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Coefficient estimates and subordination
properties for certain classes of analytic
functions of reciprocal order
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Abstract. In this work, we determine the coefficient bounds and subordination
results for functions in certain subclasses of analytic functions of reciprocal order,
which are introduced here by means of a Hadamard product of analytic functions.
The results presented in this paper improve or generalize the recent works of other
authors and also give rise to several new results.
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1. Introduction and Preliminaries

Let A denote the class of functions f(z) defined by

f(z) = z +

∞∑
n=2

anz
n (1.1)

which are analytic and univalent in the open unit disk U = {z : |z| < 1}. A function
f ∈ A is said to be starlike of order α if it satisfies

Re

(
zf ′(z)

f(z)

)
> α ( 0 ≤ α < 1, z ∈ U). (1.2)

We denote by S∗(α) the subclass of A consisting of functions which are starlike of
order α in U. Also, a function f ∈ A is said to be convex of order α if it satisfies

Re

(
1 +

zf ′′(z)

f ′(z)

)
> α ( 0 ≤ α < 1, z ∈ U). (1.3)
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We denote by K(α) the subclass of A consisting of functions which are convex of order
α in U. Clearly, we have S∗(α) ⊆ S∗(0) = S∗, K(α) ⊆ K(0) = K and f(z) ∈ K(α) if
and only if zf ′(z) ∈ S∗(α) for 0 ≤ α < 1.

For |β| < π
2 and 0 ≤ α < 1, a function f ∈ A is said to be β-spirallike of order

α in U if it satisfies

Re

(
eiβ

zf ′(z)

f(z)

)
> α cosβ (z ∈ U). (1.4)

The class of all such functions is denoted by Sβ(α) [8].
A function f ∈ A is said to be starlike of reciprocal order α if

Re

{
f(z)

zf ′(z)

}
> α ( 0 ≤ α < 1, z ∈ U). (1.5)

We denote the class of such functions by S−1∗(α). Furthermore, a function f ∈ A is
said to be convex of reciprocal order α if

Re

 1

1 + zf ′′(z)
f ′(z)

 > α ( 0 ≤ α < 1, z ∈ U). (1.6)

The class of all such convex functions of reciprocal order α is denoted by K−1

(α).

We note that f(z) ∈ K−1

(α) if and only if zf ′(z) ∈ S−1∗(α).
In view of the fact that

Rep(z) > 0⇒ Re
1

p(z)
= Re

p(z)

|p(z)|2
> 0

it follows that S−1∗(0) = S∗ and K−1

(0) = K . In particular, every starlike function
of reciprocal order α ≥ 0 is starlike and hence univalent.

Example 1.1. The function f(z) = ze(1−α)z is a starlike function of reciprocal order
1/(2− α) [9, Example 2].

For functions f ∈ A given by (1.1) and g ∈ A given by

g(z) = z +

∞∑
n=2

bnz
n,

we define the Hadamard product (or Convolution ) of f and g by

(f ∗ g)(z) = z +

∞∑
n=2

anbnz
n. (1.7)

Motivated and inspired by the work done by Owa et al. [11] and by making use
of the Hadamard product (1.7), we now introduce the following subclass of A.

Definition 1.2. Let Φ(z) = z +
∞∑
n=2

δnz
n and Ψ(z) = z +

∞∑
n=2

µnz
n be analytic in U,

such that δn ≥ 0, µn ≥ 0 and δn ≥ µn for n ≥ 2, we say that f(z) ∈ A is in the class
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S−1

(Φ,Ψ;α, β) if f(z) ∗ Φ(z) 6= 0, f(z) ∗Ψ(z) 6= 0 and∣∣∣∣∣∣ 1

eiβ
(
f(z)∗Φ(z)
f(z)∗Ψ(z)

) − 1

2α

∣∣∣∣∣∣ < 1

2α
( β ∈ R, 0 < α < 1, z ∈ U). (1.8)

Several known and new subclasses of analytic functions of reciprocal order α can

be obtained from the class S−1

(Φ,Ψ;α, β), by suitably specializing the values of Φ,

Ψ and β. We present below some of these subclasses of S−1

(Φ,Ψ;α, β) consisting of
functions of the form (1.1).

