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1. Introduction

Differential equations with impulses were considered for the first time by Milman
and Myshkis [18] and then followed by a period of active research which culminated
with the monograph by Halanay and Wexler [13]. Many phenomena and evolution
processes in physics, chemical technology, population dynamics, and natural sciences
may change state abruptly or be subject to short-term perturbations. These perturba-
tions may be seen as impulses. Impulsive problems arise also in various applications in
communications, mechanics (jump discontinuities in velocity), electrical engineering,
medicine and biology fields. A comprehensive introduction to the basic theory is well
developed in the monographs by Benchohra et al [3], Graef et al [11], Laskshmikan-
tham et al. [1], Samoilenko and Perestyuk [26].For instance, in the periodic treatment
of some diseases, impulses correspond to the administration of a drug treatment or a
missing product.In environmental sciences, impulses correspond to seasonal changes
of the water level of artificial reservoirs.

Random differential and integral equations play an important role in characterizing
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many social, physical, biological and engineering problems; see for instance the mono-
graph of Da Prato and Zabczyk [7], Gard [9], Gikhman and Skorokhod [10], Sobzyk
[27] and Tsokos and Padgett [28]. For example, a stochastic model for drug distri-
bution in a biological system was described by Tsokos and Padgett [28] to a closed
system with a simplified heat, one organ or capillary bed, and re-circulation of a blood
with a constant rate of flow, where the heart is considered as a mixing chamber of
constant volume. For the basic theory concerning stochastic differential equations see
the monographs of Wu et al [30], Bharucha-Reid [4], Mao[16], @ksendal, [20], Tsokos
and Padgett [28], Da Prato and Zabczyk [7].

In this paper, we study the existence theory for initial-value problems with impulse
effects.
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Az(t) e (e(te), AT = D (1), =ty E=1,2,...m, (LD
Ayt)  =Telyt), AY (1) =To(y/ (t), t=th, k=1,2,...,m,

x(0) = 4o, y(0) = By,

#/(0) =41 y(0) =By,

where 0 = tg < t; < ... <ty <tmi1 =T, J:=[0,T]. fL,f2:JxR* > Risa
given function, o}, 07 : J x R? — R is a given function and W' is an infinite sequence
of independent standard Brownian motions, [ = 1,2,... and ¢ : R — R is a suitable

monotone homeomorphism, Iéj,iji,],f € C(R,R), (k=1,2,...,m)and A;,B; €R
for each j = 0,1, Azli—y, = x(tf) — 2(ty), Aylize, = y(t1) — y(t,) and Ax'|i—y, =
() =2/ (t;), Ay |e=t, = ¥'(t{) — ¥/ (t;,). The notations y(t;) = hlim+ y(ty +h) and
—0
y(t,) = hhm+ y(ty — h) stand for the right and the left limits of the function y at
—0
t = t, respectively. Set

fi('7$>y) = (ff(.,x,y%f%(.w,y), - ')7

i)l = (S ) 2

N

where i = 1,2, fi(.,z,y) €?forallz € R .

This paper is organized as follows: In Section 2, we introduce all the back- ground
material used in this paper such as stochastic calculus. In Section 3, to provide some
existence results and to establish the compactness of solution sets to the above prob-
lems are quoted.
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2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper.
Let (2, F,P) be a complete probability space with a filtration (F = F):>0 satistying
the usual conditions (i.e. right continuous and F; containing all P-null sets). Assume
W (t) is an infinite sequence of independent standard Brownian motions, defined on
(Q,F,P) that is, W(t) = (W'(t), W2(t),...)T. An R-valued random variable is an
F-measurable function z(t) : @ — R and the collection of random variables

S={z(t,w): Q> R|t e J}
is called a stochastic process. Generally, we write x(t) instead of z(¢,w).

Definition 2.1. An F-adapted process X on [0,7] x 2 is elementary processes if for
a partition ¢ = {t =0 < t; < ... <t, =T} and (F,)-measurable random variables
(Xt,)i<n, X satisfies

n—1

Xi(w) = ZXi(W)X[ti7ti+l)(t)7 for 0<t<T, we.
=0
The It6 integral of the simple process X is defined as
T n—1
| X@awi(s) = 3 Xt (7 tn) - W), 21)
i=0

whenever X, € L*(F,,) for all i < n.

