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Possibly infinite generalized iterated function
systems comprising (-max contractions
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Abstract. One way to generalize the concept of iterated function system was
proposed by R. Miculescu and A. Mihail under the name of generalized iterated
function system (for short GIFS). More precisely, given m € N* and a metric
space (X, d), a generalized iterated function system of order m is a finite family of
functions f1,..., fn : X™ — X satisfying certain contractive conditions. Another
generalization of the notion of iterated function system, due to F. Georgescu, R.
Miculescu and A. Mihail, is given by those systems consisting of p-max contrac-
tions. Combining these two lines of research, we prove that the fractal operator
associated to a possibly infinite generalized iterated function system comprising
p-max contractions is a Picard operator (whose fixed point is called the attractor
of the system). We associate to each possibly infinite generalized iterated function
system comprising ¢-max contractions F (of order m) an operator Hr : C™ — C,
where C stands for the space of continuous and bounded functions from the shift
space on the metric space corresponding to the system. We prove that Hr is a
Picard operator whose fixed point is the canonical projection associated to F.
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1. Introduction

One way to generalize the concept of iterated function system was proposed by
R. Miculescu and A. Mihail (see [6] and [8]) under the name of generalized iterated
function system. More precisely, given m € N* and a metric space (X, d), a generalized
iterated function system (for short a GIFS) of order m is a finite family of functions
f1,-- oy fn s X™ — X satisfying certain contractive conditions.

This paper has been presented at the fourth edition of the International Conference on Numerical
Analysis and Approximation Theory (NAAT 2018), Cluj-Napoca, Romania, September 6-9, 2018.
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They proved that there exists a unique attractor of a GIFS, studied some of
its properties and provided examples showing that GIFSs are real generalizations
of iterated function systems. In addition, F. Strobin (see [13]) proved that, for any
m € N, m > 2, there exists a Cantor subset of the plane which is the attractor of
some GIFS of order m, but is not the attractor of any GIFS of order m — 1. This kind
of iterated function system was generalized in several ways (see [1], [2], [10], [12], [14]
and [15]). In addition, the Hutchinson measure associated with a GIFS was studied
in [7] (for GIFS with probabilities), in [4] (for generalized iterated function systems
with place dependent probabilities) and in [11]

Another generalization of the notion of iterated function system in given by
those systems consisting of p-max-contractions (see [3]).

Combining these lines of research, we prove that the fractal operator associated
to a possibly infinite generalized iterated function system comprising ¢-max contrac-
tions is a Picard operator (whose fixed point is called the attractor of the system).

The main tool in the study of topological properties of the attractor of an iterated
function system is the canonical projection. Paper [9] inspired us to associate to each
possibly infinite generalized iterated function system comprising p-max contractions
F (of order m) an operator Hx : C"™ — C, where C stands for the space of continuous
and bounded functions from the shift space on the metric space corresponding to the
system. We prove that Hr is a Picard operator whose fixed point is the canonical
projection associated to F.

2. Preliminaries

For a metric space (X, d) and m € N*, we consider:
° Pb’cl(X ) the set of all non-empty, bounded and closed subsets of X;
o the Hausdorff-Pompeiu metric b : Py o (X) X Py o (X) — [0, 00) given by

h(A, B) = max{d(A, B),d(B, A)},
for every A, B € P, (X)), where d(A, B) = sup irelgd(x,y);
reAY
e the Cartesian product X™ endowed with the maximum metric dyax defined by

dmax((xh .. ,Im), (ylv o .. 7ym)) = maX{d(Ihyl), ey d($m7ym)}7
for all (z1,...,2Zm), (Y1, -, Ym) € X™;

e the spaces X1, Xo, ..., Xk, ..., defined inductively in the following way:
Xi=XxXx..xX=X"
m times
and

Xk+1:Xk><XkX...><Xk

m times
for every k € N*. We endow X} with the maximum metric for every k£ € N*. Note
that X}, is isometric to X m" with the maximum metric for every k € N* and that we
will identify X} and ka;
o FP ={o:{1,2,....m*} — {1,2,...,mP}}, where p € N* and i € {0,1,...,p— 1}

K2
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® Iy = (xa(l)v s 7z0(m77)) and y, = (yo(l)a s aya(mi))v where z = (1131,332, s axmp)7

Y= (Y1,y2, - Ymr) € X™ peN* i€ {0,1,...,p—1} and o € FF.

