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Sufficient conditions for analytic functions
defined by Frasin differential operator

Tariq Al-Hawary

Abstract. Very recently, Frasin [7] introduced the differential operator Ifny Wf(2)
defined as

o m ¢
Ifn’/\f(z) = Z+Z (1—‘,— (n_ 1)2 <7;l> (_1)j+1)\j> anzn.

j=1
The current work contributes to give an application of the differential operator
Ifn_’ 1 f(2) to the differential inequalities in the complex plane.
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1. Introduction and preliminaries

Let A be the class of all normalized analytic functions in U= {z € C: |z| < 1}
that has a Taylor-Maclaurin series expansion of the form:

f(z) :z—i—Zanz". (1.1)
n=2
For a function f in A, and using the binomial series

(1—A)m=z<?>(—l)jkj (meN, jeNg=NU{0}, N={1,2,---}),
j=0

let Zg% \f(2) be the differential operator defined as follows:

°f(z) = f(2),
I f(2) = (L=N"f(2) + (1= (1= N")zf(2) = Tnaf(2), A>0;m €N,
SAf(2) = Ina(T'f(2)  (CeN). (1.2)
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For f € A, we see that
¢

5, —Z+Z (n—1 Z( ) YN | a2, CeNg.  (1.3)
j=1

Using (1.3), it is easily verified that

ClMN2(T5 A f () =ToH F(2) = (1= CMO)TE, 1 f(2), CE€Np,  (1.4)
where C7(A) i= 3 (T)(=1)7 1\,
From the identit;;:(ll.zl), we readily have

ClN2Te 3 f(2)) =T\ f(2) = (1= CP OIS A f(2), C€Ng  (15)

and

ClrNTNf(2) =I5 f(2) = (1= CP NI f(2), (€No.  (L6)
The above differential operator I A/ (2) was introduced and studied by Frasin [7].
Note that for m = 1, we obtain the differential operator If ,, defined by Al-Oboudi [1]
and for m = A\ = 1, we get Silidgean differential operator Z¢ [9] (see also Aouf [2, 3]).
Our aim in this work is to provide an application of the differential operator I A (2)
(see for example, [4, 5, 6, 8, 10]).
For our purpose, using the operator Ifm 1f(2), we define the classes @) and G respec-
tively.

)

Definition 1.1. Let @ be the set of continuous complex functions ¢(r, s,t) : C> — C in
D C C* such that (0,0, O) eD, |¢(0,0,0)] <1 and

lq(e", [CF (N6 + (1= CF*(N)]e”,
[C] ( )] BHC’;”( )(2 = CF" (A ))5+(1*C§”(A))2}6w|
> 1
whenever
(e, [C]* (N8 + (1= C"(V)]e”,
[CT VB + [C (M) (2 = O (A ))5+( —CM(N)*e”)
e D

with Re{Be™"} > §(6 — 1) for real 6,5 > 1.
Definition 1.2. Let G be the set of continuous complex functions g(r, s,t) : C> — C in
D C C? such that (1,1,1) € D, | g(1,1,1)] < L (L > 1) and
[CT(N)]2(8 + 1) + BLCTH(N)6e™® + L2 ) ‘ -
C(N)(Le® + C7*(N)d) -

g <Lei6, Le® + Ci' (N9,

whenever

[CTMN)2(8 + ) + BLCT(A)de?? + L2 ) D

0 110 m i
(Le ,Le" + CJ (NS, CI(A)(Le + CT(N)6)



Analytic functions defined by Frasin differential operator 355

with Re{p} > §(6 — 1) for real 0,9 > f—_‘d
2. Main results

To prove our theorems in this section, we recall two lemmas for Miller and
Mocanu.

Lemma 2.1. [8] Let a function w(z) € A withw(z) # 0 in U. If zg = r0e® (0 < 1y < 1)
and |w(zp)| = lnllgx |w(z)|. Then
z|<rg

Zow/(Zo) = 5’[0(2’0) (21)
and o)
ZoW (2o

Lemma 2.2. [8] Let w(z) = a+wy2* + -+ be analytic in U with w(z) # a and k > 1.
If 20 = 10€" (0 < 1o < 1) and |w(z)| = |II|ng |w(z)|. Then
Z|STo

zow'(20) = dw(z0) (2.3)
and .
R%HW}N, (6 €R) (2.4)
where
|w(z) — af® [w(zo0)| — |a]
~w(zo)F — Jal* T lw(zo)| +lal

Applying Lemma 2.1, we prove Theorem 2.3.
Theorem 2.3. Let q(r,s,t) € Q and f(z) € A such that

(Z5 AT TGN F(2), ISR A ()) eD e € (2.5)
and
0 (Z50F T TR )| <1 (2.6)
for ( € Ng, m € N, A >0 and z € U. Then
‘If,mf(z)’ <1  (zel). (2.7)
Proof. Let

Ty af(2) = w(z),
then w(z) € A and w(z) # 0 (z € U). Using the identity (1.4), we have
Iy f(2) = (V2w (2) + (1 = CF (\))w(z)
and

T3 f(2) = [CF (VPP (2)) + O (A)(2 = CF' (V) zw(2) + (1 = CF" () *w(2).
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Letting 29 = rpe? (0 < 1o < 1), |w(z)| = max lw(2)| = 1, w(zp) = € and using
<T0
(2.1), we have
5, \f(20) = w(Zo) =,

Iy5 f(20) = C'(N)dw(z0) + (1= CF"(A))w(z0)
= [C}”( )0+ (1= CFH(A))]e”,

and

I3 f(20) = [CT (NP (28w” (20)) + CJM(A)(2 = CJ"(A))dw(z0) + (1 — CT(N))*w(20)
= [CPNPB+CH N2 = CF* (V)3 + (1= C*(1))*e”.

where

B=z2w"(z) and 6>1.