The following result is one of the elementary properties of square-integrable
stochastic processes [20, 16].

Lemma 2.2. (Ité Isometry for Elementary Processes) Let (X;)ien be a sequences of
elementary processes. Assume that

T
/ E|X(s)|?ds < o0,
0

where | X|? = (i Xf) Then
=1
- 4 l ’ - T 2
E (;/O X;(s)dW (5)) —FE <;/O X; (s)ds). (2.2)

Remark 2.3. For a square integrable stochastic process X on [0, T}, its Itd integral is

defined by
T

T
/0 X(s)dW(s) = lim [ Xu(s)dW(s),

n— oo 0

taking the limit in L2, with X,, is defined in definition 2.1. Then the It6 isometry
holds for all It6-integrable X.
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The next result is known as the Burholder-Davis-Gundy inequalities. It was
first proved for discrete martingales and p > 0 by Burkholder [5] in 1966. In 1968,
Millar [17] extended the result to continuous martingales. In 1970, Davis [8] extended
the result for discrete martingales to p = 1. The extension to p > 0 was obtained
independently by Burkholder and Gundy [6] in 1970 and Novikov [19] in 1971.

Theorem 2.4. [23] For each p > 0 there exist constants c,, Cp € (0,00), such that for

any progressive process x with the property that for somet € [0, oo),fot X2ds < o0 a.s,
we have

t t 5
cpE (/ des> <E<Sup / X, dW (s > < C,E (/ des> . (2.3)
0 s€[0,t] 0

2.1. Some results on fixed point theorems and set-valued analysis

The classical Banach contraction principle was extended for contractive maps
on spaces endowed with vector-valued metric space by Perov [21] in 1964 and Precup
[22].

For z,y € R™ = (x1,...,%n), ¥ = (Y1,---,Yn), by © < y we mean x; < y; for all
t=1,...,n

Also |z| = (|z1, ..., |zn|) and max(z,y) = max(max(z1,y1), ..., max(Ty, Yn))-

If ce R, then x < ¢ means x; < cforeachi=1,...,n.

Definition 2.5. Let X be a nonempty set. A vector-valued metric on X is a map
d: X x X — R" with the following properties:
(i) d(u,v) >0 for all u,v € X; if d(u,v) = 0 then u = v;
(ii) d(u,v) =d(v,u) for all u,v € X;
(iil) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
The pair (X, d) is said to be a generalized metric space.
For r = (ry,...,m,) € R%, we will denote by
B(zg,r) ={z € X : d(xg,x) <},
the open ball centered in zg with radius r and
B(zo,7) ={zx € X : d(z9,z) < r}

the closed ball centered in xg with radius ». We mention that for generalized metric
space, the notation of open subset, closed set, convergence, Cauchy sequence and
completeness are similar to those in usual metric spaces.

Definition 2.6. A generalized metric space (X, d), where

dl (.’E, y)
d(x7 y) = e )
dn(z,y)
is complete if (X, d;) is a complete metric space for every i = 1,...,n.

Definition 2.7. The map f : J x X — X is said to be L?-Caratheodory if
i) t— f(t,u) is measurable for each u € X;



Existence and topological structure of solution sets 507

ii) u+ f(t,u) is continuous for almost all t € J;
iii) For each g > 0, there exists oy € L'(J,RT) such that

E|f(t,u)|% < aq ,for all u € X such that Elul}% < qand for ae. teJ.

Lemma 2.8 (Gronwall-Bihari [2]). Let I = [0,b] and let u,g : I — R be positive con-
tinuous functions. Assume there ezist ¢ > 0 and a continuous nondecreasing function
h:[0,00) = (0,+00) such that

u(t) < c+g(s)h(u(s))ds, Vtel.
Then

u(t) SHl(/tg(s)ds>, vVt eI,

[t [ st

where H=1 refers to inverse of the function H(u) = fcu % foru>c.

provided

In the paper [14], the case of a single system of differential equations was analyzed
based on the technique of applying the nonlinear alternative of Leray-Schauder type.
In the present paper we extend these results to the more general case of coupled
stochastic differential systems with infinite Brownian motions, and we will apply a
different technique to obtain our results.