Definition 2.1. A possibly infinite generalized iterated function system of order m € N*

is a pair F = ((X,d), (fi)ier), where (X,d) is a metric space, f; : X™ — X is

continuous for every i € I and the family of functions (f;);er is bounded (i.e. U f;(B)
i€l

is bounded for each bounded subset B of X™).
The function Fr : (P e (X))™ — Py, (X), described by

F‘]:(Bl7 ce ,Bm) = _UIfi(Bl X ... X Bm),
1€

for all (B1,...,Bm) € (P a(X))™, is called the fractal operator associated to F.

If there exists a unique A € Py o (X) such that Fr(A,...,A) = A, then we say
that F has attractor and A, which is denoted by Az, is called the attractor of F.

Now we recall the concept of code space associated to a possibly infinite gener-
alized iterated function system which was considered by A. Mihail and F. Strobin &
J. Swaczyna.

Let us consider m € N* and a set I. One can define inductively the sets
Q1,09,...,Q, ... in the following way:

Ql :IandQ;H_l :Qk XQk X ... XQk,

m times
for every k € N*.
We are also dealing in the sequel with the following sets:

Q=01 x Qg X ...xXQ X ...

and
2 =01 x Qg X ... X Qp,
where k € N*.
Fori€ {1,2,....m}, k€N, k>2and a =a'a?...a" € Q, where
o =alak. ..’ €y, ...,a" =afah ... af €,
we consider
. k
a(i) =atal...af € Q.

Forao € Qand i € {1,2,...,m}, a(i) €  could be similarly defined in a similar
manner.
Definition 2.2. ) is called the Mihail-Strobin&Swaczyna generalized code space.

2 becomes a complete metric space if it is furnished with the metric d given by

Zok ,ﬂk

keN

for every a = ala?... oot ... B =pBIp%.. . BB € Q, where
1, Oék k
d(ak7ﬂk){ 0, akigk

and C € (0,1). Moreover, the metric space (2, d) is compact provided that I is finite.
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To a possibly infinite generalized iterated function system F = ((X,d), (fi)icr)
of order m, one can associate, for every k € N*| a family of functions

{fa:Xk—>X|OéEkQ}
defined inductively in the following way:
i) For k = 1, the family is (f;)ier-
ii) If the functions f,, where a € 1), have been defined, then, we set

fa($17$27 cee ,.’L‘m) = fozl (foz(l)(ml), ) fa(m)(xm))

for every a = a'a?...aFa* Tt € 110,

(l’l,xg,...,.’bm) eXk+1 =X X Xp X ... x X

m times

Note that if m = 1, then ;,Q = I* and if w = w'w?...wF € 1Q, then

fw:fwlo”‘ofwk'

Hence the above introduced families of functions are natural generalizations of com-
positions of functions.

Given a set X, m € N* and a function f : X™ — X, we define inductively a
family of functions f[¥! : xm X, k € N* in the following way:

i) M=

ii) assuming that we have defined f*!, then

FE @y, ) = LB @), P ),

for every (z1,...,2m) € X % ox Xmt = xmtT 2 Xpr1.
m times
Note that for m = 1, we have f*! = fo...o f. We remark that maps f* are
k times

special cases of f, defined earlier.
Definition 2.3. Given a set X, m € N* and a function f : X™ — X, an element x of
X such that f(z,...,x) = z is called a fixed point of f.
Definition 2.4. Given a metric space (X,d) and m € N* a function f : X™ — X is
called contraction if there exists C' € [0,1) such that d(f(x), f(y)) < Cdmax(z,y) for
all z,y € X™.
Definition 2.5. A function ¢ : [0, 00) — [0, 00) is called comparison function provided
that it satisfies the following properties:

i) it is nondecreasing;

ii) it is right-continuous;

iii) ¢(t) < t for every t > 0.
Definition 2.6. a) Given a metric space (X,d), m € N* and a comparison function ¢,
a function f: X™ — X is called ¢-contraction if d(f(x), f(y)) < @(dmax(z,y)) for all
z,y e X™.

b) Given a metric space (X, d), a comparison function ¢ and m € N*| a function
[ X™ — X is called p-max generalized contraction if there exists p € N* such that

d(f¥(x), fPl(y)) < so(max{lgrelgggd(fm (o), f (o)) i €{0,1,2,...,p—1}}),

for all z,y € X™".
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Now let us introduce an important tool that will be used in this paper, namely
the operator Hr associated to a generalized possibly infinite generalized iterated
function system F.