Example 1.3. If Φ(z) = z(1− z)−2 and Ψ(z) = z(1− z)−1, then

S
−1 (

z(1− z)−2, z(1− z)−1;α, β
)

≡ Sβ(α) :=

{
f ∈ A :

∣∣∣∣e−iβf(z)

zf ′(z)
− 1

2α

∣∣∣∣ < 1

2α
( β ∈ R, 0 < α < 1, z ∈ U)

}
.

Example 1.4. If Φ(z) = (z + z2)(1− z)−3 and Ψ(z) = z(1− z)−2, then

S
−1 (

(z + z2)(1− z)−3, z(1− z)−2;α, β
)

≡ Kβ(α) :=

{
f ∈ A :

∣∣∣∣ e−iβf ′(z)

f ′(z) + zf ′′(z)
− 1

2α

∣∣∣∣ < 1

2α
( β ∈ R, 0 < α < 1, z ∈ U)

}
.

The class Sβ(α), the β-spirallike functions of reciprocal order α and the class Kβ(α),
the β-convexlike functions of reciprocal order α were studied by Owa et al. [11].

Example 1.5. If Φ(z) = z(1− z)−2, Ψ(z) = z(1− z)−1 and β = 0, then

S
−1 (

z(1− z)−2, z(1− z)−1;α, 0
)

≡M(α) :=

{
f ∈ A :

∣∣∣∣ f ′(z)zf(z)
− 1

2α

∣∣∣∣ < 1

2α
(0 < α < 1, z ∈ U)

}
.

Example 1.6. If Φ(z) = (z + z2)(1− z)−3,Ψ(z) = z(1− z)−2 and β = 0, then

S
−1 (

(z + z2)(1− z)−3, z(1− z)−2;α, 0
)

≡ N (α) :=

{
f ∈ A :

∣∣∣∣ f ′(z)

f ′(z) + zf ′′(z)
− 1

2α

∣∣∣∣ < 1

2α
(0 < α < 1, z ∈ U)

}
.

The classes M(α) and N (α) were studied by Owa et al. [10].
Furthermore, we have the following new classes:

Example 1.7. If Φ(z) = z(1− z)−2 and Ψ(z) = z, then

S
−1 (

z(1− z)−2, z;α, β
)

≡ Pβ(α) :=

{
f ∈ A :

∣∣∣∣ 1

eiβf ′(z)
− 1

2α

∣∣∣∣ < 1

2α
( β ∈ R, 0 < α < 1, z ∈ U)

}
.
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Example 1.8. If Φ(z) = (z + z2)(1− z)−3 and Ψ(z) = z, then

S
−1

(z + z2)(1− z)−3, z;α, β)

≡ Rβ(α) :=

{
f ∈ A :

∣∣∣∣ 1

eiβ ((zf ′(z))′)
− 1

2α

∣∣∣∣ < 1

2α
( β ∈ R, 0 < α < 1, z ∈ U)

}
.

In fact many new subclasses of functions of reciprocal order can be defined and
studied by suitably choosing Φ(z),Ψ(z) and β.

The aim of the present paper is to investigate the coefficient estimates and

subordination properties for the class S−1

(Φ,Ψ;α, β). Some interesting consequences
of the results are also pointed out.

2. Coefficient Estimates

The sufficient condition for f(z) to be in the class S−1

(Φ,Ψ;α, β) is given by
using coefficient inequalities.

Theorem 2.1. If f ∈ A satisfies
∞∑
n=2

[
δn +

∣∣δn − 2αe−iβµn
∣∣] |an| ≤ 1−

∣∣1− 2αe−iβ
∣∣ (2.1)

for some |β| < π
2 and 0 < α < cosβ, then f(z) ∈ S−1

(Φ,Ψ;α, β).

Proof. It suffices to show that∣∣∣∣2α (f(z) ∗Ψ(z))− eiβ (f(z) ∗ Φ(z))

eiβ (f(z) ∗ Φ(z))

∣∣∣∣ < 1.