Next, we quote the version of nonlinear alternative Leary-Schauder type theorem in
generalized Banach space[29].

Theorem 2.9. Let C C E be a closed convex subset and U C C' a bounded open neigh-
borhood of zero (with respect to topology of C). If N : U — E is compact continuous
then

i) Either N has a fived point in U, or
il) There exists © € OU such that x = AN (x) for some X € (0,1).

3. Main results

Let Jyp = (tg,tk+1], £ = 1,2,...,m. In order to define a solution for Problem
(1.1), consider the following space of piece-wise continuous functions.
Let us introduce the spaces

Hy([0,T); L*(Q,R)) = {z : J = L*(LR) ,z | 1€ C((t tisa], L2 (Q,R)),

trotk+1
k=1,2,..,m and there exist z(¢}) for k =1,2,..,m},
and

Hé([O’T};L%QvR)) = {CC A Lz(QaR) y L |(tk,tk+1]€ Cl((tkatk+1]aL2(Q’R))a

k=1,2,..,m and there exist z(t}) for k =1,2,..,m}.
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It is clear that Hs([0,T]; L?(Q2,R)) endowed with the norm

1
)|, = sup (Elz(s,.)[*)?.
s€1[0,T]

It is easy to see that Hy is a Banach space with the norm ||z||z; = ||z, + [|2'|| &,
Finally, let the space

PC ={x:[0,T] — L*(Q,R) andx |;€ Hj such that

sup Elz(t,.)|* < oo almost surely},
t€[0,T)

endowed with the norm

|z|pc = sup (Ela(s,.)?)?.
s€[0,T]

It is not difficult to check that PC' is a Banach space with norm || - || pc.

Let us now prove the existence and uniqueness of solutions to our problem which
will be obtained by applying the Leary-Schauder fixed point theorem. To this end we
first need to introduce the following hypotheses:

(H1) f*,0":[0,T] x R x R — R is an Carathéodory function and
E\¢*1(X)|2 < ¢71(E|X\27) with X € R, I, I, € C(R,R).
(H2) There exist constants a;, b;,c; € RT such that each

‘fl(t,ﬂl‘,y)|2 < ai|x|2 +Bl‘y|2 +oe, i = 172

for all z,y € R, and a.e. t € J. B
(H3) There exist constants @; € RT and 3;,¢; € R such that

o (t 2, I < @l + Bylyl* +, i=1,2
for all z,y € R, and a.e. t € J.

Theorem 3.1. Assume that (H1)-(H3) hold. Then, problem (1.1) has at least one
solution and the solution set

Se ={(z,y) € PC x PC : (z,y) is a solution of (1.1)}

18 compact.

Proof. The proof involves several steps.
Step 1. Consider the problem

(@' (1) =f'(ta dt+ZUz (t (1)), y(£)dW'(2), t € [0,t],

G'®)) =f(ta dt+zaz (t,2(1), y(£))dW' (), t € [0,t1],  (3.1)

Let
1o = {2 [0,t1] = L*(Q,R) o€ CH[0,t1], L*(Q,R)), k=1,2,..,m
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and there exists
z(tf) for k=1,2,..,m},
with
o ={z:[0,t1] = L*(Q,R)  andz |4,€ C,, such that

sup FElx(t,.)]* < oo almost surely},
te[0,t1]

Consider the operator
PY: Gy, x Cyy — Cy, x Ct,
defined by
POz,y) = (P(z,y), P} (2,y)), (z,y) € Cyy x Cy

where
P)(z,y) = A0+/ o(Ar) + / oz (r), y(r))dr+
+Z/ o (r,x(r), y(r)dW' (r ))ds, t €10,t1], a.e. w € Q.