To a possibly infinite generalized iterated function system F = ((X,d), (fi)icr)
of order m, we associate the operator Hx : C™ — C described by

Hz (g1, 9m)(@) = far(g1(a(1)),..., gm(a(m))),

for every gi,...,9m € C and every o = a'a?...a" ... € Q, where the metric space

(C,dy,) is described by C = {f : Q@ — X | f is continuous and bounded} and
du(f,9) = supd(f(a), g(2))

for every f,g € C.
Remark 2.7. i) Hx(g1,...,9m) is continuous for all gq,..., g, € C. This results from
the following facts: the maps o — «(¢) are continuous, Q = ‘UIQi, where

[4S]

Q' ={a=ca'a?...da .. eQ]al =i},
and the restriction of Hx(gi, ..., gm) to the open set Q¢ is continuous for every i € I.
ii) Hx(g1,- - -, gm) is bounded for all g1, . . ., gm € C. This results from the bound-

edness of the family of functions (f;);er, the boundedness of the functions g1, ..., gm
and from the fact that

H]:(gh v agm)(Q) = Hf(gla cee 7gm)(iLEJIQi)

= UHr(gr, - 9m)(Q) = U fi(g1(Q) x . X g ().

ili) Hr is well defined. This results from i) and ii).
Remark 2.8. (C,d,,) is complete provided that (X,d) is complete.

Finally we introduce the canonical projection associated to a possibly infinite
generalized iterated function system F.
Definition 2.9. A possibly infinite generalized iterated function system

F=((X,d),(fi)ier)
of order m € N* admits canonical projection if has attractor (denoted by Ax) and
for every a = al...a™... € Q the set meal__.an (Ar,...,Ar) consists of a single
ne

element denoted by m(«). In this case the function 7 : 8 — X is called the canonical
projection associated to F.

3. Main results

Theorem 3.1. Let (X, d) be a complete metric space, ¢ : [0,00) — [0,00) a comparison
function, m,p € N* and a continuous function f: X™ — X such that

d(f(x), fP(y)) < w(max{;ré%d(f[i](%),f[i](ya)) |i€{0,1,2,...,p—1}}),

for all z,y € X™".
Then:
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a) There exists a unique o € X such that f(o,...,a) = a.
b) If f is bounded on bounded subsets of X™, then, for every B € Py (X) and

every xy € Bmk, klim f (zx) = a, the convergence being uniform with respect to xy.
— 00

Proof. a) Note that the continuous function g : X — X given by g(z) = f(z,...,x)
satisfies the inequality

d(g"(x), 9" (y)) < p(max{d(¢"(z), 9" (y)) | € {0,1,...,p = 1}}), (3.1)
for all 2,y € X. Then, based on (3.1), using Theorem 3.1 from [5], we infer that there
exists a unique a € X such that g(a) = a and lim ¢gl"l(z) = « for every = € X.

n—oo

Hence there exists a unique o € X such that f(a,...,a) = a.
b) In the sequel, for B € P, ;(X) and k € N, we shall use the following notations:

My(B) ™ sup d(a, f¥(z))

zeBmF
and
Ni(B) "2 max{M;_;(B) |i € {0,1,...,p—1}}.
As
My (f(B)) = sup d(a, fM(y)) = sup d(a, fI"(2)) = Mnia(B)
ye(f(B)™" zeBm" Tl

for all B € P, (X) and all n € N, the mathematical induction method leads us to
the following conclusion:
My (fI"N(B)) = My in(B), (32)

for every B € Py ¢(X), m,n € N.
Moreover, we have

My p(B) < p(max{M,4;(B) | i € {0,1,...,p—1}}), (3.3)
for every B € Py, (X) and n € N,
Indeed,
3.2
Moip(B) 2 M, (fP(B) = sup  d(a, fI" ) (a))
reBm"TP
< sup p(max{d(e, f""N(z)) | i€ {0,1,...,p—1}})
zeBm™ TP
< pmax{ sup d(a, ")) [i € {0,1,...,p—1}})
reBm" !

