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Subclasses of p-valent meromorphic functions
involving certain operator
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Abstract. In this paper we investigate some inclusion relationships of two new
subclassses of meromorphically p-valent functions, defined by means of a lin-
ear operator. We also study some integral preserving properties and convolution
properties of these classes.
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1. Introduction

Let Zp denote the class of all meromorphic functions f defined by:

f) =2+ a2 (peN={1,2..1}), (1.1)
k=1

which are analytic and p-valent in a punctured unit disk U* ={z:2¢€ C
and 0 < |z| < 1} = U\ {0}.
The class of analytic functions of the form

f(z) :erZakzk ,z €U,
k=2

is denoted by A. The functions of this class is called starlike of order v,0 <y < 1 if
f(2)
and called prestarlike of order v,v < 1 if
z *
m*f(z) € 5*(7),

we denote by S*(y) and R(y) the classes of stalike and prestarlike of order ~.

>



314 Adela O. Mostafa and Mohamed K. Aouf

If f and g are analytic functions in U, we say that f is subordinate to g, written
f < g if there exists a Schwarz function w, which (by definition) is analytic in U with
w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore,
if the function g is univalent in U, then we have the following equivalence (see [2, 5, 6]):
f(z) < g(2) < f(0) = g(0) and f(U) C g(U).
For functions f(z) € }_, given by (1.1) and g(2) € 3_, given by

oo
z)=z P+ z:bk,pzk_p7
k=1

the Hadamard product of f(z) and g(z) is given by:

(fx9)(2) =27+ ar_pbrpz" " = (g% f)(2). (1.2)

k=1
Using the operator QF ,:>_, — >~ defined by (see [1]):

— a I'(k —
Q5 pf(2) = { o F(E)ﬂ Z T k(+Jﬁr-ﬂ+)a)ak—ka P (a>08>-1)
P

ﬂ@ (@=0;8>-1).
Mostafa [8] defined the operator H's , : ¥, — ¥, as follows:
First put
o R (a _|_ 3) o L(k+5) k—p 1
Gjp(2) =2 ;Fk+5+a)z (p eN) (1.3)
and let G537, | be defined by
1
B2 Cipu2) = g > 0peN). (14)
Then
poud (2) = GG (2) = f(2) (feXy). (1.5)
Using (1.3)-(1.5), we have
_ L T(k+ B+ a)( )k ke
HOL — P _ p 1
it =+ iy ST 0

where f € ¥, is in the form (1.1) and (v), denotes the Pochhammer symbol given by

) _F(V—Fn)_{ 1 (n=0)
YInTTr0Y T\ v+ D) v+n—1) (neN).

Tt is readily verified from (1.6) that ( see [8])
2(He s, f(2) = (a+ BHSE f(2) = (a+ B+ P HS 5, f(2) (1.7)

and
2(HE 5, f(2)) = pnHE 5 1 f(2) = (n+p)HS 5, f (). (1.8)
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It is noticed that, putting u =1 in (1.6), we obtain the operator

I3) ~=Tk+a+p) k—p
(a+ﬂ); Tk+p)

Let P be the class of functions h(z) with h(0) = 1, Reh(z) > 0 which are convex
univalent in U.
For p,n € N, €,= e?™/™ | let

Zs“’ o uf(Ee) =27+ .. ,fez (1.10)

By (1.7) and (1.8), f#(a)(z) satlsﬁes:
2(fR(@)(2)) = (@ + B)fi(a+1)(2) = (+ B +p)fii(@)(2) (1.11)

HS 5 f(2) = HO pf(2) = 77 + (1.9)

and
2(fi(a)(2)) = pfiH(@)(2) = (n+p) fli(a)(2). (1.12)
Definition 1.1. For h € P,f € >, fli(a)(z) # 0,2 € U*, Sk(a,h) is the class of
functions f satisfying:
A(H )

h .
piEE M 1
and K#(a, h) is the class of functions f satisfying:
z(Hpp . f(2))
——p;%(g)(z) < h(z), (1.14)

where gh(a)(z) # 0, is defined as in (1.10).
To prove our results, we need the following Lemmas.

Lemma 1.2. [3] Let 8,7 € C, 8 # 0, h be convex univalent with R{Bh(z) +~} > 0 and
q be an analytic function such that ¢(0) = h(0). If

2q'(2)
q(z) + Ba2) + < h(z),

then

q(z) < h(z).