P(x,y) = Bo+/ #(By) /f v 2(r), y(r))dr+

+Z/ o2 (r,z(r),y(r)dWw(r )) t€[0,t1], a.e. we .
(3.2)

Clearly, the fixed points of P? = (P}, PY) are solutions of the problem (3.1).

To apply the nonlinear alternative of Leray-Schauder type, we first show that PY is
completely continuous. The proof will be given in several steps.

Claim 1. PY sends bounded sets into bounded sets in Cy, x Cy,. Indeed, it is enough
to show that for any ¢ > 0, there exists a positive constant x such that for each

(z,y) € By = {(x,y) € Ct, x Ct, : sup Elx(t,-)|* <gq, sup Elx(t,-)|* <q},
t€[0,t1] t€[0,t1]

we have
1P (z,9)|| < K = (K1, k2)-

Then for each t € [0, 1], we have
E|P)(z,y)]* < 2E|A0|2+2/ E‘(b P(Ar) + / S, a(r),y(r))dr

+Z/ o (ryz(r), y(r)dW'(r ))ds‘ .



510 Tayeb Blouhi and Mohamed Ferhat

From Lemma 2.4, we obtain
Eloa) + [ ratr)pmar+ > |ttt ptenawo)|
< 3)¢(Ay)% + 3t / (@2 ()% + Baly(r)? + e1)dr
0
130, / @) + Byly(r)? +2)dr,
0
it follows that
s (o) s 2 .
E’Q{)(Al) + / fl(rv I(T)a y(T’))dT + Z/ Ull (Tv I(T)’ y(T))dW(T) S B(Oa ll)7

0 = Jo
where

I = 3E6(A[ + 3t / (@ E|2(r)2 + BiEly(r)? + e1)dr

0

430 [ @El(r)? + B Ely(r)? + e
0

Since ¢! is continuous,

sup ot (m)| < oc.

meB(0,l1)
Thus
E|P(z,y)]* <2E|Aof* +2t:  sup |67 (m)] = 1.
m€B(0,l1)
Similarly,
E|PY(x,y)]> < 2BE|Bo]* +2t;  sup  [¢7" (n2)] == k2,
n2€B(0,l2)
where

lo = 3E|¢(By)|* + 3t / (@ E|z(r)* + ba Ely(r)|* + c2)dr
0

+302/ (@ B2 ()2 + By Ely(r)|? + 2)dr.
0

Since ¢! is continuous,

sup  |¢~ " (m)] < oo
m€B(0,l1)
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Claim 2. P° maps bounded sets into equicontinuous sets. Let Iy,ly € [0,t1], I1 < lo

and By be a bounded set of Cy, x Cy, as in Claim 1. Let (z,y) € By. Then

BP0 = B0~ (6040) + [ 716206 u(o)ar
‘ 2

+Z/qsx (s)dW'(s)) = &~ (9(41)
<E‘¢ o(Ar) + /f (s,2(s),y(s))dr
“3 [ o s pans >>\ ol

< sup o '(m)| + E|AL| =1,
mEB(0,l1)

Using the mean value theorem, we obtain

B|(P(z,y))(l2) = (P (z,9))(l)] = BI(P{(z,9))' (€, €)(l2 — )| < 7”'[l2 = L]

As I, — [y the right-hand side of the above inequality tends to zero.
Similarly,

BP0 = Blo™ (60 + [ 12050060006

2

+Z/@sx ()W () = 67 (6(B1))
<o (om0 /fzsrf (5))dr
#3= [ ot + o

< sup ¢ )|+ [Bi] ==
n2€B(0,l2)

Using the mean value theorem, we obtain

B|(P3(z,))(l2) = (P} (z,9)) ()] = E|(P3 (2, 9))"(§,€)(l2 — )| < 7’|l = 1.