= p(max{M,;(B) [ i €{0,1,...,p —1}}).
In addition, from (3.3), we have N,11(B) < N,(B) < ... < Ny(B) < oo and
Nyyp(B) < o(N,(B)) for every n € N.
Hence N,(B) < ol#/(max{M;(B) | i € {0,1,...,p — 1}}) and consequently
nli_)n;ONn(B) = nh_)rr;OMn(B) =0 for every B € P, (X). O
Theorem 3.2. Let F = ((X,d), (fi)icr) be a possibly infinite generalized iterated func-
tion system of order m € N* and p € N such that

d(fa(®), fa(y)) < p(max{maxd(fs(zs), fs(yo)) | B €4 ¢ €{0,1,...,p —1}),
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for all z,y € X™", where ¢ is a comparison function. Then:

a) There exists a unique Ar € Py o(X) such that Fr(Ar,...,Ar) = Ar, ie.
F has attractor.

b) nan;on[ﬁl](Bn) = Ag for all B € P,o(X) and B, = (B},...,B",) C B™"
with B € Py (X) for all i € {1,2,...,m"}.

c) Foralla=a'...a™...€Q, the set nQNfQIQZ.__an (Ar,...,Ar) has only one

element denoted by a., so F admits canonical projection.

d) Foralla=a'...a"...€Q, B€ P, 4(X) and B, = (B},...,
with B € Py (X) for each i € {1,2,...,m"}, we have nli_)ngofalazman
and the convergence is uniform with respect to o and the sets B.

Proof. a) The function F : P, (X) = Py (X) given by F(B) = Fr(B,...,B) for
every B € P, (X) has the property that

h(FP(By), FPN(By)) < p(max{h(FI(By), FI(B,)) | i € {0,1,...,p— 1}}),
for all By,By € Py (X). Theorem 3.1 assures the existence and the uniqueness
of a set Ar € Py (X) such that F(Ar) = Ar (i.e. Fr(Ar,...,Ar) = Ar) and
lim F"(B) = Ax for every B € Py o(X).
n—oo

b) For By1,By € P, (X), p,n € N and a € ,, in the sequel, we shall use the
following notations:

) C Bm"
) = {aa}

n
mn
(Bn

My (B1, By) = sup d(fa(), fa(y)),

zeB” ye By

Mp(Bl, BQ) = supQMa(Bl, BQ)
aE p

and
Ny (B1, By) = max{M, (B, Bz), ..., Myyp_1(B1, Ba2)}.

Then, we have

d(fa(2), fa(y)) < sﬁ(max{fé%d(fﬁ(%)’fﬁ(yo)) |B€ ¢ qef0,1,....,p—1})
< p(max{ Héa.)éM“’(Bl’ Bs))|ie{0,1,...,p—1})
< p(max{M;(By,B2)) | i € {0,1,...,p—1}),

for all By, By € P, (X) and x € B]*' |y € By, so

Ma(Bh Bg) S go(max{Mo(Bl, Bg), ey Mpfl(Bl, BQ)})
and

]\410(.317 BQ) S (p(max{Mo(Bl, Bz), ey Mpfl(Blv BQ)}), (34)
for all By, By € Py o(X) and o € 2. Moreover

My j(B1, B2) = Mj(F¥(By, ..., B1), F (B, ..., By)), (3.5)
for all By, By € Py(X), i,j € N. By replacing, in (1), the set By by FI'(By, ..., By)
and the set By by F][_TL](BQ, ..., Ba), we get

Mn+p(Bly Bg) S (,0(111&)({]\4n(317 Bg), ey Mnerfl(Blz BQ))7 (36)
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for all By, By € Py ;(X), n € N. From (3.6) we infer that
Ny41(B1, By) < Ny (By, By) and Ny (B, B2) < (N, (B, B2)),
for all By, By € Py ¢(X) and n € N. Therefore
Nn(B17B2) < QD[%](maX{MO(Bla 32)7 o 7Mp—1(Bla BQ)})7
for all By, By € P, (X) and n € N, so
Jim Ny,(Bi, Bz) = lim My (B, By) = nlgngoh(F?] (Bi,...,B1), (3.7)

FI'(B,,...,By)) =0,
for all By, By € Py i(X). In particular, for By = Ar, we obtain that

nlgngoh(Fgl](Bl,..., 1), AF) =0, ie lim FI(By, ... By) = Ar,

n—00

for each By € Py ¢(X). Moreover, we have
M (By, By) < My (Cy,C3) and M, (B, By) < M,(C1,C2),

for all Bl,Bg,Cl,OQ (S Pb,cl(X), By C 01, By C Cg, ne€Nand o € nQ.
If for B,C € P, (X) and n €N, B, = (BP,...,B".), C, = (C,...,C.) C B™",
with B, C?" € P, (X) and B} C B,C C C for all i € {1,...,m"}, then

hmF[ ]( B,) = Ar.