We observe that

∣∣∣∣2α (f(z) ∗Ψ(z))− eiβ (f(z) ∗ Φ(z))

eiβ (f(z) ∗ Φ(z))

∣∣∣∣=
∣∣∣∣∣∣∣∣
(
1− 2αe−iβ

)
+
∞∑
n=2

(
δn − 2αe−iβµn

)
anz

n−1

1 +
∞∑
n=2

δnanzn−1

∣∣∣∣∣∣∣∣
≤

∣∣1− 2αeiβ
∣∣+

∞∑
n=2

∣∣δn − 2αe−iβµn
∣∣ |an| |z|n−1

1−
∞∑
n=2

δn |an| |z|n−1

<

∣∣1− 2αeiβ
∣∣+

∞∑
n=2

∣∣δn − 2αe−iβµn
∣∣ |an|

1−
∞∑
n=2

δn |an|
.

It follows that the last term is bounded by 1 if
∞∑
n=2

[
δn +

∣∣δn − 2αe−iβµn
∣∣] |an| ≤ 1−

∣∣1− 2αe−iβ
∣∣
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for some |β| < π
2 and 0 < α < cosβ, which is equivalent to (2.1). Therefore, we have

f(z) ∈ S−1

(Φ,Ψ;α, β) for some |β| < π
2 and 0 < α < cosβ. �

In the view of Examples 1.3 to 1.8, we state the following corollaries.

Corollary 2.2. ([11]) If f ∈ A satisfies

∞∑
n=2

[
n+

∣∣n− 2αe−iβ
∣∣] |an| ≤ 1−

∣∣1− 2αe−iβ
∣∣ (2.2)

for some |β| < π
2 and 0 < α < cosβ, then f(z) ∈ Sβ(α).

Corollary 2.3. ([11]) If f ∈ A satisfies

∞∑
n=2

n
[
n+

∣∣n− 2αe−iβ
∣∣] |an| ≤ 1−

∣∣1− 2αe−iβ
∣∣ (2.3)

for some |β| < π
2 and 0 < α < cosβ, then f(z) ∈ Kβ(α).

Corollary 2.4. ([10]) Let 0 < α < 1. If f ∈ A satisfies

∞∑
n=2

(n− α) |an| ≤
1

2
(1− |1− 2α|) =

{
α; if 0 < α ≤ 1

2
1− α; if 1

2 ≤ α < 1
, (2.4)

then f(z) ∈M(α).

Corollary 2.5. ([10]) Let 0 < α < 1. If f ∈ A satisfies

∞∑
n=2

n (n− α) |an| ≤
1

2
(1− |1− 2α|) =

{
α; if 0 < α ≤ 1

2
1− α; if 1

2 ≤ α < 1
, (2.5)

then f(z) ∈ N (α).

Corollary 2.6. If f ∈ A satisfies

∞∑
n=2

2n |an| ≤ 1−
∣∣1− 2αe−iβ

∣∣ (2.6)

for some |β| < π
2 and 0 < α < cosβ, then f(z) ∈ Pβ(α).

Corollary 2.7. If f ∈ A satisfies

∞∑
n=2

2n2 |an| ≤ 1−
∣∣1− 2αe−iβ

∣∣ (2.7)

for some |β| < π
2 and 0 < α < cosβ, then f(z) ∈ Rβ(α).
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3. Subordination Results

To proceed our main result in this section, let us first recall the following defini-
tions and lemma.

Definition 3.1. (Subordination Principle). For two functions f and g, analytic in U, we
say that the function f(z) is subordinate to g(z) in U, and write f ≺ g or f(z) ≺ g(z)
(z ∈ U), if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and
|w| < 1 (z ∈ U), such that f(z) = g(w(z)) (z ∈ U). In particular, if the function g is
univalent in U, the above subordination is equivalent to f(0) = g(0) and f(U) ⊂ g(U).

Definition 3.2. A sequence {bn}∞n=1 of complex numbers is said to be a subordinating
factor sequence if, whenever f(z) of the form (1.1), a1 = 1 is analytic, univalent and
convex in U, we have the subordination given by

∞∑
n=1

bnanz
n ≺ f(z), z ∈ U. (3.1)

Lemma 3.3. ([14]) The sequence {bn}∞n=1 is a subordinating factor sequence if and
only if

Re

{
1 + 2

∞∑
n=1

bnz
n

}
> 0 (z ∈ U). (3.2)

Let S∗−1

(Φ,Ψ;α, β) ⊆ S−1

(Φ,Ψ;α, β) denote the subclass of functions f ∈ A
whose coefficients an satisfy the inequalities (2.1) .