As Iy — 13 the right-hand side of the above inequality tends to zero.
Claim 3. P is continuous. Let (2,,¥n)nen be a sequence such that (z,,y,)
in C, x Cy,. Then there is an integer ¢ such that

sup El|z,(t,-)|> <q, sup Elyn(t,-)? <g<gqforallneN
t€[0,t1] te(0,t1

and

sup Elz(t,)]> <q, sup Ely(t,)|* <q, (xn,yn) € By and (z,y) € By.
te[0,t1] te[0,t1]

= (z,y)
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Then for each t € [0,¢1], we have
BIP ) - Pl < [ Bl (o / 7 2(r) y(r) e

+Z/ ok (r,a(r ))dW())

Using the dominated convergence theorem, we have

Eoa) + [ 1), vulr)ar + > (1), g ()W),

° 1
~oldv) = [ firatr) d”Z/ )W 50 asn o,
since ¢! is continuous. Then using the dominated convergence theorem, we have

sup ElPl (T, Yn) — Pl()(x’y)|2
te[0,t1]

/E|¢ /f Py T U dr+2/ P (1) g () AW (1)
/f rxydr—&-Z/ o (r,z(r), y(r)dW (r))?ds — 0,

as n — oo. Thus Py is continuous.

Similarly,
sup E|PY (2, yn) — Ps(z,y)|*
tE[O t1]
< E|¢ / f Ty T, Yn dr+Z/ Jl T, xn yn( ))dWl( )]
0

—|—/0 f2(r,x,y)dr+§/0 af(r,z(r), y(r))dW (r)]|*ds — 0,

as n — oo. Thus Py is continuous.
Claim 4. Apriori estimate. Now we show that there exists a constant My such that

sup El|x(t,-)|% < My where (x,y) is a solution of the problem (3.1). Let (z,) a
te(0,t1]
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solution of (3.1):
z(t) = Ay +/ o(Ar) + / i z(r), y(r))dr+

+Z/ O'll (r,2(r), y(r)dW'(r ))ds, t €10,t1], a.e. we .
(3.3)
y(t) = Bo +/ ¢(B1) + / P2 2(r), y(r))dr+

—i—Z/ of (r,x(r),y(r)dW' (r ))ds, t €10,t1], a.e. w € Q.

From Lemma 2.4, we obtain
Bla())? < B|Aof? + /E\¢> A+ [ £ yr)ar
+Z/ (r, z(r ))dW())‘ds

<2E[|Aol* +2t1 sup [¢ (m)] = Mo

meB(0,l1)
where
I, = 3E|¢(AD)|]> + 3t1/ (@ Elx(r)% + 01 Ely(r)]? + c1)dr
0
+3C2/ (@ E|z(r)|? + B, Ely(r)|* + ¢1)dr.
0
Thus,
sup Elz(t)]* < My,
te[0,t1]
and
Bl < BIBf? + / Eﬂas o8+ [ 72000,y
+Z/ (r, 2(r), y(r)dW(r ))‘ ds
<2E|Bo|* +2t1  sup ¢~ (m2)] =t My
n2€B(0,l2)
where

I = 3E|¢(Ay)|? +3t1/ (@Ele(r)? + BBy + ¢1)dr
0

+302/ (@ Ele(r)? + BLEly(r)? + &1 )dr.
0
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Thus,

sup Ely(t)|? < M.
te[O,tl]

Set

U={yecC(0,t;],R): sup Elz(t)]*> < My+1, sup Ely(t)|> < Mo+ 1}.
te(0,t1] t€[0,t1]

As a consequence of Claims 1-4 and the Ascoli-Arzela theorem, we can conclude that
the map PY: U — Cy, x Cy, is compact. From the choice of U there is no (z,y) € U
such that (x,y) = AP°(x,y) for any A € (0,1). And from the consequence of the
nonlinear alternative of Leray-Schauder we deduce that PY has a fixed point denoted
by (z0,¥0) € U which is solution of the problem (3.1).