n— oo

Indeed, we have only to take into account (3.7) and the inequality
WEE (By), FE(C)) < Ma(B, ),

which is valid for all n € N, for C = Ar.

c) Let us note that, as h(fo(Bn), fa(Crn)) < M, (B,C) for all « € ,Q, taking
into account (3.7), we infer that li_>m h(foa(Bn), fa(Cr)) = 0 for all B,C € P, o(X)
n—oo

and a € ,Q.
In the sequel, for a = ol ...
fal...(x" (A]:7 s 7A}-) 275 A(xlu.a"'

Note that diam(Aq1, on) = Myt qn(Ar, Ar) foralla =al...a™... € Qandn € N.
As Ay gnantt € Agr. on, We obtain that

diam(Aalmanan+1) < diam(Aalu_an) < Mn(A]:, A]:)
foralla =al...a"... € Q and n € N and, based on (3.7), we conclude that the set
meOClOLZ”_an (Ag,...,Ar) has only one element denoted by a,.
ne
Let us note that

h,(fal.__an (A]:, N ,A]:), {aa}) < diam(falman(A}-, ey A]:)) < Mn(A]:, A]:)

foralla = al...a”

a™ ... € Q, we shall use the following notation:

. € Q and n € N. Therefore, using (3.7), we get
nli}nolofala?“a" (A]:a ) A]:) = {aoz}
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d) Because lim fo1 on(Ar,...,Ar) = {an} and
n—oo
nh_{rolofal”'an (Ax,...,Ax) = nh_}II;ofal”'an (BY,...,Bl ),
we conclude that
nli)n;ofala2_..an (BY,...,B.)=0

forall a = a...a"... € Q, B € Pyy(X) and B, = (B},...,B.) C B™" with
Bl € Py, (X)) for each i € {1,2,...,m"}.

Concerning the rate of the convergence we have the following estimation:

h(fa1a2...a” (Bn)7 {aa}) < h(falaz...a” (Bn)7 Aal...a") + h(Aal...a"a {aa})
< M, (Ar, B) + M, (Ar, Ar) < 205 (max{M;(Ar,B) | i € {0,1,...,p—1}}),
forala=al...a”...c Qand n € N. O

Theorem 3.3. Let F = ((X,d), (fi)icr) be a possibly infinite generalized iterated func-
tion system of order m € N* and p € N such that

d(fa(l‘>7fa(y)) < @(max{ﬁaf)g,d(fﬁ(xz?)vfﬁ(yo)) | B €q Q,q¢€ {0’ L...,p— 1})7

for all z,y € X™", where ¢ is a comparison function. Then there exists a unique
w € C such that:

a) He(m,...,7) =7 and 7(Q) = Ax.

b) nlggoH][?](fn) = 7 for all B € Pyu(X) and f, = (f7,...,[%) € CB",
where Cp = {f : Q = B | f is continuous} is endowed with the uniform metric, the
convergence being uniform with respect to B.

¢) 7 is the canonical projection associated to F.

Proof. a) Using the mathematical induction method, one can easily prove that

HY (g1, ..., gmn) () =

= fataz. an(g1(a(11...1)),...,gm(a(1l...m)), ..., gmn(a(mm...m))), (3.8)

foralla =a'...a"... € Q and all n € N, where we adopted the following notation:

alin)(iz) ... (i) "2 a(iris . . .iy).

For a fixed n € N, for each [ € {1,...,m"} there exists a unique ordered subset
{l1,...,1,} of {1,2...,m} such that [ — 1 = I;m" " +lom" 2 + ... +1,, so we can
consider the function w: {1,2,...,m"} — {1,2,...,m}" given by

ul) =1+ Ll +1,...,0,+1)
for all I € {1,2,...,m"} and rewrite (3.8) in the following form:
HP g1, gmn)(@) = faraz. o (91 (@(u(1)), -, o (a(u(m™)))),
foralla=a'...a"...€ Qand all n € N.

Claim. Hr is a p-max generalized contraction.
Justification of the claim. Indeed, we have

du(Hg.?](gla cee ,gmp)7H££](h17 . .,hmp))
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- sugd(ij](gl, e gme) (@), HEY By, o B ) (@)
ac

< sup sup
a€ mQ2 a(l),...,a(mr)eQ

max - max max d(fs(go @) (a(o(u(i))). f5(hew(alo(u(i))))

i€{0,1,....,p—1} BE ;Q oceF?

