xmn) be a four dimensional summability matrix. For a given double
sequence {Zyn fm nen, the A-transform of z, denoted by Az := ((Ax),i), is given by

(Aw)jk = Z AjkmnTmn
(m,n)€EN?
provided the double series converges in Pringsheim sense for every (j,k) € N2. In
1926, Robison [21] presented a four dimensional analog of the regularity by consider-

ing an additional assumption of boundedness. This assumption was made because a
convergent double sequence is not necessarily bounded.
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Recall that a four dimensional matrix A = (a;xmn) is said to be RH-regular if it
maps every bounded convergent double sequence into a convergent double sequence
with the same limit. The Robison-Hamilton conditions state that a four dimensional
matrix A = (a;gmn) is RH-regular if and only if

(i) 1]11]? @jgmn = 0 for each (m,n) € N2,

(i) Lim > jkmn =1,

7 (m,n)eN?
(iii) hrl?z |@jkmn| = 0 for each n € N,

7 meN
(iv) li%Z\ajkmn| =0 for each m € N,

7 neN
(v) Z |ajkmn| is convergent for each (j,k) € N?,

(m.n)eN?
(vi) there exist finite positive integers My and Ny such that Z |@jkmn| < Mo

m,n>Ng
holds for every (j,k) € N2,
Let A= (ajkmn) be a nonnegative RH-regular summability matrix and let K C N2,
Then the A-density of K is given by
S{KY = lim S Gk
(m,n)eK
Recall the following definition

Definition 3.1. [10] Let A = (ajkmn) be a nonnegative RH-regular summability ma-
trix. Then a real double sequence £ = {Zyn }m.nen is said to be A%—summable to a
number L if for every e > 0, {(j,k) € N?: |[(Az);, — L| > ¢} € T.

Thus = {Zmn fm.nen is AZ-summable to a number L if and only if (Ax); 1 is

Z-convergent to L. In this case, we write Zo — liril Z jkmnTmn = L.
J (m,n)eN?

It should be noted that, if we take Z = Z,;, the set of all subsets of N x N
with natural density zero, then AZ-summability reduces to the notion of statistical
A-summability for double sequence [2].

We now establish the Korovkin type approximation theorem for a double se-
quence of positive linear operators on UC, (][0, 00) x [0, 00)), the Banach space of all
real valued uniform continuous functions defined on [0, 00) x [0, c0) with the property
that lim f(z,y) exists finitely for any f € UC, ([0, 00) X [0, 00)) endowed with

(z,y)—(00,00)
the supremum norm ||f|[. = sup |f(z,9)|, in AZ-summability method. If L be a
x,y€[0,00)
positive linear operator then L(f) > 0 for any positive function f. Also we denote the
value of L(f) at a point (z,y) € [0,00) x [0,00) by L(f;z,y).

Theorem 3.2. Assume K := [0,00) X [0,00) and let {Lyn}m.nen be a sequence of
positive linear operators on UC, (K), the Banach space of all real valued uniform
continuous functions defined on K with the property that ( lim f(z,y) exists

z,y)—(00,00)
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finitely for any f € UC,(K) and let A = (ajkmn) be a non-negative RH-regular
summability matriz. Then for any f € UC, (K),

1 — hm Z ajlcanmn(f) —f]| =0

.k
(m,n)€EN?
18 satisfied if the following hold

*

I, — lim > GikmnLon(fi) = fi| =0, i=0,1,2,3 (3.1)

s
2
(m,n)eN "

where fo =1, fi=e", fo=e7Y, f3=e 2" 4 eV,

Proof. Assume that (3.1) holds. Let f € UC, (K). Our objective is to show that for
given £ > 0 there exist constants Cy, Cy, Cs, C3 (depending on £ > 0) such that

3
Z ajkanmn(f) - f <e+ ch Z Cljkanmn(fi) B fi
=0

(m,n)EN? (m,n)EN?
If this is done then our hypothesis implies that for any ¢ > 0 ,
{(], k‘) € N2 : || Z ajk:anmN(f) - f”* 2 E} €l
(m,n)€eN?
To this end, start by observing that for each (u,v) € K the function 0 < g,, € UC. (K)
defined by
Guo(s,t) = (€75 —e ™)+ ((e7" = (e7")?
satisfies
(=72 —y\2 —u,— —v_ -y —u\2 —v\2
Juw =(e77) "+ (e7Y)" —2e e —2¢ Ve Y+ (") + (e V).
Since each L,,, is a positive operator, L.,,,g.. is a positive function. In particular,
we have for each (u,v) € K,

0 S Z ajkanmn(guv)(u7v)
(m,n)EN?

= Z @ jkmnLimn ((e_$)2+ (e_y)z—Qe_“e_z —2e eV + (e_")2+ (e_”)2 ‘u, v)
(m,n)EN?

= | > agmnLn ()74 () 5uv) = (7 = ()]
(m,n)eEN?

—2e " g @jtmnLmn (e_m; u,v) —e ¢
(m,n)eN?

—2e7" E @jkmnLmn (e_y;u, v) —e v
L (m,n)EN?
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HE 1@ X apmnnalfo) ~ o

(m,n)eN?