Moreover, an application of (2.2) gives
Re 2V L _p [ ) 5
w'(20) det?

Re{Be "} > 6(6 — 1).

or

Since ¢(r, s,t) € @, we have
‘q (IC )\f(z),IC'H IC+2 (Z) ‘
= |q(e”, [C]*(Ns + (1= C"(N)]e”,

[CT 2B +[C' (N2 = O (V)6 + (1= C7*(A)]e”)]|
> 1

which opposes the condition (2.6) of Theorem 2.3. So we have
‘I;YAf(z)‘ <1 (zeU). 0
In Theorem 2.3, if ( =0, A =1 and m = 1 we get
Corollary 2.4. Let q(r,s,t) € Q and f(z) € A such that
(f(2),2f'(2),2°f"(2) + 2f'(2)) e D C C?
and
| (f(2),2f'(2), 22 f"(2) + 2f'(2))| <1, =z€U.

Then
f()l <1 (2€0).

Now, using Lemma 2.2 we will prove the following theorem.
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Theorem 2.5. Let g(r,s,t) € G and f(z) € A satisfy

(I::;,Af(z) IS F(2) TS F(2)

, , DcC? 2.8
() 5/ ) Iifiﬂ@)e . (28)

and

<L (2.9)

‘ (I;,Aﬂz) IS f(2) z;*,ff(z))
IS0 f(2) o 0 f(2) T f(2)

formeN (>1, A>0,L>1and all z € U. Then

Iﬁh,\f(z)

I8 F(2)

m,A

<L (z €U).

Proof. Let

TS (2)
m =w(z)  ((=>1). (2.10)

Then w(z) is analytic function in U, w(0) = 1 and w(z) # 1. Differentiating (2.10)
logarithmically and multiplying by z, we get

ATy J(2) 2T f(R) 2w (2)

8, ISaf) wi@)

Using the identities (1.4) and (1.5), we have

5T (2 !
?/\7() — w(z) + OV (2) (2.11)
Im))\f(z) w(z)
Differentiating (2.11) logarithmically and multiply by z, we have
AT (2) AT ()
L@ L)
, I
P [w(z) + O (N) zg(g)>]
w(z) + C () 2
z ’ z 22 " z z ! z 2
2w (2) + O (A) [ ) g 2 (2l) ]
= . (2.12)

w(z) + O () 22

w(z)
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Using the identities (1.4) and (1.6), it follows from (2.12) that

1 I3f(2)
CrrN I f(2)
’ m 2w’ (2) zzw”(z) [ zw'(2) 2
1 TR N 2w'(z) + CF(A) [ W) T e ( e ) ]
C7'(N) 5, \ f(2) w(z) + CP(N) 22
’ m 2w’ (2) zzww(z) 2w’ (z) 2
_ 1 w(z) 2w'(2) T (@) + ) [ i) e T ( w(z) ) ]
() w(z) w(z) + O (0) %55
Letting zg = rge? (0 < rg < 1), |n|1<ax |w(z)| = |w(z0)| = L, w(zp) = Le*® and using
Z|ISTo
Lemma 2.2 with a = 1 and k = 1, we have
78 2 )
mf B e,
I’m,/\ (Z())
5T £z )
Q’Mf( ) +CT (NS,
Im,\f(zo)
T3l () OOV + ) + BLC) (V)de™® + L2
IS f(=0) CTM (N (Let? + CTH(A)d) ’
where
2 "
25w (zo0) L-1
# w(zp) and 02 L+1

Moreover, an application of (2.2) gives Re{u} > (6 — 1).
Since g(r, s,t) € G, we have

‘ (I;,Aﬂz@) I f(=20) If,f,ff(Zo))
T 3 f(z20) Th 0 f(20) oM f(20)
[CT(N)]2(8 + p) + BLCTH(N)6e™® + L2 ) ‘

C}”(A)(Le“’ + C]’-”()\)é)

g (Lew, Le® + C (),
> L
which contradicts the condition (2.9) of Theorem 2.5. Thus

7s z
)= [Pl
Im,Af(Z)
form e N, (> 1, A >0 and all z € U. The proof is complete. O

In Theorem 2.5,if (=1, A=1and m =1 we get
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Corollary 2.6. Let g(r,s,t) € G and f(z) € A satisfy
(H0 S 2SI cpee g

f(z)’ f'(z) ’ zf"(z) + f'(2)
and
2f'(2) 2" () + f'(z) 22f() +321"(2) + ['(2)
f(F T T e e )< ew
for L>1 and all z € U. Then
2'(2) .
B <L (z €U).
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