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Coefficient estimates and subordination
properties for certain classes of analytic
functions of reciprocal order
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Abstract. In this work, we determine the coefficient bounds and subordination
results for functions in certain subclasses of analytic functions of reciprocal order,
which are introduced here by means of a Hadamard product of analytic functions.
The results presented in this paper improve or generalize the recent works of other
authors and also give rise to several new results.
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1. Introduction and Preliminaries

Let A denote the class of functions f(z) defined by

) =2+ anz" (1.1)

n=2

which are analytic and univalent in the open unit disk U = {z: |2| < 1}. A function
f € A is said to be starlike of order « if it satisfies

z2f'(2)
Re(f(z))>a (0<a<1l1, ze). (1.2)

We denote by S*(a) the subclass of A consisting of functions which are starlike of
order « in U. Also, a function f € A is said to be convex of order « if it satisfies

2f"(2)
Re<1+ f’(z)>>a (0<a<l1, z€l). (1.3)



204 Tariq Al-Hawary and Basem Aref Frasin

We denote by K(a) the subclass of A consisting of functions which are convex of order
a in U. Clearly, we have S*(a) C §*(0) = S*, K(a) C K(0) = K and f(z) € K(a) if
and only if zf/(z) € §*(«) for 0 < a < 1.

For [f] < § and 0 < a < 1, a function f € A is said to be S-spirallike of order
o in U if it satisfies

82 f ’(Z)>
Re <elﬁ > acosf z € U). 14
e (=€ V) (1)
The class of all such functions is denoted by Sg(a) [8].

A function f € A is said to be starlike of reciprocal order « if

f(2)
Re{zf’(z)}>a (0<a<l1, zel). (1.5)

We denote the class of such functions by S 71*(a). Furthermore, a function f € A is
said to be convex of reciprocal order « if

1
1+ z z
f'(2)

The class of all such convex functions of reciprocal order « is denoted by K (c).
We note that f(z) € K (a) if and only if zf/(z) € S *(a).
In view of the fact that

1

_ Re p(Z)2

p(z)  |p(2)|

it follows that S_l*(O) = S* and IC_l(O) = K . In particular, every starlike function

of reciprocal order a > 0 is starlike and hence univalent.

Rep(z) > 0= Re

Example 1.1. The function f(z) = ze(!=%)* is a starlike function of reciprocal order
1/(2 — @) [9, Example 2].

For functions f € A given by (1.1) and g € A given by
z)=z+ Z bn2",
n=2
we define the Hadamard product (or Convolution ) of f and g by

Motivated and inspired by the work done by Owa et al. [11] and by making use
of the Hadamard product (1.7), we now introduce the following subclass of A.

Definition 1.2. Let ®(z) = z + Z 0p2z" and ¥(z) = z + Z pnz" be analytic in U,
such that 6, > 0, pu, >0 and §, > iy for n > 2, we say that f( ) € A is in the class
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S (@, Ws0,B) if f(2)xD(2) £0, f(z)*U(2) #0 and

1 1 1
——|<— (peR O0<ax<l, zel). (1.8)

ig [ £(z)x2(2) 2a 2ay
e ($3553)
Several known and new subclasses of analytic functions of reciprocal order a can
be obtained from the class S_l(q), U: o, 8), by suitably specializing the values of ®,

¥ and . We present below some of these subclasses of & o (®,V; a, B) consisting of
functions of the form (1.1).

Example 1.3. If ®(2) = 2(1 — 2)~2 and ¥(z) = z(1 — 2)~1, then
s (z(l — z)_27z(1 — z)_l;a,ﬁ)

e B f(z
ES/g(a)::{fEA: fz) 1

zf'(2) 2

1
< — (66R,0<a<1,zeU)}.
2«

Example 1.4. If ®(2) = (2 + 2%)(1 — 2) 72 and ¥(2) = 2(1 — 2) 72, then
s’ (z+2)1—2)"22(1—2)" %, B)
O PO /O R
=kt ={1 e A G - o

The class Sg(a), the S-spirallike functions of reciprocal order « and the class Kg(a),
the B-convexlike functions of reciprocal order a were studied by Owa et al. [11].

1
< — (66R,0<a<1,zeU)}.
2c

Example 1.5. If ®(2) = 2(1 — 2)72, ¥(2) = 2(1 — 2)~! and B = 0, then
S (2(1—=2)"%2(1 — 2) ' 0,0)

= M(a) := {feA: ;’tf((zz))—;a

1
<% (O<a<1,z€U)}.