Step 2. Now consider the problem

(' (1) =t dt+Zal (t, (1), y(£)dW (1), t € (tr, ta],
(By'(1) = 2t z(t),y(1)) dt+§jalm y(£)dW (t), t € (t1,ta],  (34)
z(t}) =xo(t1)+gl<xo<t;>> 2 (1) = @b (t7) + I (wo(ty),

y(t}) —oltr) + Talwo(r)) oy () = vh(e) + Toaoltr))

Let
Cyy = {x: (t1,t2] = L* (L R), @ |1, 1€ C((t1, t2], L*(Q,R)), k=1,2,..,m
and there exists

x(ty) for k=1,2,..,m},

9 ) )

with
Dy, ={x: (ty,t) = L* (U R)  and x(t) |4, 4, € C,, such that
sup Flz(t,.)]* < co almost surely}.
te(t1,ta]
Set

01 - Cto n Dtl-

Consider the operator P! : C; x C; — C; x C; defined by

Pl(x7y) = (P11<xay)’P21($7y))’ (QT,y) € 01 x (.
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It is clear that all solutions of (3.4) are fixed points of the multi-valued operator
Pl:Cy x Cy — C4, for each i = 1,2 defined by

Pl(z,y) = A3+/t (b_l((b( )+ f(r z(r),y(r))dr+
vy [ao <>>dw<>) Ve (bt ae.w e

Pi(z,y) = B3+/t¢ (¢B4 /f%x( ), y(r))dr+

D R R ) DT T
(3.5)

and
Ay =w1(ty) + Li(zi(ty)),  As=21(t )+11(~”61( 1))

Bs=ui(ty) + i1 (1)), Ba=wi(ty) + T (i (t7)).
As in Step 1, we can prove that P! has at least one fixed point which is a solution to
(3.4).
Step 3. We continue this process taking into account that

(@msym) = @, 2129 ,,71)

is a solution to the problem

(@(='(1) = St a(t),y(0)de + Y o} (t, (b)), y(£)dW' (1), t € (tm, T,
1=1

(@' (1)) = F2(t2(t),y(0)dt + Y of (t, (1), y(6)dW' (t), t € ((tm, T, 3.6)
=1 .

x(tnt) = $m—1(t;1) + I,,L(.Z‘o(t;L_l)),

' (t) = 21 (t) + I (@m—1 (1)),

y(tr) = Ym—1(ty) + Igt(xo(t;m—l))a

y'(th) = U1 (tn) + L (Ym -1 (t5))

A solution (z,y) of problem (3.6) is ultimately defined by

(zo(t),yo(t), ift€(0,t1],

((t), y(t)) = (z1(t),y1 (1), ift € (t1,ta),

(zm (), ym(t)), ift e (tm,T].
Step 4. Now we show that the set
S. ={(x,y) € PC x PC : (x,y) is a solution of (1.1)}

is compact. Let (2, Yn)nen be a sequence in S.. We put

B = {(zn,yn) : n € N} C PC x PC.
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Then from earlier parts of the proof of this theorem, we conclude that B is bounded
and equicontinuous and from the Ascoli-Arzela theorem, we can also conclude that B
is compact.

Recall that Jo = [0,¢1] and Ji, = (g, tg41], K =1,..., m. Hence:

e (Z1,Yn)|J, has a subsequence
(T s Y JmeN C Sey = {(2,y) € Cry X Cyy : (2, y) is a solution of (3.1)}

such that (z,,,,yn,, ) converges to (x,y). Let

wt) = Aot [0 (¢<A1> [ 7).+

+Z/ (r,x(r), y(r))dW'(r ))ds, t €10,t1], a.e. w € Q.
" (3.7)
Zo(t) = BO+/ ot <¢(31)+/0 A z(r), y(r))dr+

+Z/ (r, (1), y(r)dW'(r )) te€0,t], a.e. we Q.

E

Ty, (t) —Zo(t)‘i / E‘d) d(Ay) + / £,z (1), yn, (r))dr
+; / o1 (1., (1) Yo (r))dWl(r))
—¢ / fHrz(r), y(r))dr+

8

+Z o (), y(r) AW >)\1ds,

1=170
and
Elun, () =00 < [ B0 (6080 + [ 100, 0 ()0

o0

T /08all(nxnm<r>,ynm<r>>dwl<’“>>
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As gy, — 400, (@n,,, Yn,,) = (20(t),Z0(t)), then

£(t) = Ay + / 6 (6(A1) + / P () y(r)dr

—I—Z/ oi (ryz(r), y(r)dW(r ))ds,

and

v = 5o+ | o (6B + / P a(r).y(r)dr
+Z/ o (r,2(r),y() AW () ) ds.