Lemma 1.3. [7] Let h be convex univalent and w be analytic, fw > 0. If the analytic
function q satisfies q¢(0) = h(0) and

q(2) + w(2)2¢'(2) < h(z),
then q(z) < h(z).
Lemma 1.4. [9] For a < 1, f € R(«) and ¢ € S*(a), we have for any analytic function
F inU,

[ (pF)

fre
where co(F(U) is the convex hull of (F(U).

(U) c eo(F(U),
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2. Main results
Theorem 2.1. If f € S!(«, h), then

i < .
where f£(a)(2) is defined as in (1.10).
Proof. From (1.10), we have:
fia Zeﬁﬂsﬁ Wf (€12
T—;LJP ZE j+t) pHa €j+t )
:Eﬁjpf#( )(2) (2.2)
and
(F(@)=) = = S0 (B, FH2) (23)
3=0
By (2.2) and (2.3), we have
ey e (Hy )
PIF@)(2) D A
T = (ngf( z)) o)
n pfr(@)(2)

Since f € S¥(a, h), we have,

oh (Hsud€612))
pfn(a)(z)
which leads to (2.1). O

< h(2),

Theorem 2.2. For a+ 3 > 0, h € P with R{a + S+ p — ph(2)} > 0 and for f €
SE(a+1,h), gh(a) # 0, we have, f € SE(a,h).

Proof. Since f € S¥(a+ 1, h), then the function
/
2 (Hg s,/ ()
pfa(a)(2)
is analytic and ¢(0) = 1. Applying (1.8) in (2.5), we have

4(2)f2 (o) (2) = —%[(aw)HﬁLf( )= (a+B+p)HS 5, f(2) (26)

q(z) = — (255)
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Differentiating (2.6) and using (1.8) again, we have

(o + B)z (H3L ()

i SUR@OE
(o ere ZHG ) sl +=2) PIE@)(2)
Taking
_ 2 (@)

SO

we see that ¢(z) is analytic, ¢(0) =1 and (2.7) can be written as
L (a+p) (H;;}#f(z))'
(a+B+p—pd(2)q(z) +2¢(2) = - DT @) () ;
that is .
() + zq'(2) B _Z (Hz?—/;lu (Z)>
T a¥ B o) DG
Since f € SE(a +1,h), (2.10) implies
By ﬂiq;fz—) pot) <M

Combining (2.11) and (2.8), we have

@B 1)

I

Differentiating (2.12), we get

2¢/(2) _ 2 (fe+1)(2)

R Ee O R T H e O
By Theorem 2.1, we have
Ut DE)
AR BRI
which yields
o)+ —2E o)

a+B+p—pp(z)

317

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Since R{ar + 8+ p — ph(z)} > 0, by Lemma 1.2, we have ¢(z) < h(z), which implies
R{a+ B+p—pp(z)} > 0. Applying Lemma 1.3 and from (2.10), we have ¢(z) < h(z)

that is f € S#(«, h).

O

Theorem 2.3. Let a+0 > 0, h € P with R{a+B+p—ph(2)} >0 and f € KF(a+1,h)

with g € S#(a+1,h). Then, f € KF(a,h) provided gt(a)(z) # 0.

Proof. By Theorem 2.2, g € S¥(a+ 1,h) = g € S#(a,h) and by Theorem 2.1, we

have

(2.14)
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Let )
z (Hz?,ﬂ,uf(z))

1) = =)

Then, from (1.8), we have

q(2)gn(a)(z) = —%[(a +B)Hy 5 f(2) = (a+ B+ p)H g, f(2)].

Differentiating (2.16), we have

(a+B)z (HSE, (z))'

(a+B+p—pP(2))q(z) + 2¢'(z) = —

pgn(@)(2)
Applying (1.11) for g, (2.17) is equivalent to
!/
a+1
ar+p—py(z) pygn(a+1)(2)
Since f € K!(a + 1,h), the above equation leads to
/
z) ¢ (2) =< h(z).

ar +p—pyY(z)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

We have ®{a + 5+ p — py(2)} > 0 because R{a + 8 + p — ph(z)} > 0. Applying

Lemma 1.3, for (2.19), we have ¢(z) < h(z). That is f € K!(a, h).