Example 1.6. If ®(z) = (2 + 22)(1 — 2) 3,¥(2) = 2(1 — 2)~2 and 8 = 0, then
s (z+2°)(1—2)"%2(1-2)"%a,0)

1'(2) 1 1

N(a):{feA: ——| < — (0<a<1,z€U)}.

')+ zf"(z) 20| 2«

The classes M(«) and N (a) were studied by Owa et al. [10].
Furthermore, we have the following new classes:

Example 1.7. If ®(2) = 2(1 — 2)~2 and ¥(z) = z, then
S (z(l —2)7% 2 a,ﬁ)

:Pg(a):—{féfl: ! !

eBfl(z)  2a

1
< — (/J’eR,O<a<1,zeIU)}.
2c0



206 Tariq Al-Hawary and Basem Aref Frasin

Example 1.8. If ®(z) = (2 + 22)(1 — 2) =2 and ¥(z) = 2, then

S_l(z+22)(1 —2)73, 20, B)
ERg(a)::{féA: ! ! !

In fact many new subclasses of functions of reciprocal order can be defined and
studied by suitably choosing ®(z), ¥(z) and S.

The aim of the present paper is to investigate the coefficient estimates and
subordination properties for the class S o (®,T; «, B). Some interesting consequences
of the results are also pointed out.

2. Coefficient Estimates

The sufficient condition for f(z) to be in the class S_l(CID,\II;a,B) is given by
using coefficient inequalities.

Theorem 2.1. If f € A satisfies
Z [6n + |0 — 2ae_iﬂun|] lan] <1— ‘1 - 2046_i5’ (2.1)

n=2
for some |B] < § and 0 < «a < cos 3, then f(z) € S_l(q), U:a, ).
Proof. Tt suffices to show that
20 (f(2) « ¥(z

~—
SN~—
I
®
%
iy
—
g
—
S~—" N
-
*
o
—~
I3
S—
S~—

We observe that

‘(1 — 2ae_i5) + io: (5n — 2046‘”;%) apz" 1

n=2

20 (f(2) * ¥(2)) — ™ (f(2) * 2(2)) ‘ _
O ) | = —
n=2
|1 —2ae®| + i 10, — 20e ™ i ||| |2
S n=2

&, n—1
1= > dnlanl 2|
n=2

1- 2046“3’ + i |60 — 200e™ 1y, | ||
< n=2

L= 3" dnlan|
n=2

It follows that the last term is bounded by 1 if
Z [(5n + ’(5n — 20ze_i’6,un|] lan| <1 -— ‘1 — 2ae_i5’

n=2
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for some |3 < § and 0 < a < cos 3, which is equivalent to (2.1). Therefore, we have
f(z)eS_l(@,\I/;a,ﬂ) for some [3] < § and 0 < a < cos 3. O

In the view of Examples 1.3 to 1.8, we state the following corollaries.

Corollary 2.2. ([11]) If f € A satisfies

Z [n+ |n— 2ozeﬂﬂ|] lan| <1—]1— 20e™ (2.2)

n=2

for some |B| < T and 0 < « < cos 3, then f(z) € Sg(a).

Corollary 2.3. ([11]) If f € A satisfies

Zn [n+|n— 2ae_i’3|] lan| <1—|1- 20~ (2.3)

n=2
Jor some |B| < T and 0 < a < cos 3, then f(z) € Kg(a).

Corollary 2.4. ([10]) Let 0 < a < 1. If f € A satisfies

- 1 a; if O<a<i
_ <Z(1-11- — ; =3
2(n a)\an\_2(1 11— 2al) {1—a; if l<a<l’ (2.4)
n=
then f(z) € M(a).
Corollary 2.5. ([10]) Let 0 < a < 1. If f € A satisfies
Nt 1 _ a;  if O<a< %
Sne-amlsga-n-ap={, 50T P ed)
then f(z) € N(a).
Corollary 2.6. If f € A satisfies
> 2nlan] <11 - 20" (2.6)
n=2
for some |B| < T and 0 < a < cos 3, then f(z) € Pg(a).
Corollary 2.7. If f € A satisfies
> 2n?lan] <1 |1 - 20e™"| (2.7)

n=2

for some |B| < & and 0 < a < cos 3, then f(z) € Rp(a).
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3. Subordination Results

To proceed our main result in this section, let us first recall the following defini-
tions and lemma.