Employing the techniques used by Attiya [3], Singh [12] and Srivastava and
Attiya [13] ( see also, [1], [2], [4], [5], [6] and [7]), we state and prove the following
theorem.

Theorem 3.4. Let f(z) ∈ S∗−1

(Φ,Ψ;α, β) and δn +
∣∣δn − 2αe−iβµn

∣∣ is increasing
function for n ≥ 2, |β| < π

2 , 0 < α < cosβ. Then

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

(f ∗ g)(z) ≺ g(z) (3.3)

for every function g(z) in the class K and

Ref(z) > −
1 + δ2 −

∣∣1− 2αe−iβ
∣∣+
∣∣δ2 − 2αe−iβµ2

∣∣
δ2 + |δ2 − 2αe−iβµ2|

(3.4)

for z ∈ U.

The constant
δ2+|δ2−2αe−iβµ2|

2(1+δ2−|1−2αe−iβ |+|δ2−2αe−iβµ2|) cannot be replace by any larger one.
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Proof. Let f(z) = z +
∞∑
n=2

anz
n ∈ S∗−1

(Φ,Ψ;α, β), and let g(z) = z +
∞∑
n=2

cnz
n ∈ K.

Then

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

(f ∗ g)(z)

=
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

(
z +

∞∑
n=2

ancnz
n

)
.

Thus, by Definition 3.2, the assertion of our theorem will hold if the sequence{
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

an

}∞
n=1

is a subordinating factor sequence, with a1 = 1. In view of Lemma 3.3, this will be
the case if and only if

Re

{
1 +

∞∑
n=1

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

anz
n

}
> 0 (z ∈ U). (3.5)

Since δn+
∣∣δn − 2αe−iβµn

∣∣ increasing for all n ≥ 2, |β| < π
2 , 0 < α < cosβ, we obtain

Re

{
1 +

∞∑
n=1

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

anz
n

}

= Re

{
1 +

δ2 +
∣∣δ2 − 2αe−iλµ2

∣∣
1 + δ2 − |1− 2αe−iλ|+ |δ2 − 2αe−iλµ2|

z +

1

1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

∞∑
n=2

(
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣) anzn}

≥ 1−
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣
1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

r−

1

1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

∞∑
n=2

(
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣) |an| rn
> 1−

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|

r

−
1−

∣∣1− 2αe−iβ
∣∣

1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|
r > 0, |z| = r < 1.

This evidently proves the inequality (3.5) and hence also the subordination result
(3.3). The inequality (3.4) follows from (3.3) by taking g(z) = z

1−z .

To prove the sharpness of the constant
δ2+|δ2−2αe−iβµ2|

2(1+δ2−|1−2αe−iβ |+|δ2−2αe−iβµ2|) , we con-

sider the function

f0(z) = z −
1−

∣∣1− 2αe−iβ
∣∣

δ2 + |δ2 − 2αe−iβµ2|
z2 (|β| < π

2
, 0 < α < cosβ),



210 Tariq Al-Hawary and Basem Aref Frasin

which is a member of the class S∗−1

(Φ,Ψ;α, β). Thus from the relation (3.3), we
obtain

δ2 +
∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

f0(z) ≺ z

1− z
.

It can be verified that

min
z∈U

{
Re

(
δ2 +

∣∣δ2 − 2αe−iβµ2

∣∣
2 (1 + δ2 − |1− 2αe−iβ |+ |δ2 − 2αe−iβµ2|)

f0(z)

)}
=
−1

2
.

This shows that the constant
δ2+|δ2−2αe−iβµ2|

2(1+δ2−|1−2αe−iβ |+|δ2−2αe−iβµ2|) is best possible. �

By taking different choices of Φ, Ψ and β in Theorem 3.4 and in view of the
Examples 1.3 to 1.8 in Section 1, we state the following corollaries for the subclasses
defined in those examples.