O

Theorem 2.4. Let h € P,R{u +p — ph(z)} > 0 and f € SFF(a,h) such that

fitt(a)(z) # 0. Then f € SE(a, h).
Proof. Let f € SF(a,h),
_ = (#s,)
e OO
Applying (1.9) in (2.20), we have
1) £1(0)(2) = =1 F2) + (D) HE )

Differentiating (2.21) and putting

B(s) — _ZUEE@E)

pfi(a)(z)

simple computations leads to

[+ p—p®(2)] a(2) + 24 (2) = — (

p pfh(a)(z)

Using (1.12), we have

i (0)(2)
pp = p®RE) = Sy

1) (Hgpn S )

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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So, (2.23), reduces to

2q'(z) _Z (H;,B,/tﬂf(z))/
q(z) + T Yo BT T < h(z), (2.25)
where f € SEH1(a, h). Also differentating (2.24), we have
. () 2 (f@)fR)
=)+ ptp—p®(z)  pfitNa)(z) (220

By Theorem 2.1, we have

AT @fE)
) < h(2). (2.27)

Combining (2.26), (2.27) and the condition ®{pu+p—ph(z)} > 0, we have &(z) < h(z),
which leads to ®{p +p — p®(2)} > 0 and so applying Lemma 1.3 to (2.25). we have
q(z) < h(z) which completes the proof of Theorem 2.4. O

Theorem 2.5. Let h € P with R{p + p — ph(2)} > 0 and f € K! ' (a,h) with g €
SEFL(a, ). Then, f € KF(a,h) provided gt (a)(z) # 0.

Proof. By Theorem 2.4, g € S¥1(a,h) = g € S#(a,h) and by Theorem 2.1, we
have

and letting
e (H,0)
1) =~ @)

we can complete the proof as in Theorem 2.4. Next, let

Fsli) =52 [ @ (6> 0), (2.28)

25 J,

which by using (1.6) gives

(63 [ 4 [
5Hp,6,quv5f(Z) +z (Hp,ﬁ,;J,+1)Fp,5f(Z)) = (5 - p)Hp,B,;Lf(Z>' (229)
The operator F), s was investigated by many authors (see [10, 11] ). O

Theorem 2.6. Let h € P with {6 — ph(2)} > 0 and f € SF(«a,h), then F,s(f) €
SE(ay h) provided FF(a) # 0, where FF(«) is defined as in (1.10) .

Proof. From (2.29), we have
SF(a)(2) + 2 (FE(a)(2)) = (8- p)f2(a)(2). (2.30)
Let .
2 (H s Fs(/(2)))
pER (a)(2)

q(z) = -
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and
_ 2 (P () ()
w(z) = D)) (2.31)
Using (2.30) in (2.31), we have
fila)(z)

5—p’w( ) (6 p)F“(a)(z)

Differentiating and using Theorem 2.1, we obtain

zw'(2) 2 (fi(a)(2)
w(z) + =——=1 < h(z). 2.32
A e R A O ORI (232
By Lemma 1.2, (2.32) implies w(z) < h(z). The remaining part of the proof is similar
to that of Theorem 2.2, so we omit it. O

The proof of the following theorem is similar to that of Theorems 2.3 and 2.5,
so we omit it.

Theorem 2.7. Let h € P with R{d — ph(2)} > 0 and f € K¥(a, ) with respect
to gt € SE(a,h), then, F,5(f) € KF(a,h) with respect to G = F, 5(g) provided
GH()(=) £ 0.

Note that for h(z) = {342, -1 < B < A <1, we have Rh(z) = {15

Remark 2.8. Taking h(z) = iigz , in Theorems 2.2-2.7 we get corresponding results

for the classes S¥(a, A, B) and K¥(a, A, B).

Theorem 2.9. If h € P, with ®{p +1 —~ —ph(2)} >0, f € Sk(a,h),p € > and
2PHo(2) € R(y),v < 1, then f*p € SH(a, h).

Proof. For f € S¥(a, h), we have

2 (Hyp,02))

P& === e

< h(z). (2.33)

Let
U(z) = 2P (a)(2),
then ¢ € A and

2P'(z) _ 2 (f(@)(2))

+1+7 <p+1—ph(z). (2.34)
¥(2) fr(a)(z)
From the hypotheses of the theorem, we see that
!
RV (2.35)

¥(z)
that is ¢ € S* (v),7 < L.For p € > it is easy to get
P, (fx9)(Eh2) = (2P 0(2)) * Hy g, f (642)

and
PH(Hp g (fr9)(2)) = (2PTo(2) x (PT2H 5, f(2))".
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So, we have

(Hpp,l0 + 22
k—1 | ]

B X ey )
J:

C(Ple(2) % 2P TE(HD s f(2))

P ) P (@)
_ #HeC) < WERG)
S TG e 230

Since h is convex, univalent, applying Lemma 1.4, it follows ¥(z) < h(z), that is
fxp e SEa,h). O

U(z) =

Remark 2.10. Taking ¢ = 1, in the above results we obtain results concerning the
operator Hy 5 f(z) defined by (1.9).
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