Definition 3.1. (Subordination Principle). For two functions f and g, analytic in U, we
say that the function f(z) is subordinate to g(z) in U, and write f < g or f(z) < g(z)
(z € U), if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and
|lw| <1 (z € U), such that f(z) = g(w(z)) (¢ € U). In particular, if the function g is
univalent in U, the above subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

Definition 3.2. A sequence {b,} -, of complex numbers is said to be a subordinating
factor sequence if, whenever f(z) of the form (1.1), a; = 1 is analytic, univalent and
convex in U, we have the subordination given by

Z bpanz" < f(z), zeU. (3.1)
n=1

Lemma 3.3. ([14]) The sequence {b,} -, is a subordinating factor sequence if and
only if

Re{1+2§:b,bz"}>0 (z € ). (3.2)
n=1

Let S* ' (®,U;a,8) C S ' (®,V;a, ) denote the subclass of functions f € A
whose coefficients a,, satisfy the inequalities (2.1) .

Employing the techniques used by Attiya [3], Singh [12] and Srivastava and
Attiya [13] ( see also, [1], [2], [4], [5], [6] and [7]), we state and prove the following
theorem.

Theorem 3.4. Let f(z) € S*fl(q),\lf;a,ﬁ) and 9, + |(5n - Qae_wun’ 18 increasing
function forn > 2, |B| < 5,0 <a<cosf. Then

bo + ‘(52 - 2@6_”3/;2‘
2(1+ 62 — |1 — 2ae™ | + |02 — 2ce =P pus))

(f *9)(2) < g(2) (3.3)

for every function g(z) in the class K and

_1 + 6y — ’1 - 2ae*iﬁ| + }52 — 20" 1y

R@f(z) > 52 I ‘62 . 20[67iﬂH2|

(3.4)

for z € U.
52+|6272ae’1’6,u2‘
2(1+02—|1—2ae~ B |+|52 —2ae~ P us|)

The constant cannot be replace by any larger one.
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Proof. Let f(z) =z+4 3. apnz" € 8* (®,V;a,B), and let g(z) =z + 3. cn2™ € K.
n=2

n=2
Then
0o + }(52 — 2ae_i5u2’
2(1+ 62 — |1 —2ae™ | + |02 — 20~ P ps))

0o + ’(52 - 2ae‘iﬂ,ug| > n
2(1+52_‘1_2a67i5|_~_|52_2aeﬂ'ﬁ'u2‘) Z-l—nZ:;anCnZ .

Thus, by Definition 3.2, the assertion of our theorem will hold if the sequence

52+|§2—20¢6 lﬁug‘ -
2(1 485 — |1 — 2068 + |62 — 2ce™ 25u2|)

n=1

(f *9)(2)

is a subordinating factor sequence, with a; = 1. In view of Lemma 3.3, this will be
the case if and only if
8y + |02 — 2068
Red 14+ Z 2 | 2 H2|
= 1+02 — |1 —2ae” B + |62 — 2ae~ lﬁ,u2|

} >0 (ze€U). (3.5)
Since d,, + }571 — 2ae*iﬂun| increasing for alln > 2, [3| < 5,0 < a < cos 3, we obtain
i §2+’52—2ae ’ﬁ,u2|
Re< 1 2"
e{ +;1+527‘172O¢€ B + |62 — 206 B g | :

524—‘(52—20[6 “\,ug’
=Reql+
1402 — |1 — 20| + |62 — 2ae~ Z>‘/J2|

_|_

1 = _ —i n
1+527|172a6*i6|+|5z—2ae*iﬁﬂz|7;2(62—”62 2a¢™ ) an2 }

>1- 52+ |§2 — 2ae” ZBp,g|
- 1402 — |1 — 2ce | + |62 — 2ae™ 15u2|

1 ,
_ —iB n
L4 02 — [1 = 2ae=| + |d2 — 2ae~"F g |n§::2(52+|§2 zae u2|)|an|r

52—|—|62—2ae 15u2|

1402 — |1 — 2ce=B| + |62 — 2ae™ z/3ug|
1—|1—2ae|

146y — |1 —2ae~B| + |6y — 20— 15/12|

>1-—

r >0, |z =r < 1.

This evidently proves the inequality (3.5) and hence also the subordination result
(3.3). The inequality (3.4) follows from (3.3) by taking g(z) = =.