Corollary 3.5. Let the function f(z) defined by (1.1) be in the class S−1
β (α); |β| < π

2 ,

0 < α < cosβ, where S−1
β (α) denote the subclasses of functions whose coefficients an

satisfy the inequalities (2.2) and suppose that g(z) ∈ K. Then

1 +
∣∣1− αe−iβ∣∣

3− |1− 2αe−iβ |+ 2 |1− αe−iβ |
(f ∗ g)(z) ≺ g(z) (3.6)

and

Ref(z) > −
3−

∣∣1− 2αe−iβ
∣∣+ 2

∣∣1− αe−iβ∣∣
2(1 + |1− αe−iβ |)

. (3.7)

The constant factor
1+|1−αe−iβ|

3−|1−2αe−iβ |+2|1−αe−iβ | in the subordination result (3.6) cannot

be replaced by a larger one.

Corollary 3.6. Let the function f(z) defined by (1.1) be in the class K−1
β (α); |β| < π

2 ,

0 < α < cosβ, where K−1
β (α) denote the subclasses of functions whose coefficients an

satisfy the inequalities (2.3) and suppose that g(z) ∈ K. Then

2(1 +
∣∣1− αe−iβ∣∣)

5− |1− 2αe−iβ |+ 4 |1− αe−iβ |
(f ∗ g)(z) ≺ g(z) (3.8)

and

Ref(z) > −
5−

∣∣1− 2αe−iβ
∣∣+ 4

∣∣1− αe−iβ∣∣
4(1 + |1− αe−iβ |)

. (3.9)

The constant factor
2(1+|1−αe−iβ|)

5−|1−2αe−iβ |+4|1−αe−iβ | in the subordination result (3.8) cannot

be replaced by a larger one.

Corollary 3.7. Let the function f(z) defined by (1.1) be in the class M−1(α); 0 < α <
1, where M−1(α) denote the subclasses of functions whose coefficients an satisfy the
inequalities (2.4) and suppose that g(z) ∈ K. Then

2− α
5− 2α− |1− 2α|

(f ∗ g)(z) ≺ g(z) (3.10)
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and

Ref(z) > −5− 2α− |1− 2α|
2(1− α)

. (3.11)

The constant factor 2−α
5−2α−|1−2α| in the subordination result (3.10) cannot be replaced

by a larger one.

Corollary 3.8. Let the function f(z) defined by (1.1) be in the class N−1(α); 0 < α <
1, where N−1(α) denote the subclasses of functions whose coefficients an satisfy the
inequalities (2.5) and suppose that g(z) ∈ K. Then

2(2− α)

9− 4α− |1− 2α|
(f ∗ g)(z) ≺ g(z) (3.12)

and

Ref(z) > −9− 4α− |1− 2α|
4(2− α)

. (3.13)

The constant factor 2(2−α)
9−4α−|1−2α| in the subordination result (3.12) cannot be replaced

by a larger one.

Corollary 3.9. Let the function f(z) defined by (1.1) be in the class P−1
β (α); |β| < π

2 ,

0 < α < cosβ, where P−1
β (α) denote the subclasses of functions whose coefficients an

satisfy the inequalities (2.6) and suppose that g(z) ∈ K. Then

2

5− |1− 2αe−iβ |
(f ∗ g)(z) ≺ g(z) (3.14)

and

Ref(z) > −
5−

∣∣1− 2αe−iβ
∣∣

4
. (3.15)

The constant factor 2
5−|1−2αe−iβ | in the subordination result (3.14) cannot be replaced

by a larger one.

Corollary 3.10. Let the function f(z) defined by (1.1) be in the class R−1
β (α); |β| < π

2 ,

0 < α < cosβ, where R−1
β (α) denote the subclasses of functions whose coefficients an

satisfy the inequalities (2.7) and suppose that g(z) ∈ K. Then

4

9− |1− 2αe−iβ |
(f ∗ g)(z) ≺ g(z) (3.16)

and

Ref(z) > −
9−

∣∣1− 2αe−iβ
∣∣

8
. (3.17)

The constant factor 4
9−|1−2αe−iβ | in the subordination result (3.16) cannot be replaced

by a larger one.
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