® (Zn,Yn)|s, has a subsequence relabeled as (@, ,yn,,) C S, converging to (z,y) in
(1 x C1 where

Se, = {(x,y) € C1 x C1 : (x,y) is a solution of (3.4)}.

Let
TE A3+[f¢—1(¢< D+ [ 1) o
+2/ ET— ))ds.
and
20 =Bt [ o7 (o + / " P2 {ralr), y(r)dr
+Z/ oF (1. 2(r) y(r) AW (r) ) ds.
Then
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and

Eynm(t)—zl(t)‘ / £lo~(o(B.) / Pz (1), o (r))dr
+Z / P, ()., <>>dwl<r>)

d(Ag) + / frx( ))dr+

IZ_:/ (r,z(r), y(r)dW'(r ))‘ ds.

As ny, — 400, (x4, (1), Yn,, (t)) — (21(t),Z1(t)), and then

s =gt [ o7 (¢<A4> + [ et
—|—Z/ o (ryz(r )dWl( ))ds,

and

o) =Ba+ [ o7 (0B + [Pt

3 [ Pt e o)) as.

=1

e We continue this process, and we conclude that {(z,,y») | n € N} has a subsequence
converging to

Zm<t) = A2 +/t ¢_1 ¢(Am+3) + /ts fl(T,l‘(T) y(T))dT

+Z/ ot (ryz(r), y(r)dW'(r ))ds7
and

Z0(t) = By + / 6 ($(Bsa) + [ Feat)sar
+Z/ o? (r, (), y(r))dW'(r) ) ds.

Hence S, is compact. O

Next we replace (H2) and (H3) in Theorem 3.1 by
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(H3)" Then there exist a function p; € L*(J,R") and a continuous nondecreasing
function #; : [0,00) — [0, 00)for each ¢ = 1,2 such that

E|f'(t,z,y)* < pi(t)es(E(|2]* + [y[*)),
and

Bllo*(t, 2, 9)II* < pi®)ti(B(|2]* + [y]))-

Theorem 3.2. Under assumption (H3)', problem (1.1) has at least one solution and
the solution set is compact.

Proof. As in the proof of Theorem 3.1 we can show that (1.1) has at least one solution
by applying the nonlinear alternative of Leray-Schauder. We show only the estimation
of a solution (z,y) of (1.1).

e For t € [0,11], we have

z(t) = A0+/ d(Ar) + /f r,x(r),y(r))dr+

+Z/ oi (r,(r), y(r))dWw' (r ))dS, t€10,t1], a.e. we .
(3.8)
y(t) = Bo+/ #(B1) + / 20, z(r), y(r))dr+

+Z/ of (r,a(r), y(r))dW(r ))ds, te€[0,t1], a.e. we Q.

Then
Elz(t)[? <2E|A0|2+2/ E‘qﬁ S(A1) + / FYr,2(r), y(r))dr
+Z/ of (ryz(r ))dW())’ds

Consider functions u, i defined on t € [0,¢1] by

w(t) = sup{Elz(s)]? : 0 < s < t}, 7i(t) = sup{Ely(s)|* : 0 < s < t}.

From Lemma 2.4, we obtain
E‘qS(Al)—i—/Osfl(r,x(r dr—i—Z/ oL (r, (), y(r)dW' ()|
< 3E|(A1)|% + 3/08 p1(r)or(E(Je(r)[? + [y(r)|*)dr
+3Cs /Ospl(T)¢1(E(|x(7")§< + ly(r)|*)dr