< Z ajkanmn(f3) - f3 +2e7 Z ajk'rrmLmn(fl) - fl

(m,n)eN? " (m,n)EN? *

+2€7v Z ajkanmn(fQ) - f2

(m,n)EN? N

a2 -
+ {(6 ) + (6 ) } Z ajkanmn(fO) - fO
(m,n)€EN? N
Let f € UC, (K). Then there exists a constant M such that |f(z,y)] < M for each
(z,y) € K. Let € > 0 be arbitrary. Then by the uniform continuity of f on K there
exists a d = 0(g) > 0 such that if e —e ™ |< d and | e”¥ —e ¥ |< 4 then
2M —x —Uu 2 - —v 2
| Flay) = Flu) < e+ 5 [ =)+ (e —e )]

for all (z,y), (u,v) € K.
Since each L,,, is positive and linear it follows that

2M
—€ Z ajkanmn(f()) - (572 Z ajkanmn(guv)
(m,n)eN? (m,n)eN?
< Y smaLmn(f) = f(u,0) Lo (fo)
(m,n)€EN?
2M
<e Z ajkanmn(fO) + (ST Z ajkm,ann(guv)-
(m,n)eN? (m,n)eN?
Therefore
Z ajkanmn(f;ua U) - f(u7U)Lmn(f0;u7’U)
(m,n)€EN?
_ oM
<e+4e Z ajkanmn(an Uﬂ)) B fO(U,"U) + (ST Z ajkanmn(gm,)
(m,n)eN? (m,n)€eN?
2M
S eE+4¢ Z ajkanmn(fO) - fO + 572 Z ajkanmn(guv>-
(m,n)eN? (m,n)eN?

In particular, note that

Z ajkanmn(f; u, 'U) — f(U7 U)

(m,n)€eN?
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S Z ajkanmn(f;uvv) - f(ua ’U) Z ajkanmn(fO;uav)

(m,n)eN? (m,n)eN?

+ Z ajkmnf(uav) Z ajkanmn(fO;uyv) - fO(ua U)

(m,n)eN? (m,n)eN?

2M
<e+ (M + 5) Z ajkanmn<f0) - fO + ? Z ajkanmn(guv)

(m,n)eN? N (m,n)eN?

which implies

Z ajkanmn(f) - f S €+ C3 Z ajkanmn(fB) - fS

(m,n)eN? " (m,n)eN?

+ 02 Z ajkanmn(f2> - f2

(m,n)eN?

+ Cl Z ajkanmn(fl) - fl

(m,n)eN?

+ Cop Z ajkanmn(fO) = Jfo

(m,n)eN? «
where there exist such A and B such that
2M _ 4M _
Cop = [52{(6 A)2+(e B)Z}+M+6] , C1 = 5—26 A
_au 201

Cy = e B and Oy =

52 s

i.e.

3
Z ajkanmn(f)_.f S 5"'02 Z ajkanmn(fi)_fi ) 1= 0717273
=0

(m,n)eN? i=0 ||(m,n)€EN?

where C' = max{Cy, Cy, Cy, Cs}.
For a given v > 0, choose £ > 0 such that ¢ < . Now let

*

U= (], k) € N2 : Z ajkanmn(f) - fll = Y

(m,n)eN?

and

U=3GReN: | Y aumnLon(fi) — £ 21" 0,i=0,1,2,3.
(m,n)€EN?
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3
It follows that U C UUZ" By hypotheses each U; € Z, i = 0,1, 2,3 and consequently

i=0
UeZie.
(]7k) € N2 : Z a]kanmn(f) _f Z'Y el
(m,n)€EN? .
This completes the proof of the theorem. O

Remark 3.3. We now show that our theorem is stronger than the statistical A-
summable version [7] (and so the classical version). Let Z be a non-trivial strongly
admissible ideal of N x N. Choose an infinite subset C' = {(p;, ;) : i € N} (where
Di # iy P1 < P2 < ..., and 1 < g2 < ...) from Z \ Z; where Z; denotes the set of all
subsets of N x N with natural density zero. Let {tmn }m nen be given by

1 if m,n are even
Umn = .
0 otherwise.

Let A = (ajkmn) be given by

1 if j =p; k=q;,m=2p;,n=2q; for some i € N
jkmn = 1 if (j, k) # (pi,qi), for any i,m =2+ 1,n =2k +1
0 otherwise.

Now

Yik = Z AjkmnUmn =

(m,n)eN?

1 if j =p;, k =gq; for some i € N
0 if (jvk) 7& (pza(h)a for aninN.

Let € > 0 be given. Then {(j, k) € N? : |y;x — 0] > ¢} = C € Z. Then the sequence
{Umn }tmnen is A%—summable to 0. Evidently this sequence is not statistically A-
summable to 0.

Let K = [0,00) x [0,00). We consider the following Baskakov operators
By : UCL(K) — UCL(K)

defined by

By (f;, y)=§: i f(i f;) <m - 1 +j> (n a ]1 * k) (14x) "™ (14y) " kaiyk,

J

We now consider the double sequence { Ly }m ne n of positive linear operators defined
by

Lmn(f;xay) = (1 + umn)an<f;xay)'
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Then observe that
Lyn(fo; 2, y) = (1 4 wmn) fo(2, ),

Lon(f157,9) = (1—&—umn)(l—l—ac—xe_%>_m7
Lyn(fo;7,y) = (1 + umn)(l +y- ye_%>—"7
Lonn(f352,9) = (1 4 wmn) [(1 +x —a:e_%)im + (1 —|—y—ye—i)n} .

Now as A is a nonnegative RH-regular summability matrix and {umn }m nen is A%—
summable to 0 then for any € > 0,

G k) €Nl )" ajpmnLnn(fi) = fills > p €T, i=0,1,2,3.
(mn)EN2

Therefore by previous theorem

G k) €N D" @jpmnLnn(f) — fll« 2 p €T.

(m,n)eN?

But since {wmn}m.nen is not usual convergent and statistical A-summable so we
can say that the classical version and statistical A-summable version of the previous
theorem do not work for the operator defined above.
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