<op(s max max max
aE Q i€{0,1,....,p—1} c€F? BE ;

swp d(f5(go(i) (o (u(@))))), f5(he@) (alo(u(i)))))))

a(l),...,a(mpP)e
< cp(max{;réa;; du(H;](ga),H;](hg)) |i€{0,1,...,p—1}}),
for all g1,...,9me, h1,..., hmp € C.
The Claim and Theorem 3.1 assure us that there exists a unique 7 € C such that
He(m,...,m) =m.

Moreover, we have 7(Q) = Ax. Indeed,
m(Q) = Hz(m,...,m)(Q)
= U u film(ar),...,m(am)) = U fi(m(2) x ... x 7(Q))

i€l ar,...,am €Q el

fi cont:inuous Zg]fl(m X ... X m) = F}'(T((Q) X ... X 7T'( ))

and m(Q) € Py (X) (since 7 € C). In view of Theorem 3.2, a), we conclude that

b) Let us consider B € P, (X) and f, = (f',..., f%.) € C%", n € N. Note
that the family of function (f")icf1,2,...,mn} is bounded (as o 2U }fn< ) C B)
1e1,2,...,m™

)

for all n € N.

Claim 1. H£(Cy X ... x Cy) is bounded for every bounded subset C; of C.
Justification of Claim 1. Let us consider C; a bounded (with respect to d,) subset of
C. Then there exists g € C and r > 0 such that C; C B(g, ). It follows that

U < B).7)

not

and we shall use the following notation: B = fUc f(Q) € Py o(X). The inclusion
€C1

Hr(Cy,...,C1) CC(Q, Fr(B,...,B))={f:Q — Fz(B,...,B) | f is continuous }
is valid as

Hr(fr, - fm)(Q) = U U filfi(a(1)), ..., fm(a(m)))

i€l a(l),...,a(m)eQ
C UL, o fm(®) € U fiB,... B) C Fx(B,.... B)
for all f1,..., fm € C1. Hence

du(HJ-'(fla-~',fm)7H}'(gla~-~agm)) < dlam(F]:(Ba’B))

forall f1,..., fm,91,--+,9m € C1, 80 Hr(C1 X ... x Cy) is bounded for every bounded
subset C; of C. The justification of the claim is done.
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Let C; be a bounded subset of C. Since
du(HE g, gn) HEV(RE, . 1) < diam(FE(B, ... B))
for all n € N and ¢7,...,g%n, hY,..., A" € C; U {7}, using Theorem 3.1, b), we
conclude that li_>m H[}@](fn) =T.
¢) Note that
7(0) = Hr(r,..,m)(0) = for ((a(1)), ..., w(a(m)), (3.9)

for all o € Q.
Claim 2.

T(Faraz an(Ars e M) = faraz...an (T(AL) X .. X 7(Apn ), (3.10)

foralln e N*, al e I,a? € Qq,...,a" € Q,, and Ay,...,Apn C Q.
Justification of Claim 2. We are going to use the mathematical induction method.
Using (3.9), we get Claim 2 for n = 1.
Let us suppose that (3.10) is valid for n. We shall prove that it is also true for
n + 1. We have
W(Fulazmananﬂ (Al, ey N ))

= W((Fa(l)(Al, ce ,Amn), ey Fa(m) (Amn+1,mn+1, v ,Amn+1)))

fal (W(Fa(l)(Ah “e ,Amn)), ce 77T(Fa(m) (Amn+1,mn+1, ey Amn+1))))
= fozl (fa(l) (W(Al)u s 77T(Amn))7 sy fa(m) (W(Am"+1—m"+1)7 s 77T(Am"+1)))

Claim 2 for n
= fa1a2.

(3.9)

Lanrantl (T((Al) X ... X W(Amn«l»l)),
for all Aq,...,Apnrt C Q, where a = a'a?...am. ..
Finally, we have

w(a) S W(nQN*Fala;_an (Q, e Q)) - nQN*ﬂ—(Falaz”'an (Q, cey Q))

Claim 2
= N faraz.an(m(Q),...,7() C N faraz. an(AFr, ..., AF),
nEN* neN*
for all @ = ala?...a™... € Q, so, based on Theorem 3.2, b), 7 is the canonical
projection associated to F. O
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