< 3B|¢(A)[* + 11pl| L 9hn (u(s) + 7ls)),
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where ||p||rr = (3t1 + 3C2)||p1||L1, and, consequently,
ult) < 2B|Aof* + / CBu(s) 7)), e 0.t
where ¢1 = (¢~ 0 1) and ¢, (u) = 3E[¢(A1)|? + ||| 2191 (u). and similarly
fi(t) < 2B|Bo|* + /0 CBalu(s) + s, e [0,

where ¥y = (¢~ 0 9hs) and ¥ (u) = 3E|¢(B1)[2 + ||pa]|r1%1 (1), combining u(t) and
A(t),

u(t) + T(t) < 2| Aof? + 2E|Byf* + / Br(u(s) + 7(s))ds

t
+ [ Batuts) + m)ds, e oot
0
Using the nonlinear Gronwall-Bihari inequality (Lemma 2.8), we infer the bound
pu(t) +(t) < H'(t) < M.
Consequently, there exists a constant M7 which only depends on t¢1,ts such that

sup Elz(t)? < My, and sup Ely(t)|]> < My,
te[0,t1] te(0,t1]

where H(t) = /t dr
~ amiaoprasimly (6710 () + 67 o d(r)

e For t € (t1,t2], we have
ot) = A3+/ (A4 + / FL (), y(r))dr+
+Z/ o (1, (1), y(r) )W (r ))ds, tel0,h].

(3.9)
y(t) = Bg+/ ¢—1(¢>( )+ f (ry 2(r), y(r))dr+

+Z/ oF (r,x(r i ))ds. te0.n].

Then

Elz(t)[? <2E|A3|2+2/ E‘qﬁ $(A4) + / FY 2 (r), y(r))dr

+Z/ ot (ryz(r),y(r)dW' (r ))’de.

Consider functions u, i defined on t € (t1,t2] by
p(t) =sup{Ela(s)] 1ty <s <t},  a(t) =sup{Bly(s)* :t1 < s <t
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E’¢A4 /fr:c dT+Z/JlT1’ ), y(r ))dW()
<3El0(AP +3 [ o (B () ? + Jy(r) ) dr

3, / o (B2 + y(r)[2)dr

t1
< 3E|(Aa)” + [[Pl] 21901 (1(s) + Tils)),
where |[p||pr = (3t2 + 3C2)||p1||1, and, consequently,

t o~
() < 2B] A3l + / Dulu(s) T A(s), € (b, tal,
t1
where 9, = (6" o §1) and ¢, (u) = 3E|$(A5)[% + [Py ||z141 (). and similarly
t
i(t) < 2E|Bol% + / Dalu(s) + Tils))ds, t € (t1, 1),
t1

where ¢ = (¢~ o 1[2) and Jg(u) = 3E|¢(B1)|% + ||p2||lr1v1(u). Now, taking into
account all the previous estimates we can write

t o~
[(t) + At) < 2E|As|* + 2E(Bs|* + | 1(u(s) + i(s))ds
ty

QZQ(M(S) +ﬁ<s))d8’ te (tl’tQ]’

ty

By the nonlinear Gronwall-Bihari inequality (Lemma 2.8), we infer the bound
p(t) +a(t) < H'(t) < M.

Consequently, there exists a constant M; which only depends on ¢1,ts such that

sup FElz(t)*> < M, and sup Ely(t)]* < M.
te(ty,tz] te(t1,t2]

t
where H(t) :/ ~ dr —.

25| A3[2+2E|Bs[2 (¢! o hy(T) + ¢~ 0 9ha(T)
e For t € (t,, T], we have

o(t) = Amsa + / 6 (0 Ausa) + [ £ (). ()

tm

Z/ o (ryz(r), y(r)dW(r ))ds,
and

t
y<t>:Bm+2+/t 6 (6(Buss) /fm: (r))dr

m

+Z/ y(r)dW(r ))ds.
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As in the pattern shown above, there exists M,, > 0 such that
p(t) + () < H ' (t) < My,
Consequently, there exists a constant M; which only depends on t,,,T such that

sup Elz(t)]>? < My, and sup Ely(t)]* < M,,.

te(tm,T) tE(tm,T)
t
d
where H(t) = / _ T .
2E|Am2|% +2E|Bmi2% (¢t otpr(7) + ¢~ L oaha(T)

Hence

||$||pc SIH&X(Mlia"'aMm):M»
and

Hy||pc < maX(Mo, .2\417 ey Mm) = M.
The proof is complete. O
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