62+‘62—2aeﬂﬂu2|
To prove the sharpness of the constant ST =1 —2ac= |1 [5s—2ac=F ) W€ CON-

sider the function

fol2) = 2 — 1-— |1 —2Oé€_i’8‘

- z
(52 + |(52 — 2&671BN2|

(18] < g, 0 < a<cosp),
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which is a member of the class S*_l(CID,\II;a,B). Thus from the relation (3.3), we
obtain »
02 + |02 — 20"
2 | 2 — #2| _ fol2) < z
2(1+ 8y — |1 — 2ae~ 8| + |62 — 2cce=B y))
It can be verified that

IR 02 + |63 — 2ae™ P psy| ha)) ==
SN\ 20 e T 200 B4 (5, — 200 ) ) [ T 2

52+|5272O¢8_iﬁuz|
2(1+02—|1—2ae =B |+|52 —2ae~ P o)

This shows that the constant

is best possible. O

By taking different choices of ®, ¥ and § in Theorem 3.4 and in view of the
Examples 1.3 to 1.8 in Section 1, we state the following corollaries for the subclasses
defined in those examples.

Corollary 3.5. Let the function f(z) defined by (1.1) be in the class Sgl(a); 1Bl < 5
0 < a < cos 3, where Sgl(a) denote the subclasses of functions whose coefficients a,
satisfy the inequalities (2.2) and suppose that g(z) € K. Then
1+|1—ae ™|
3— 1 —2ae |+ 2|1 — ae™ |

(f*9)(2) < g(2) (3.6)
and
3|1 —2ae7]+2]1 —ae"ﬂ‘

Ref(z) (]_+|]_f046 15‘)

(3.7)

1+|17ae_7"/3
The constant factor 3=l —2ac—P[To—ac=77]

be replaced by a larger one.

Corollary 3.6. Let the function f(z) defined by (1.1) be in the class ICEl(a); 1Bl < 5,
0 < a < cos 3, where ICgl(a) denote the subclasses of functions whose coefficients a.,
satisfy the inequalities (2.3) and suppose that g(z) € K. Then
2(1+ |1 — ae ")
5—11—2ae" | + 4|1 — ae~¥|

in the subordination result (3.6) cannot

(F*9)(z) < g(2) (3.8)

and
5— |1 —2ae™ +4|1—ae*’5‘
A1+ [1 = ae™ )

Ref(z) > —

2(1+|1—ae™"?))
The constant factor 5T —2ae P TA[I—ac 77|

be replaced by a larger one.

Corollary 3.7. Let the function f(z) defined by (1.1) be in the class M~ (a);0 < a <

1, where M~1(a) denote the subclasses of functions whose coefficients a,, satisfy the
inequalities (2.4) and suppose that g(z) € K. Then

(fx9)(2) < g(2) (3.10)

(3.9)

in the subordination result (3.8) cannot

2—«
5—2a—1|1—2q]
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and
5—2a—|1 -2
2(1 - «)

in the subordination result (3.10) cannot be replaced

Ref(z) > — (3.11)

2—

(e}
The constant factor 5=%a—|1=2a]

by a larger one.

Corollary 3.8. Let the function f(z) defined by (1.1) be in the class N7 (a); 0 < o <
1, where N~1(a) denote the subclasses of functions whose coefficients a,, satisfy the
inequalities (2.5) and suppose that g(z) € K. Then

22— «a)

9 da—1—2a] ¥ <9() (3.12)
and
9 —da — |1 — 20
R - 1
ef(z) > 2= a) (3.13)
The constant factor % in the subordination result (3.12) cannot be replaced

by a larger one.

Corollary 3.9. Let the function f(z) defined by (1.1) be in the class Pﬁ_l(a); 18] < 3,
0 < a < cos 3, where Pﬂ_l(a) denote the subclasses of functions whose coefficients a,
satisfy the inequalities (2.6) and suppose that g(z) € K. Then
2
e 3.14

and

5 — |1 — 20¢e’i5|

—
in the subordination result (3.14) cannot be replaced

Ref(z) > (3.15)

The constant factor
by a larger one.

2
5—|1—2ae—%F|

Corollary 3.10. Let the function f(z) defined by (1.1) be in the class Rgl(a); 18] < %,
0 < a < cos 3, where ’Rgl(a) denote the subclasses of functions whose coefficients ay,
satisfy the inequalities (2.7) and suppose that g(z) € K. Then

4
— 1
5T saem U * ) < 9(2) (3.16)
and
9— |1 —20e"
3 .
in the subordination result (3.16) cannot be replaced

Ref(z) > (3.17)

The constant factor
by a larger one.

4
9—[1—2ae~ 7]
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