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Abstract. We investigate several differential subordinations using the fractional
operator D" : A — A, for —oo < A < 2,v > —1,n € Ng = {0,1,2,...},
introduced in [7].
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1. Introduction
Let H(U) denote the class of functions which are analytic in the open unit disk
U={zeC:|z| <1}
Forae Cand k e N={1,2,...}, let
Hla, k] = {f € HU) : f(2) = a+ apz® + ap1 28T+,

and
A={feHU): f(z) =2+ axz* +azz* +...,2 € U}.

In [3], the fractional integral operator D, * of order u, > 0, for the function f € A,
is defined by

I S A (0
D] f(z)_f‘(,u)/(z—t)lfﬂdt’ZEU’
0

where the multiplicity of (z —#)*~! is removed by requiring log(z —t) to be real when
z—t>0.
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Also, the fractional derivative operator D) of order A\, A > 0, for the function
f € A, is defined by

d I
D)\f(z): F(ll)\ E‘Of (z— t))’\dt 0<A<l1

dz"

77’LEN0,

(2), n<iA<n+l1

where the multiplicity of (z — t)’ is understood in a similar way.
In [4] is defined the fractional differintegral operator Q2 : A — A, —00 < A < 2,
by
02f(z) =T(2 - N2*D2f(2),2 € U,
where D2 f(z) is the fractional integral of order\, —co < A < 0, and a fractional
derivative of order A\,0 < \ < 2.
In [6], the Salagean operator D™ of order n, n € Ny, for f € A, is defined by

Df(2) = f(2)
D'f(z) =Df(z) = 2f'(2)
D" f(2) = D(D" " f(2)),n € N.
In [5], the Ruscheweyh operator R* : A — A for A > —1 is defined by
A _ z
R f(z) = m*f(z),ze U,
where ” x” is the Hadamard product or convolution.
For A\ € Ny this operator is defined by

»

R N (2) = M,z eU.

In (7], the fractional operator DY : A — A for —oo < A < 2,v > —1,n € Ny, is
defined as a composition of fractional differintegral operator, the Saldgean operator
and the Ruscheweyh operator:

DY" f(z) = RVD™Q f(2).
The series expression of DY" f(z) for f € A of the form f(2) =z + > app12"!
k=1
is given by
vin g (v + 1 n+1 k1
DY z+ Z k‘ + )" ag127,

—00 < A< 2,v>—-1,n¢€ No,z € U, where the symbol (v); denotes the usual
Pochhammer symbol, for v € C, defined by

_JLE=0 Ty +k) _
(7)’“_{7(y+1)...(y+k—1),keN =TI G\

Remark 1.1. [7] The fractional operator DS’O is precisely the Ruscheweyh derivative
operator R” of order v,v > —1, and ]D)g’o is the fractional differintegral operator Q)
of order \,—co < A < 2, while Dg’n = D" and Dif)"” = D"l are the Saligean
operators, respectively, of order n and n+1, n € Nj.
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Remark 1.2. [7] The operator D" satisfies the following identity:

DK+1,nf(Z) _ v ID)V’nf(Z) —+ %Z(Di7nf(z))/7

A +1
where —oo < A < 2,v > —1,n € Ny.

Remark 1.3. [8] The operator DY satisfies the following identities:

DY A(2) = (D572
where —oco < A < 2,v > —1,n € Ny, and
v,n A v,n 1 v,n
Dy f(z) = _ﬁD* f(z) + ﬁZ(D,\ f(2)),
where —oo < A < 1,v > —1,n € Ny.
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(1.1)

(1.2)

(1.3)

Definition 1.4. [1, p. 4] Let f, F € H(U). The function f is said to be subordinate to
F, written f < F, or f(z) < F(2), if there exists a function w € H(U), with w(0) =0

and |w(z)| <1,z € U, such that f(z) = F[w(z)],z € U.
In order to prove our results we shall need the following lemma.

Lemma 1.5. [2] Let q be a convex function in U and let

h(z) = q(2) + nazq'(2),
where a > 0 and n is a positive integer. If

p(z) = q(0) + pnz" + ... € H[q(0), n]

and

p(2) + azp'(z) < h(z)
then

p(z) < q(2),

and this result is sharp.

2. Main results

Theorem 2.1. Let g be a convex function, g(0) = 1 and let h be a function such that

h(z) = g(z) + "(2),v > —1.

v+1 .
If f € A verifies the differential subordination
(D" £(2)) < h(z)
then
(D" £(2)" < g(2)-
The result is sharp.

(2.1)
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Proof. If we denote by

!’

p(2) = (D" f(2)),
where p(z) € HI[1,1], then, by (1.1), we get

(]D)f\ﬂ’"f(z))/ =p(z) + ” —1k 1zp’(z)7 zeU. (2.2)

From (2.1) and (2.2) we obtain
P+ () < 9(2) + 720/ (2) = h(2)
Applying Lemma 1, we get
p(z) < 9(2)
or
(D" f(2)" =< 9(2).

This result is sharp. O

Theorem 2.2. Let g be a convex function, g(0) = 1 and let h be a function such that

M) = gz) + 7529/ (2) o0 <A <L
If f € A verifies the differential subordination
(DY f(2)) < h(z) (2.3)
then
(D" f(2)" < g(2)-

The result is sharp.

Proof. If we denote by
v,n /
p(z) = (DY"f(2)),
where p(z) € H[1,1], then, by (1.3), we get
1
1—-A

(Di’flf(z))/ =p(z) + zp'(z),z € U. (2.4)

From (2.3) and (2.4) we obtain

p(z) + 2p'(z) < g(z) +

1—2A
Applying Lemma 1, we get
p(z) < 9(2)
or
(D" F(2))" < a(2).
This result is sharp. O
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Theorem 2.3. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(2) + z¢'(2),n € Ny.
If f € A verifies the differential subordination
(D™ F(2)) < h(z) (2.5)
then

(D™ £(2))" < g(2).
The result is sharp.

Proof. If we denote by
v,n !
p(z) = (DY"f(2))
where p(z) € HI[1, 1], then, by (1.2), we get
(DX f(2))" = p(2) + 20/ (2), 2 € U. (2.6)
From (2.5) and (2.6) we obtain
p(z) + 2p'(2) = g(2) + 29'(2) = h(2).
Applying Lemma 1, we get
p(z) < 9(2)
or
v /
(D" f(2)) < g(2).

This result is sharp. O
Theorem 2.4. Let g be a convex function, g(0) =1 and let h be a function such that
h(z) =g(2) + 2¢'(z),z € U.

If f € A verifies the differential subordination

(DY f(2)) < h(z),z €U (2.7)
then
D) g1
The result is sharp.
Proof. Let
p(z) = ]D)K’”Zf(z) ,zeU

Differentiating we obtain

We get,
v,n 4
(DX f(2)) = p(2) + 2/ (2).
The subordination (2.7) becomes

p(2) + 2p'(2) < g(2) + 24'(2).
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Applying Lemma 1, we get

p(z) < 9(2)
or »
DY (2
= <g(2)
This result is sharp. O

Theorem 2.5. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(2) + 24’ (2),z € U.
If f € A verifies the differential subordination

zD"H’"f(z) !
then o
DY " f(2)
W < g(z), ze U
The result is sharp.
Proof. Let
_ DYTA(e)
e
We obtain - )
DY)\ ,

The subordination (2.8) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

p(z) < g(2)
or =
DY f(2)
T =9g(2),z € U.
Dy f(z) (=)
This result is sharp. O

Theorem 2.6. Let g be a convex function, g(0) =1 and let h be a function such that
h(z) =g(z) + 24'(2),2 € U.
If f € A verifies the differential subordination

(W) < h(z),z€eU,—co <A< 1, (2.9)
then YT ()
a1 (2

The result is sharp.
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Proof. Let
p(z) = )
DY f(2)
(z]D)Kflf(z) )’
DY"f(2)

The subordination (2.9) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

We obtain
=p(z) + 2p'(2).

p(z) < 9(z)
> DY f(2)
A1) (2
——— < g(2),z € U.
D5 a9
This result is sharp. O

Theorem 2.7. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(z) + 24’ (2),z € U.
If f € A verifies the differential subordination

zID)K’"Hf(z))'
—5——— | <h(2),z€U, 2.10
(Bt ) <2 (210)
then "
DY f(2)
2o 2 g(z),z € U.
D7) 9
The result is sharp.
Proof. Let
Dy7n+1 p
ple) = 2 S,
DY f(2)
We obtain o .
ZDY" f(Z)) /
—Sm | =pz)t+zp(z).
() —vor+ =)

The subordination (2.10) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

p(z) < g9(2)
or o
DY f(2)
D7) 9
This result is sharp. 0
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